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Foreword 


The breakthrough idea of parallel coordinates has enchanted many people with its 
cleverness and power. A1 Inselberg, the source of that cleverness and power, finally 
shares the depth and breadth of his invention in this historically important book. 

I’ve been waiting impatiently for this exposition since I was captivated by 
Inselberg’s lecture at the University of Maryland in 1979. He had already understood 
the potential parallel coordinates has for generating insights into high-dimensional 
analysis and information visualization. In the following decades he polished the 
arguments, built effective software, and demonstrated value in important applica- 
tions. Now a broad community of readers can benefit from his insights and effective 
presentation. 

I believe that Inselberg’s parallel coordinates is a transformational ideal that 
matches the importance of Rene Descartes’ (1596-1650) invention of Cartesian 
coordinates. Just as Cartesian coordinates help us understand 2D and 3D geometry, 
parallel coordinates offer fresh ways of thinking about and proving theorems in 
higher-dimensional geometries. At the same time they will lead to more powerful 
tools for solving practical problems in a wide variety of applications. It is rare to 
encounter such a mind- shattering idea with such historic importance. 

While Inselberg’s insight and exposition opens the door to many discoveries, 
there is much work to be done for generations of mathematicians, computer scien- 
tists, programmers, and domain experts who will need to build on these innovative 
ideas. 

To understand and apply parallel coordinates, many further innovations are 
needed. Those who can readily reshape their perceptual skills and realign their 
cognitive frames will be well-equipped for this nontrivial task. I still struggle with 
these novelties, which Inselberg has masterfully accomplished. In each of my dozen 
meetings with Inselberg, he relieved me of my confusion and steered me closer to 
clarity. There is a chance that those who learn parallel coordinates early in life 
may be able to more easily see higher-dimensional spaces. More likely, master 
teachers, inspired interface designers, and gifted domain experts will enable future 
generations to grasp these profound ideas as if they were entirely natural, just as 
we see Cartesian coordinates. 

I encourage readers to read each paragraph carefully and make sure they fully 
grasp the ideas. Inselberg has made this possible by his lucid and often charming 



Foreword 


prose, filled with intriguing historical references and clever quips. The computer 
scientists, programmers, dataminers, and information visualization experts may 
want to jump ahead to Chapter 10 which has practical examples and numerous 
screen shots. The recent additional insights from Inselberg’s students and followers 
give a hint of the thousands of papers that are likely to be inspired by this work. More 
importantly, the applications of parallel coordinates could contribute to solving 
some of the complex multidimensional problems of our time. I hope every reader 
will strive to put these ideas to work in making a better world. 


Ben Shneiderman 
University of Maryland, College Park 

May 2008 
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Preface 


What and Why 

In the late 1980s, researchers in computer graphics recognized a specific stream of 
applications as an emerging field and called it visualization. By now it has become 
a discipline with its own journals, conferences, and community of active workers 
applying it to science, city planning, entertainment, and much more. Even our reality 
is becoming more virtual. Yet since time immemorial people have expressed them- 
selves visually, realizing in due course insight can also be derived from images [63] . 
In 1854, a cholera epidemic raging in a London neighborhood prompted Dr. John 
Snow to search for remedies. He examined the data consisting of a table with the 
addresses of those who had died from the disease. On a map of the neighborhood, 
which fortunately had the positions of the water wells, he placed dots at the locations 
of the recorded deaths. The concentration of dots in the vicinity of just one well 
was visually striking. He became convinced that there was a connection, and had 
the handle of the suspect well replaced. The epidemic stopped! Apparently the 
disease was being transmitted by contact with the handle. This true story is widely 
considered an early success of visualization [172]; the picture provided insight no 
one had gleaned from the table of the data. 

Legend has it that Archimedes was absorbed in a diagram when a Roman 
soldier killed him; the first recorded death in defense of visualization! “Do not 
disturb my circles” he pleaded as he was being struck by the sword. Visualization 
flourished in geometry, where visual interaction with diagrams is interwoven in the 
testing of conjectures and construction of proofs. Our tremendous ability in pattern 
recognition enables us to extract insight from images. This essence of visualization 
is abstracted and adapted in the more general problem-solving process to the extent 
that we form a mental image of a problem we are trying to solve and at times we 
say see when we mean understand. 

My interest in visualization was sparked and nourished while learning Euclidean 
geometry. Later, while studying multidimensional geometries I became frustrated 
by the absence of visualization. Basically, we were working with equations, inter- 
preting them geometrically, without the enjoyment and benefit of pictures. I kept 
wondering about ways to draw “pictures” of multidimensional objects. Of course, 
it would also be great fun doing synthetic high-dimensional constructions and have 
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tools for accurate visualization of multivariate problems. These thoughts, best 
attributed to the impetuousity of youth, absorbed me. What coalesced from this 
struggle is parallel coordinates. 

A superficial resemblance to nomography [19] was noted early in the develop- 
ment [97]. “Nomograms are drawings made on the plane in order to replace 
cumbersome numerical calculations” ([144] p. 9), a technique that declined with 
the advent of modern computation. I was unaware until recently 2 of d’Ocagne’s 
marvelous monograph on parallel coordinates in two dimensions [141] with a point 
line correspondence. D’Ocagne was interested in the computational applications 
of nomography [142] rather than the development of a multidimensional coordinate 
system, which is where we come in. Invented independently, parallel coordinates 
is a general-purpose VISUAL multidimensional coordinate system. There are theo- 
rems on the unique representation of multidimensional objects, and geometrical 
algorithms for intersections, containment, minimal distances, proximities, etc., 
with a wide variety of applications. 

The writing is undertaken with trepidation, knowing what kind of book it should 
not be: not a text in mathematics, though it should contain the foundations and 
development, nor computer science nor the other components of the methodology, 
nor a source-book for the variety of included applications. Rather it is an amalgam 
of all these, comprehensible and appealing to mathematicians, computer scien- 
tists, statisticians, engineers, scientists, and all those wanting to acquire deeper 
understanding of their multivariate problems by way of visualization. 

In due course, it is hoped that the methodology will not only find its way into 
textbooks on various applications, but also be adopted for visual experimentation 
and explanations in teaching mathematics and the sciences at the university, high- 
school, and even elementary-school levels. 

Style and Structure of the Book 

This is a textbook with ample material for a one-semester course, easily adapted to 
shorter periods (see the following section), and containing advanced seminar topics. 
The writing evolved during a decade of teaching “visualization of multidimensional 
geometry and its applications,” a popular elective course in the applied mathematics/ 
computer science curricula. It is also a reference for self-study or a companion text 
for courses on information visualization (particularly the chapter on data mining), 
visualization in general, data mining, GIS, management, statistics, linear algebra, 
analytic geometry, complex variables, and fields dealing with multivariate problems 

2 I am indebted to M. Friendly for pointing this out in [63]. 
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(economics, engineering, physics, psychology, management, arts, and social sci- 
ences). The parallel coordinates methodology provides a multidisciplinary visual 
language and paradigm. 

The mantra is to let intuition guide the formalism starting with the motivation for 
the emergence of parallel coordinates (|| -coords). Then the 2-dimensional plane is 
viewed with || -coords as compared to Cartesian coordinates, leading to the discovery 
of surprising and pleasing properties. The chapters on the representation of lines, 
hyperplanes, curves, and topologies for proximity of lines and hyperplanes are 
interlaced with applications on collision-avoidance algorithms for air traffic con- 
trol, geometric modeling, computer vision, statistics, and more. On this foundation 
the representation of surfaces is built, yielding exciting results such as viewing con- 
vexity in any dimension , recognizing nonorientability (as for the Mobius strip), 
and applications to intelligent instrumentation, process control, and decision sup- 
port. There follows an easy-to-read eh apter on dat a mining a nd informatio n 
visualization with many fun applications (exploratory data analysis (EDA) on 
satellite, financial, vehicle recognition from noise-signature, astronomical and 
industrial datasets, automatic classification, decision support, nonlinear models). 
Results too recent to be incorporated in the text are included in the appendix at 
the end. They complement the representation of lines, developable surfaces, 
visualization and analysis of large networks, detecting and separating clusters of 
coplanar points, and the visualization of complex-valued functions: to see C 2 . 
The emphasis is on visualization , though computational and analytical aspects 
are treated rigorously, and where needed, extensively. Each chapter contains a 
variety of exercises, easy ones at first to check the understanding of the basics 
and more with increasing difficulty. Some exercises have served well as semester 
project topics. Where appropriate, open questions and research directions are 
pointed out. In places, details are deferred to references when technicalities 
may obscure the underlying ideas or unnecessarily intimidate the reader. I hope 
that the more mathematically sophisticated readers will forgive the occasional 
“sleights of hand.” 

To make the book reasonably self-contained, after the introduction, there is 
a chapter on the needed geometrical background. It covers projective geometry, 
explaining the notions of duality and homogeneous coordinates as used in the 
subsequent rigorous development. The application to perspective, as in computer 
graphics, is developed with the realization that the “points at infinity” on the 
perspective plane are images of ideal points (directions). There is also a short 
intuitive chapter on the theory of envelopes; helpful background for the ensuing 
chapters on curves and surfaces. The attached CD contains the interactive learning 
module (ILM) for self-study and class demonstrations. There are pointers and 


XY111 


Preface 


guidance for its use at the relevant sections in the text. Projective geometry theorems, 
dualities, transformations, and properties of representations are understood quickly 
and enjoy ably. 


A FT Fast Track: How to Skip Reading Most of the Book 


In each chapter the key portions are marked successively by & FT-5 . The numeral, 


here 5, indicates the fifth fast-track marker within the chapter. The essentials can be 
swiftly grasped by following these road signs and returning for additional details 


later if needed. Typically the & FT-5 symbol is placed at the beginning of a section 
to be read to the end or up to an “end marker” such as & FT-5e . The landmarks 3 


may also be figures. Covering these highlights is also a good way to review the 
material. The fast-track entries appear in the table of contents for sections or sub- 
sections. Portions marked with ** contain in-depth treatment of specific topics 
and are not needed for the basic ideas and results. Those interested in the applica- 
tions can read the chapter on data mining and then scan the text for more details. 
Otherwise, choose your goal and follow the illuminated path: 


• the essentials can be mastered quickly with the FT option; 

• for extensive and sound foundations, include unmarked portions; 

• to reach expert level, add some ** sections. 


Course Organization 

Much has been learned from the teaching experience. Reasonably well prepared 
and motivated students enjoyed and absorbed the material readily, contributing 
new results and ideas. After some experimentation, the course outline that proved 
most successful is the presentation of a course overview in the first two to three 
hours, including some demonstrations. This motivates the subject with problems 
and examples and also shows why, due to the 2-D point «r> line duality, parallel 
coordinates need to be considered in the projective rather than the Euclidean plane. 
The development as given in the chapter sequence can then be safely followed. 
Demonstrations with the ILM in the CD as well as several applications are always 
well received. The instructor can organize group projects that provide such demon- 
strations. Some of the ones already given are available over the Internet. Also, 
there is an increasing collection of software commercially or freely available that 
is suitable for class demonstrations and use. 


3 1 am indebted to Chao-Kuei Hung for this wonderful idea. 
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Instead of exams, the students, usually in groups of two or three, do projects. 
They are encouraged to choose topics in some area in which they have a per- 
sonal interest and apply what they have learned in the course. Such projects have 
involved expanding the mathematical foundations, development and implementa- 
tion of algorithms, writing programs particularly for data mining and modeling, and 
more. Examples of actual projects include “visualization of the Internet,” “collision 
detection and intersection in billiards,” “visualizing the ‘learning’ process in neural 
networks,” “topologies for proximity of flats (higher-dimensional planes),” several 
geometrical construction algorithms, “characterizing painters (i.e., impressionists, 
etc.),” “characterizing music,” data mining on a great variety of multivariate datasets 
(i.e., pollutants, bioinformatics, weather data, computer dating, constituents of 
various medicines and foods, etc.), differentiation and integration, fractals and linear 
programming with || -coords, large network visualization, visualizing complex- 
valued functions, and other topics. A wide variety of software on representations of 
surfaces, curve-plotters, implementation of results (i.e., translations <-> rotations), 
etc. were produced. Some projects were subsequently presented at conferences, 
and others led to master’s theses. Student are encouraged to pursue self-discovery, 
including writing programs for experimentation and testing of conjectures. Solu- 
tions to many exercises are included at the end. The recommended course syllabus 
follows. 


** Syllabus 

• Introduction to scientific information and multidimensional visualization, com- 
plete course overview. One lecture with demos on the foundations and numerous 
applications. 

• Projective geometry: foundations, dualities, collinearity theorems, homoge- 
neous coordinates, linearization of projective transformations, conics in P 2 , 
applications to computer graphics: transformations and their matrices; perspec- 
tive: points at infinity are images of ideal points , geometrical invariants. Two 
lectures with demos. 

• Parallel coordinates in the plane: dualities: point line, translation rotation , 
other transformations, parallelism and orthogonality, visual and automatic data 
mining. One lecture with demos. 

• Lines in A-space; two lectures 

- Representing lines by (A — 1) points with two indices, parallel lines, general 
representation, the 3 -point collinearity property; demos. 
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- Transformations, improving the display of multidimensional lines, inter- 
sections, minimum L\ distance between pairs of lines, upper and lower 
proximity bounds. 

- Application: collision-avoidance algorithms for air traffic control; demos. 

• Planes, hyperplanes, and flats in Af-Space; three lectures. 

- Detecting coplanarity of points on a grid, representing hyperplanes by 
(N — 1) parallel lines and a point (polygonal line), duality: rotation of a 
plane about a line translation of a point on a line , manufacturing data; 
demos. 

- Recognizing M-dimensional objects from their (M — 1) -dimensional 
subsets, recursive construction mapping. 

- Detecting coplanarity of randomly chosen points, representing hyperplanes 

by (N — 1) points with N indices, the family of superplanes and their 
special properties, reading the equation of a hyperplane from the picture, 
duality: rotation of a plane about a line translation of (N + 1) points on 

lines , designing rotations and transformations from their “planar signature,” 
synthetic constructions: parallel planes, intersections, above/below relation 
between points and planes and more, “near coplanarity,” separating point- 
clusters on several planes; demos. 

• Envelopes of one-parameter families of curves, background for the curves and 

surfaces chapters. One-half lecture (discretionary). 

• Curves; one and one-half lectures. 

- Point-curves and line-curves, convex down/up curves and their transforms, 
duality: cusp <-> inflectio point, point-curve line-curve. 

- conics conics via the Mobius transformation; six cases, algrebraic curves: 
the Pliicker formulas and dualities, curve plotters, examples of curve trans- 
forms, analysis of important points and portions of curves, periodicities, and 
symmetries. 

- Convex curves and their relatives, generalized conics and their dualities; six 
cases, operational transformations. 

• Families of proximate hyperplanes; one and one-half lectures. 

- Topology for proximity of flats. 

- Proximity of lines and line neighborhoods. 

- Proximity of hyperplanes, formulation of the problem in Af-space, hyper- 
plane neighborhoods with (N — 1) regions, the three cases: bounded 
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convex polygons, unbounded convex polygons, generalized hyperbolas, 
constructing neighborhoods with complexity 0(N ), the general case. 

- Navigation within neighborhoods, finding the (TV — 1) points representing 
specific hyperplanes, matching algorithm; demos. 

- Applications, a central problem in many fields, statistics (regression), 
geometric modeling, computer vision. 

Hypersurfaces in V-space; two lectures. 

- Formulation of the problem, hypersurfaces represented by (N — 1) linked 
regions, boundary contours, quadric and general algebraic hyper surf aces. 

- Developable hypersurfaces represented by (N — 1) linked curves, ambigui- 

ties and uniqueness, reconstruction, classes of developables, duality: 
space curves developables , examples: developable helicoids and more; 

demos. 

- Ruled hypersurfaces, several examples of their representation including 
Mobius strip, visualizing nonorientability in N dimensions; demos. 

- More general hypersurfaces, convex and nonconvex, and how to distinguish 
them in N dimensions, searching for matching algorithms, interior points. 

- An important approximate representation, interior points, applications to 
decision support and intelligent process control; demos. 

Data mining and other applications (self-contained chapter); two lectures. 

- Origins, the case for visualization. 

- exploratory data analysis (EDA); visual data mining 

* Multidimensional detective, atomic queries, an easy case study: GIS 
data, Boolean operators and compound queries; financial data, hundreds 
of variables; demos. 

- Automatic classification, feature selection and ordering, comparisons, and 
two case studies; demos. 

- Visual and computational models, decision support: interelationships, 
sensitivies, constraint and trade-off analysis; demos. 

Recent developments (appendix); two lectures (discretionary). 

- Representing several lines efficiently; Shlomi Cohen-Ganor. 

- Separating points on several planes; Nir Shahaf. 

- Surface representation decomposition and developable surfaces; Chao-Kuei 
Hung. 
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- Network visualization and analysis with || -coords; Yaron Singer and Ohad 
Greenspan. 

- To see C 2 : visualizing complex-valued functions; Yoav Yaari. 

• Time permitting, students can choose to lecture on various topics in visualiza- 
tion, e.g., Internet visualization, fluid flow, visualizing the function of neural 
networks, detecting network intrusions, etc. 

Prerequisites 

The course attracted students from mathematics, computer science, engineering, 
statistics, management, data mining, and a wide variety of sciences (physics, 
chemistry, biology, etc.), geography, social sciences, and even linguistics. They 
ranged from second year to advanced doctorate students. Background in linear 
algebra is important for those who want to master the subject. Programming skills 
including some computer graphics are helpful though not necessary. 
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Introduction 


1.1 Multidimensional Visualization 

About half of our sensory neurons are dedicated to vision, 5 endowing us with a 
remarkable pattern-recognition ability. Visualization, an emerging field with huge 
potential, aims to incorporate this tremendous capability into our problem-solving 
process. Rather than dictionary definitions we consider visualization as a collection 
of application-specific mappings: 

Problem Domain — > Visual Range. 

For various classes of problems, visual models are constructed that provide insight 
through images [132] about the problem. This is an extension of Hamming’s 1962 
adage that “the purpose of computing is insight, not numbers.” While the develop- 
ment of software and hardware tools has been impressive, concepts broadening 
the applicability of visualization have lagged behind. Scientifi visualization for 
applications having a physical or geometric basis (e.g., electromagnetic fields, 
geography, fluid flow) has blossomed. Yet progress has been slower in information 
visualization for fields not endowed with such structure, as in finance, process con- 
trol, and communications, where many variables are involved, further complicating 
their visual expression. 


5 If one takes as an informal but meaningful definition of visual as “affected by light stimulation to 
the eyes,” and if the quantity of neurons in the cortex is used as a baseline, then the 50% figure is 
the one often quoted by experts. I am grateful to Prof. Enio Mingolla, of Boston University, and 
Prof. Simo Yanni, of Helsinski University of Technology, who together with other experts confirmed 
this information. 
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Understanding the underlying geometry of multidimensional problems can pro- 
vide insights into what is possible and what is not. In an astonishing but not well 
known paper [46] the physicist Ehrenfest showed in 1917 that planetary orbits are 
stable only in space of dimension 3. Higher-dimensional planetary systems, if they 
ever existed, would have a short career due to the orbits’ instability, which offers an 
interesting hypothesis for the dimensionality of our habitat. Another dimensionality 
curiosity is that rotating rigid bodies have an axis of rotation only in odd-integer 
dimensions [169, p. 189], Goldstein [72, pp. 158-166]. Had our dimensionality 
been 4, the Earth would not have a fixed axis, resulting in the absence of seasons, 6 
among other things. Clearly dimensionality can have important implications. For a 
collection of anecdotes and opinions of great scienstists on the role of visualization 
in science see Ron Kriz’s website [122]. For “dimensional adventures,” the classic 
Flatland [1] by Abbot, Flatterlandby Stewart [165] and Banchoff’s journey beyond 
the third dimension [8] are warmly recommended. 

The fascination and exploration of dimensionality may predate Aristotle and 
Ptolemy, who argued that space has only three dimensions. It was not until the 
nineteenth century that Riemann, Lobachevsky, Bolyai, and Gauss unshackled our 
imagination, limited by the experience and perception 7 of our three-dimensional 
habitation, with their non-Euclidean and higher-dimensional geometries. Would 
a way be found to visualize these wonders? People have certainly tried, yet the 
available multidimensional visualizations can display only finite multivariate point 
sets (see the beautiful collection in [63] [172], [173], [174] and bibliographies in 
[185] and [106]). 


1.2 


For the visualization of multivariate relations a conceptual breakthrough emerged 
that is, in the spirit of Descartes, a multidimensional coordinate system. In geometry, 
parallelism , which does not require a notion of angle, rather than orthogonality, 
is the more fundamental concept. Coupled with the fact that orthogonality “uses 
up” the plane very fast, this inspired me to experiment and then present 8 Parallel 
Coordinates in 1959. The systematic development began in 1977 [97] (short reviews 
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6 Resulting from the axis’ tilt. 

7 As an interesting aside, there is strong evidence suggesting that even 3-D perception depends greatly 
on our 2-D cognition (see [20], for example). 

8 In his combinatorial topology course, Prof. S.S. Cairns lamented the absence of multidimentional 
visualization tools, prompting me to share the idea with the class. 
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Figure 1.1. The polygonal line C represents the point C = (c 1, C2, C3, C4, c 5). 


in [105], [100]). The goal was the systematic visualization of multidimensional 
problems without loss of information having the properties listed below. 

1. It should have low representational complexity, i.e., 0(N ) for N variables, 
be linear in the number of dimensions (variables); compare with the common 
“scatterplot matrix,” whose pairwise projections have 0(N 1 2 3 4 5 ) complexity. 

2. It should apply to any dimension, treating every variable uniformly, unlike 
Chernoff faces or glyphs and other multivariate visualizations [172]. 

3 . The displayed objects should be recognizable under projective transformations 
(i.e., rotation, translation, scaling, perspective). 

4. Properties of the A-dimensional objects should be apparent from the display. 

5. It should be mathematically rigorous. 

These points are amplified in Chapter 10 on data mining. 

In the Euclidean plane R 2 with vy Cartesian coordinates, N copies of the real 
line R labeled X\, X 2 , . . . , Xp are placed equidistant and perpendicular to the 
v-axis. They are the axes of the parallel coordinates system for the Euclidean 
Af-dimensional space R N , all having the same positive orientation as the y-axis. 
A point C G R^ with coordinates (ci, C 2 , , c^y) is represented by the complete 

polygonal line C (i.e., the complete lines containing the segments between the axes) 
whose N vertices are at (i — 1, c/) on the X;-axis for i = 1, . . . , N, as shown in 
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Fig. 1 . 1 . In this way, a one-to-one correspondence between points in R^ and planar 
polygonal lines with vertices on the parallel axes is established. 

In principle, a large number of axes can be placed and be seen parallel to each 
other. The representation of points is deceptively simple, and much development 
with additional ideas is needed to enable the visualization of multivariate relations 
or equivalently multidimensional objects. Specifically, the representation of an 
M-dimensional object, 2 < M, will be obtained from its (M — 1) -dimensional 
subsets. For example, the representation (i.e., image) of a line is obtained from 
the polygonal lines representing points on the line, and this turns out to be their 
envelope. 9 Next, the representation of a plane in R 3 is obtained from the represen- 
tation of the lines , rather than the points, it contains. This leads to a recursion that 
turns out to work spendidly, but we are getting ahead of ourselves. The recursive 
construction algorithm is properly considered in Chapter 5 on hyperplanes. 

Parallel coordinates (abbreviated || -coords) transforms the search for multivari- 
ate relations in a data set into a pattern-recognition problem. This is the core reason 
for the widespread use in exploratory data analysis (EDA) (also called “visual data 
mining”) and the inclusion in software packages starting with EDA (Chomut [30]), 
[59], (Hinterberger [156]), Spotfire (Christopher Ahlberg and Ben Shneiderman 
[3]), ExplorN (Bolorforoush, Carr et al.), WinViZ (Eickemeyer), VisDB ([119]), 
Xmdv ([181]), XGobi ([167]), Strata ([155]), PVE (Adams, Hurwitz, Inselberg, 
Chatterjee [9]), and many others. This type of application [101] hinges on: 

• an informative display of the data, 

• good choice of queries, and 

• skillful interaction between the user and display in searching for patterns 
corresponding to relationships among the variables. 

Part of the discovery process (classification) has been automated [103], and the 
Parallax software contains both visual and automatic data mining modules based on 
|| -coords. The self-contained Chapter 10 is devoted to the data mining applications, 
the design of queries, guidelines, strategies, and “tricks” for knowledge discovery 
and classification. They are illustrated with several case studies on real multivariate 
(one with hundreds of parameters) data sets garnering surprising and at times “spicy” 
information. There are other applications to statistics [67], air traffic control (col- 
lision avoidance algorithms, presented in Chapter 4 on lines), geometric modeling 
and computer vision (Chapter 8 is on the visualization of families of “close” lines 
and hyperplanes), approximations, decision support (including process control) 
[81], optimization ([24], [115]), recent different innovative applications like [178] 


9 Chapter 6 contains a short intuitive introduction to the theory of envelopes. 
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and others acknowledged earlier. For data mining, the grand vision is the creation 
of algorithms whose input is a massive data set and output 2-dimensional patterns; 
the “graph” of multivariate relations discovered in the data and, as described in 
Chapter 10, this goal is now within our grasp. 

The next chapter provides background in geometry. Readers may skim through 
it, referring to specific topics as the need arises. Prior to that, some exploration on 
the Internet is worth doing with queries such as: 

• Visualization 

• Multivariate + Visualization 

• Multidimensional + Visualization 

• “Scientific Visualization” 

• “Information Visualization” or Infovis 

• “Parallel Coordinates” 

• “Parallel Coordinates + Applications” 

• Visualization + Applications 

• “Parallel Coordinates” + a specific application. 


This page intentionally left blank 



Geometry Background 


“Let no one ignorant of Geometry enter” — At entrance to Plato’s Academy 

2.1 Preliminaries 

2.1.1 In the Beginning ... 

The Nile’s flooding in Egypt used to destroy landmarks and position markers, raising 

the need for reliable measurements and originating the development of geometry 

Geo-Teco (for land) metry (for measure-zx^rp^a). 10 The Rhind Papyrus, which is 

in the British Museum, was written by an Egyptian priest named Ahmes about 

1,800 B.C.E. It treats the measurement of planar regions and solids. It contains the 

1^2 

remarkable approximation of n ~ (-^) = 3.1604. The contemporary Babylo- 

nians, as well as Chinese, used 3 for the value of n . The value of 3 for n is also 
mentioned in the Hebrew scriptures (see I Kings 7:23). A rabbi called Nehemia (p. 5 
[74]) proposed the value of for tt, but apparently it was not accepted. By the 
way, only in 1789 was it first proved by J. Lambert that n is an irrational number 
and in 1882, F. Lindemann proved that n is transcendental (i.e., it is not the root of 
any algebraic equation with rational coefficients). For more enjoyable folklore on 
7 r the reader is referred to [12]. 

It is fair to consider the Egyptians more as surveyors, who used a collection of 
geometrical formulas, mostly approximations, rather than geometers. For proper 
attribution, deductive geometry was accomplished by the Greeks, probably begin- 
ning with Thales of Miletus (~ 640-545 B.C.E. ), who was familiar with Egyptian 


10 This story was reported by Proclus in the fifth century C.E., who wrote the early history of geometry. 
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and Babylonian mathematics. Pythagoras, Hippocrates (not the physician of the 
same name), Menaechmus, Archimedes, Apollonius, Plato, Archytas, Eudoxus and 
Theaetetus continued the development until it was codified by Euclid in his Elements 
Er oiyeia 300B.C.E.). Entirely novel, and characteristic of Greek mathematics, 
is the axiomatic method whereby theorems are established by proof. Particularly 
relevant to computer science are the constructions of Euclidean geometry. They 
consist of a finite set of well-defined operations and provide an unambiguous pro- 
cedure that terminates for all inputs! Truly the first algorithms ... and with proofs. 
The constructions of Euclidean geometry involved ruler and compass. A remarkable 
discovery was made in 1672 by the Danish geometer G. Mohr (1640-1697) and inde- 
pendently in 1797 by the Italian L. Mascheroni (1750-1800). 11 They showed that 
all of these constructions can be accomplished by compass alone! [38]. The proofs 
were, in the true spirit of computer science, by simulation. It was demonstrated 
that any operation involving a ruler can be replaced by a finite number of compass 
operations; a real equivalence proof like those in automata theory. Alternatively, 
J. Steiner and J.V. Poncelet showed that all constructions in Euclidean geometry 
can be accomplished with a straightedge when in addition, a single circle and its 
center are also given. Continuing in this vein, it is natural to ask what is left if the 
compass is discarded and only the ruler is left. What remains is projective geometry , 
an elegant branch of geometry simpler than Euclid’s but rich and interesting in its 
own right. It deals with points, lines, planes, and spaces where distance between 
two points or angles between two lines are not measured and there are no parallel 
lines in the plane! For a modern treatment of projective geometry see [154]. 


1. To get a feel for the Mohr-Mascheroni result, using compass only write (and 
prove) an algorithm for: 

(a) constructing 3 collinear points, 

(b) given a segment 04 construct a point B such that OB is twice as long as 
04, 

(c) bisecting a segment, 

(d) trisecting a segment, 

(e) given a circle C and two points determining a line /, construct the point 
of intersection C fl / (be careful here, the line / is not given, but only two 
points on the line / are. This is what makes the problem hard). 

(f) constructing the point of intersection between two lines (hard). 

n For a short exposition on the geometry of compasses see [145, (pp. 23-25)] and [36, (pp. 145-151)], 
quoted in [38]. 
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2. Given an angle A, provide a construction for finding an angle = 1/2 A using 
the Steiner-Poncelet constraint, i.e., with a straightedge, a single circle, and its 
center. 

To recall and rejuvenate some Euclidean geometry skills try some of the 
following 12 : 

3. Provide a Euclidean geometry construction (i.e., using circle and ruler only) 
that transforms a rectangle into a square of equal area. 

4. One of the three famous unsolvable problems in Euclidean geometry is “squar- 
ing the circle.” Given a square with area A construct, using ruler and compass 
only, a square having area 2A. What other shapes can this be generalized to? 

5. Prove that a triangle ABC is isosceles if the bisectors AD and BE of the two 
angles A and B are equal. Here D and E are the points of intersection of the 
angle bisectors with the sides BC and AC respectively. This is a deceptively 
hard problem. 


Why Projective Geometry? 

We begin the formal aspects with an excursion into projective geometry, but why? 
There are two important concepts and tools that we will need and that are also 
widely used in many other fields and applications. They are: 

• duality and 

• homogeneous coordinates (see [146] for applications of homogeneous coordi- 
nates to computer graphics). 

Both of these are projective concepts and can be properly understood only in 
this context. The experience is quite broadening and will get us “unglued” from the 
narrow mindset of Euclidean geometry. For example, entirely new notions, such 
as finite geometries, arise naturally. Projective geometry was initially motivated by 
the fine arts. The Italian architect Brunelleschi in 1425 first proposed a geometrical 
theory of perspective that was formalized by Alberti a few years later. It included 
the idea of “points at infinity” and influenced art in a profound way, as shown by 
contrasting prior “flat” paintings such as Martini’s Annunciation with those where 
“depth” is perceived, such as Leonardo’s Last Supper and Raphael’s Athens , shown 
in the chapter on projective geometry by Morris Kline [140, vol. 1, 622-641]. 
In the absence of photography, realism in drawings had not only artistic but also 
great practical value. 
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Figure 2.1. Projections and Sections. 


2.2.1 Projective Plane Model 

Projective geometry deals with 
properties that are invariant under 
projections and sections, see Fig. 2.1, 
such as “incidence” and “collinear- 
ity.” A beautiful projective theorem, 
discovered by the French architect 
Desargue in 1640, states that two 
triangles, ABC and A f B f C\ are in 
perspective from a point O if and 
only if they are in perspective from Figure 2.2. Points and lines in Perspective. 

a line TSR ; see Fig. 2.4 (left) in the 

Euclidean plane and Fig. 2.4 (right), where O is a “point at infinity” in the vertical 
direction. Note the role of duality in the interchange between the words point and 
line. Of course, we have not explained what is meant by “perspective”; see Fig. 2.2 
for an indication, but we are on the way. 

It will help our intuition to have a model for visualizing the projective space, 
and only afterward do we present the more formal axiomatic treatment. Our “build- 
ing blocks,” otherwise called primitives , are concepts and objects with which we 
are already familiar. The notation commonly used in geometry appears in the 
list below; points and lines are denoted by capital and lowercase Latin letters 
(preferably in italics ) respectively, while planes are denoted by lowercase Greek 
letters. 
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Primitives 


• points - P, Q, A 

• lines - 1, r, s 

• planes - n, a, /3 

• incidence relation - P is incident to £, or P is on £. 



r 


L 


L 


h 


i 


Of course, incidence and 
containment are not equi- 
valent, since P is incident 
to l if and only if l is inci- 
dent to P \ P e l is true and 
l e P is not. 

We start with the Eucli- 
dean space M 3 and add 
something new. Let n C 
be a plane. To each line l C n we associate an ideal point (“point at infinity”) Lqq 
such that distinct intersecting lines have distinct ideal points while parallel lines 
have the same ideal point. Effectively, then, ideal points signify direction. Since no 


Figure 2.3. Ideal points and augmented lines. 


3 



Figure 2.4. Desargue’s theorem. The three points T, S, R, T = B'C' Hi BC , S = A'C ' Hi AC, 
R = A f B' Hi AB , are always collinear for when the triangles are in perspective with respect to an 
ordinary point (left) or an ideal point (“point at infinity”) (right). 
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distinction is made between the “+” and “— ” directions for each line i, one and not 
two Loo need to be appended. 

On occasion, the notation P^° is used for ideal points, with m being the slope 
of the corresponding direction. The points of R 3 are called regular to distinguish 
them from the “ideal” ones. Proceeding, we call the pair (£, Loo) an augmented 
line. Then for r, s C tt, 


( r > ^oo) O (s , So o) 


P ordinary point 

^oo 

k. 




^ r not 


> r s. 



For a given plane jt C K 3 , let p 0 0 = {Loo|£ c tt, (£, Loo)} be the collection 
of all ideal points (directions) on tt. We will see that p 0 0 satisfies the axioms for 
a line, and for this reason it is called an ideal line. The pair (tt, /?oo) is called an 
augmented plane for, as will be seen, it satisfies the axioms for a plane. Proceeding, 
the ideal lines for each plane it C M 3 are collected and denoted by 7Too = {po ol^r C 
R 3 , (tt, poo )}; we refer to itoo as the ideal plane and the pair (R 3 , tToq) as the 
augmented space. All in all, then, “points” are either ordinary or ideal, “lines” are 
either augmented or ideal, and “planes” are either augmented planes or the ideal 
plane. 

Hilbert [85] proposed an elegant model of the projective plane whose construc- 
tion (actually a modified version) is shown in Fig. 2.6. A hemisphere S together with 
the disk D capping it is placed in a Euclidean plane tt, with its south pole tangent 
to the origin. A stereographic projection is established such that a point P e tt is 
connected to the center C of S. The point P' — CPHS is the image of P . All points of 
tt (i.e., “ordinary points”) are mapped uniquely onto the surface points of S. As the 
point P = (a\, «2) g° es farther and farther away from the origin in the constant 
direction having slope m — 02 ! a\, it approaches the ideal point 13 P^°. Then the 
line CP approaches the line parallel to tt that includes the diameter d m of the disk D 
having slope m. This establishes a one-to-one correspondence d m < — > P^°. The 
points on the hemisphere’s surface are the images of the ordinary points, while the 
diameters of D are the images of the ideal points providing the image of all of P 2 
as described above. 14 It is a very helpful visual model. For example, a line l C tt 
is mapped into a great semicircle (see exercise below), and the augmented line 
(/, P^) includes the diameter d m . Parallel augmented lines, as shown in Fig. 2.7, 
“intersect” at their common ideal point. Two points on a projective line specify two 


13 The subscript m, in the notation of an ideal point, indicates the corresponding direction, and it is 
included only when the direction is relevant. 

14 We use homogeneous coordinates only with real values so there is no need to use RP 2 as seen 
elsewhere, the R distinguishing the real projective plane from others. 
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Figure 2.5. 


On the left, figure for Exercise 4; and on the right, figure for Exercise 5. 


intervals; one containing the ideal point and its complement being the “ordinary” 
interval of the Euclidean line. 

A very basic though often unfamiliar property of P 2 is that it is not orientable. 
That is, it is not possible to assign a consistent sense of left and right ([18] p. 372). 
This matter arises in various topics in our development, and we shall learn how to 
cope with it when the need arises. 


1. Show that lines are mapped into great semicircles by stereographic projection. 

2. Show that stereographic projection preserves angles (i.e., is isogonal) 

3. How are circles mapped by stereographic projection? 

4. On a piece of paper, as shown in Fig. 2.5 (left), there is a point R and portions of 
two lines intersecting at some point T outside the paper. Using only a straight- 
edge (ruler), draw the line joining the points R and T (Hint: Use Desargues’s 
theorem). From [13, vol. I, p. 119]. 

5. Given two points R and T and a short ruler, as shown in Fig. 2.5 (right), not 
long enough to reach both points, draw the line joining R and T (Hints: Use the 
result of the previous exercise and slide the ruler along a line segment.) From 
[13, vol. I, p. 119]. 

2.2.2 Axioms for Projective Geometry 

The time has come to describe projective 3 -space more formally in terms of the 

axioms, i.e., the properties of the primitives: points, lines, planes, and the incidence 

(or “on”) relation. 


2. Geometry Background 







Figure 2.6. Model of the projective plane. 



To ideal point P m 



Figure 2.7. Parallel lines on the projective plane model. 
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Axioms for 2-D and 3-D 


1. (2-D) Two distinct points are on (or incident to) a 
unique line. That is, if P Q then P, Q e l\ and P, Q e 

(-2 => f 1 = f 2- 

2. (3-D) Three distinct noncollinear points are on a 
unique plane. That is, if P / Q, Q / R, P / R , and 
there is no line l 3 {P, Q, R] C f, then {P, Q , P} c tt;, 

i = 1 , 2 7T] = 7T 2 . 

3. (* 2-D) Two distinct coplanar lines are on (i.e., 
intersect or determine) a unique point. With the “ideal” 
elements we always have D I 2 f 0 and Pi, P 2 e 

A H£ 2 =► Pi = P2- 

This axiom and the remaining axioms are 
marked with an asterisk (*), for they differ from 
their corresponding Euclidean cousins. Specifi- 
cally, this axiom corresponds to Euclid’s famous 
fifth postulate, which postulated the existence of 
parallel lines. 

4. (* 3-D) A plane tt and a line l not 
contained in n are on (i.e., intersect at) 
a unique point l D jt / 0 always and 
Pi , p 2 £ £ n 7r => Pi = p 2 . 

5. (* 3-D) Two distinct planes are on 
(i.e., intersect in) a unique line 7riri7r 2 f 0 
and 77*1 n 7T 2 = t , where t is unique. 






It is not difficult to prove 
that the Euclidean plane 
together with the ideal and 
augmented elements satis- 
fies the projective plane 
axioms. Let us assume that 
ideal points and augmented 
lines satisfy the axioms 
(see exercises) and study an 
example. 

Theorem 2.2.1. The ideal 
line poo of an augmented 
plane (tt, p 0 c ) is a line. 
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q 




Figure 2.8. Axiom 1 is illustrated in (a) Figure 2.9. Self-dual: point 
and its dual axiom (3) in (b). on line and line on point. 


Proof. We need to show that p 0 o satisfies the axioms for lines, namely axioms 3 
and 4. 

Let (£, Loo) be any augmented line on (n, p 0 c ). Since p Q 0 is the collection 
of all ideal points on the augmented plane, (l. Loo) H /?oo = Loo, so axiom 3 is 
satisfied. 

Let (tt\ p' 0 o) be an augmented plane not containing p Q c ; therefore n r is not || 
to 7t. Hence n Hit' = £ ^ (tt, /?oo) Li (tv\ p ^) = (£, Loo), where Loo is the ideal 
point associated with £. ■ 

Two excellent references for projective geometry are [7] and [39]. 


1. Show that the ideal points satisfy the axioms of points. 

2. Show that augmented lines satisfy the axioms of lines. 

3. Show that augmented planes satisfy the axioms of planes. 

4. Show that the ideal plane 7Too satisfies the axioms of a plane. 

2.2.3 Principle of Duality 

The axioms yield a principle not found in Euclidean geometry. In 2-D there is 
a point line duality stemming from (axiom 1) two points are on a line £ and 
(axiom 3) two lines are on a point L. As a result, planar figures can be “dualized” 
by switching the words point and line. For example, three distinct noncollinear (i.e., 
not on the same line) points P, Q, and R determine a triangle. Dually, three distinct 
nonintersecting (i.e., not on the same point) lines p , q , r also determine a triangle. 
That is, triangles are self-dual. Note also the projective cases in Fig. 2.11: (left) 
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Figure 2.10. Self-dual 2: Triangle (a) and “triline” in (b). 






Figure 2.11. Projective triangles (left) and quadrangle (right). 

triangles and (right) the four points P, Q, Poo, S^q, which form a quadrilateral 
(“quadrangle”) with edges PQ , PRqo, QS 0 o, ^oo- 

The 3-D duality is point ** plane and results from axiom 2, whose dual is that 
three noncollinear planes tx \ , 712 , 713 are on a point P\ Fig. 2.12. By the way, this 
is the reason why point line dualities do not generalize to higher dimensions. 
Other examples of the point plane duality are that two planes 7t \ , 712 are on a 
line, whose dual is axiom 1, and two points P\, P 2 are on a line. Also axiom 4: a 
plane n and a line / not on n are on (determine) a point is dualized to a point P and 
a line / not on P are on (determine) a plane. 

The implications of duality are far deeper than those just indicated. For if a 
(projective) theorem involves points and lines in 2-D or points and planes in 3-D, 
its dual is also true. We illustrate this with the earliest known projective theorem, 
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TCj PI TC2 



Figure 2.12. Three noncollinear planes on a point ; dual of axiom 2. 



Figure 2.13. Pappus’s theorem (left) and its dual (right). 


proved by Pappus in the third century C.E. Using the notation •, instead of fi, 
for intersection Pappus’s theorem states that for any distinct points A; on a line 
r and any distinct points B[ on a line s , where i = 1, 2, 3, the points C/, where 
C[ — AjBk • AkBj for j ^ k ^ i , are always on a line p. The dual theorem 
is obtained simply by interchanging the words point line. In our notation it is 


2.2 ** Finite Geometries 
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equivalent to switching lowercase capital letters as follows: for any distinct lines 
ai on a point R and any distinct lines bt on a point S , where i = 1,2,3, the lines C [ , 
where q = ajbk • ayjbj for j ^ k ^ i, are always on a point P . No further proof 
is needed! 


Fun and Games with the ILM 


Open the ILM: set Chapter — 2D Point Line duality. 

The display shows two sets of axes. 

On the right, click to draw a point and see the corresponding line on the left 

Move the point and watch the line. 

Next set Subject = Point Line. 

Draw a point on the left and see the corresponding line on the right. 


2.3 ** Finite Geometries 

Let a flnit set of points and a nonempty collection of point subsets called lines 
satisfy the following axioms: 

1. Any two distinct points A and B are on a unique line £. 

2. If p and q are distinct lines, there is a unique point on both. 

3. There are at least three distinct points on any line. 

4. Not all points are on the same line. 

Such a set is called a finit geometry. It exemplifies the stark contrast with Euclidean 
geometry. Point, line , and the on relation are primitives specified by the above 
axioms only. Additional properties can be introduced to enrich the geometry. 

2.3.1 Seven-Point Geometry 

From the third axiom there are n > 3 points on a line. The smallest geometry, 
with n — 3 points on each line and a total of n 2 — n + 1 = 7 (see Exercise 3 
below) points or lines is illustrated in Fig. 2.14. The lines are a — [A, D , B], 
b = [A, E, Cl c = [C, F, B\, d = [A, G, F], e = [B, G, E], f = [C, G, D], 
g = [D, E, F]. Observe that the projective plane axioms are satisfied (i.e., two 
distinct points are on a unique line and vice versa) for V lines v e {a, ..., g) 
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ci a 



Figure 2.14. A “picture” of the 7 -point geometry. 



Figure 2.15. “Pictures” for 13-point geometry. There are four “lines” on each point and vice versa. 
On the right, the points are indicated in bold numbers and lines in italics. 


and V points X e {A, . . . G}. The lines/curves joining the • in the picture have 
no significance other than showing the association of the points belonging to a 
particular line. 
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Figure 2.16. 

Incidence matrix for the 13 -point geometry. 


2.3.2 Finite Geometry with 13 Points 

Finite geometries can be pictured in different ways, as in Figure 2.15, and specified 
by an incidence matrix for points and lines as for the 13-point geometry. Here, it 
is more convenient to denote the points and lines by numbers rather than letters. 
Those interested in pursuing the fascinating subject of finite geometries are referred 
to [116] and [117]. 


1. Prove the 3-D dual shown in Fig. 2.12, i.e., that three noncollinear planes are 
on a point, using only the projective 3-D space axioms. 

2. The second axiom may be weakened to 2a: “If p and q are distinct lines, there 
is at least one point on on both lines.” Prove that with axiom 2 replaced by 2a 
above, the resulting set of points and lines also satisfies the projective plane 
axioms. 

3. Prove that in a finite geometry with n points on any line there are n 1 2 3 4 — n + 1 
points (or lines) altogether. 

4. Construct diagrams for the geometries with n = 5 and 6 points and try to 
generalize. This is hard: you may want to look up a topic in combinatorics 
called “Latin squares.” 
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Figure 2.17. Homogeneous coordinates. Correspondence between points P in the v 1*2 -plane and 
lines p through the origin in 3 -D. 


2.4 


Even though there is no notion of distance in projective space, it is possible to 
introduce a very useful coordinate system. The geometric development here is for 
the plane and can be generalized to projective Af -space P^. 

We consider the x\X2 plane in M? with Cartesian coordinates as shown in 
Fig. 2.17 and the plane n : X3 = 1 . The point P = (a\, a 2) in the viV2-plane is 
identified with the point P ' — (a 1, 1 ) in the plane tv. The line p through the 

points (0, 0, 0) and P ' is constructed and is described by the equations 


A ft-2 Analytic Projective Geometry 
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In this way, the point-to-line correspondence 

P = (a\, <22) e x\X2 -plane 

< — > p C x\X 2 X 2 -space, p on (a\, 02 , 1), (0, 0, 0), 

is established. Since p can be identified by any one of its points (ka\, ka2 , k) for 
k ^ 0, the correspondence can be alternatively written as 

P : (a\, 02) < — > (ka\, ka2 , k), O/ieR. 

That is, (k\a\, k\a,2 , k\) and any other multiple (& 2 <2i, £ 2 ^ 2 , ^2) f° r k\ ^ ^ 2 re P~ 
resent the same point, since they both lie on the same line p. These triples are the 
point coordinates of P . 

Let us return to Fig. 2.17 and imagine the point P moving farther away from 
the origin but always in the direction with slope m — ^ approaching the ideal 

ti I 

point in this direction. The point coordinates of P are (a\, <22, 1 ) or ( 1 , m, A-), and 
as a\ -> 00 the ideal point is represented by the triples ( ka \ , ka2, 0) for k ^ 0. 
The important realization is that the 0 in the third component identifies ideal points. 
This system is called homogeneous coordinates , allowing the representation both 
ordinary and ideal points, something that cannot be done with Cartesian coordinates; 
it has other nice properties as well. 

Appealing to duality, a line x can be represented as an ordered triple of real 
numbers that is distinguished from a triple representing points using capitals for the 
coordinates themselves and “[ ]” instead of “( )” as 

x:[X 1 ,X 2 ,X 3 ]/[0,0, 0], 

again with the convention that [kX 1, kX2, kX 3], Wk / 0 , represents the same line. 
These triples are called line coordinates. So ( 1 , 2 , 3 ) represents a point and [ 1 , 2 , 3 ] 
a line. Actually, this is quite reasonable, for consider a line described in Cartesian 
coordinates by 


Ai;q + A2X2 + A3 — 0. 


For A3 7^ 0 the same line is also given by 

A\ A? 

X \ H - X 2 H - 1 — 0. 

A 3 a 3 2 


( 2 . 1 ) 


( 2 . 2 ) 


In either case, the three constants A \ , A 2 , A3 completely specify the line. So taking 
the triple [A\, A 2 , A3] with the understanding that A/ is the coefficient of x; for 
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i = 1,2 and A3 is the constant completely describes the line in (2.1). Equivalently, 
the triple [^, 1] describes the line as given by (2.2), and hence these two triples 

and their multiples identify the same line. 

There remains to define the on relation. We say that a point X = (x\, X2, *3) is 
on the line x = [X\, X2, X3], and dually the line x is on the point if and only if 

X - x = x - X = x\X\ -\- X2X2 + V3X3 = 0. 

Consider now the three points Y = (y\,y2,y3),Z = (z\, Z 2 , Z 3 ),W = 
(w 1, W 2 , W3), all on the line x = [X\, X2, X3]. Then 

Jl^l + = 0, 

Z\X\ + Z2X2 + Z3X3 = 0 , 

w\X 1 + W2X2 + ^3X3 = 0. 

This system of linear homogeneous equations has a nontrivial solution [X \ , X2, X3] 
if and only if the deteterminant of the coefficients is zero. That is, Y, Z,W are on 
a line x if and only if 


y\ 

y2 

y3 



Z 1 

Z2 

Z3 

= 0. 

(2.3) 

XJ0\ 

W 2 

w 3 




This condition provides the line coordinates of x as 



yi y3 


>’l 


yi y2 



Z2 £3 


Z3 Zl 

5 

Zl Z2 



(2.4) 


A direct consequence is that the points X , Y, and XX + juY for A, \i e M are 
collinear. 

What are the line coordinates of the ideal line? We can find out by substituting 
two distinct ideal points in (2.4), i.e., £3 = ^3 = 0. This yields [0, 0, y\Z2 ~ Y2Z\] 
or [0, 0, 1]. So far, it is all falling into place: we have a coordinate system that 
provides coordinates for every regular point (from which its Cartesian coordinates 
can be recovered) and also coordinates for the ideal elements (points and line). 
In addition, homogeneous coordinates can be extended to projective Wspace and 
finite geometries. 


A FT-2e 


Consider now the 7-point geometry (i.e., n = 3) described earlier and take the 
algebra J 2 , the integers modulo 2, with elements {1, 0}. The binary operations + 
and x are defined by 
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+ 

0 

1 

X 

0 

1 

0 

0 

1 

0 

0 

0 

1 

1 

0 

1 

0 

1 


Now we collect all triples (x\, X 2 , *3) except (0, 0, 0) and label them: 

A = (0,0,1), B = (0,1,0), C = (1,0,0), 

D = (0, 1, 1), E = (1, 0, 1), F = (1, 1, 0), G = (1, 1, 1). 

A pair of points is chosen specifying a line x = [X\, X 2 , X 3 ] whose coordinates 
are computed from (2.4) for Xj e J 2 , yielding 

a = [1,0,0] b = [0, 1,0] c = [0,0, 1] 

d = [1, 1,0] e = [1, 0, 1] f = [0, 1,1] g = [1, 1, 1]. 

Note that each point is on two lines; for example A is on the lines having A3 = 0. 
Similarly, other finite geometries can be coordinatized using the appropriate algebra 
Jp of integers modulo p , that is, the set of integers {1,2,... , p — 1} with addition 
and multiplication analogously defined (see a book on modern algebra). To clarify, 
let us use J 3 to coordinatize the 13 -point geometry. Excluding (0, 0, 0), there are 
26 triples (a\, 02 , < 23 ), at e J 3 , with the multiples k(a\, 02 , < 23 ), k ^ 0 e J 3 , also 
representing the same point. The only multiple of interest is 2(a\, <22, 03), which 
equals (a\, 02 , 03 ) for at e J 3 , yielding 13 distinct triples. Similarly, with J\ there 
63 nonzero triples whose multiples by 2 or 3 are the same in that algebra, yielding 
21 distinct triples, which can therefore serve as the homogeneous coordinates of 
the 21 -point geometry (Exercise 3 below). 


2.4.1 Homogeneous Coordinates on a Line 

Let us specialize homogeneous coordinates to a line o, which for convenience we 
take as being on the two points 

0 = (0,1,1), U = (1,1,1). 

The coordinates of a point X = (x\, X2, *2) £ o together with those of O and U 
satisfy the collinearity condition of (2.3); therefore X2 — X3, so X = (x\/x 2 , 1, 1), 
with X = (x\, 0, 0) being the line’s ideal point if X2 — 0. Since there is no 
variation in the third component, the coordinates of regular points can be simplified 
to O = (0, 1), U = (1, 1) and in general, X = (x\, X2), as indicated in Fig. 2.18. 
We can write 


X : (x\, X2) — 02(1? 1 ) + «i( 0 , 1 ) = (22U + a\ O 
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o u X 

(0,1) (1,1) (x u x 2 ) 

(0) (1) (x), x = f-J 

Figure 2.18. Homogeneous coordinates on the line. 



for x\ — <22 , X2 = a\ + ci2 , and O, U acting as a basis. The point O can be thought 
of as the “origin,” and U establishes the “unit”; recall that we do not have a metric 
in the projective plane. There is a further simplification obtained by dividing by X2 
to represent the point X by the single value v = x\/x2- 


2.5 The Fundamental Transformations 
of Projective Geometry 

A short diversion into the basic transformations of projective geometry is needed in 
order to prove a fundamental property of homogeneous coordinates. Consider two 
directed (in the Euclidean plane) lines p, p f and a point P not on the lines, as shown 
in Fig. 2 . 19 . A line on P intersecting p at the point A and p f at A f establishes a 
one-to-one correspondence called perspectivity between the points of p and p r . It is 
denoted by 


2.5 The Fundamental Transformations of Projective Geometry 
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p(A, B, C, D, . . .) £ p'(A',B',C',D',...). 

The two lines are said to be in perspective with respect to the point P , which 
may be indicated above the = symbol. Of course, there is the dual concept, shown 
in Fig. 2.20, of two points P, P f being in perspective with respect to a line p 
denoted by 

P(a, b, c, d, . . .) = P\a, b\ c\ d\ . . . ). 



Figure 2.20. 


Two points P, P' in perspective from the line p. 


Consider now a perspectivity p(A , fi, C, £),...) = p\A\ B ' , C\ D\ . . . ) as 
shown in Fig. 2.21 and the cross-ratio 


(A, B; C, D) 


AC/BC 

AD/BD' 


Theorem 2.5.1. The cross-ratio is invariant under perspectivity. 


Proof. We give an elementary proof in the Euclidean plane, leaving the projective 
aspects for the exercises. With reference to Fig. 2.21, 

IP-AC area A APC AP-CP sin(APC) 

M P C — areaA ^E _ BP- CP sin (BPC) 

(A, C, U) — IpAD — areaA ^ ra - AP-DPsin(APD) ’ 

IP-BD area ABPD BP -DP sin (BPD) 


or 


( A,B-C , D) = ± 


sin (APC) ■ sin (BPD) 


sin (BPC) ■ sin (APD) 


(2.5) 
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Similarly, it can be shown that B ' ; C ' , D ' ) also equals the right-hand- side of 
(2.5). There remains to show that the signs match (see exercises below). As stated, 
this definition of the cross-ratio applies only to the Euclidean plane, but it can 
be appropriately generalized to the augmented plane (tt, p 0 0 ), the cross-section 
invariance being a projective property. ■ 

The set of all points on a line is called a pencil of points , and dually, the set 
of all lines on a point is called a pencil of lines. A pencil of points may undergo 
successive perspectivities, as in 

Pi Pi P n - 1 

Pl A Pl A ••• A ^ 

A sequence of perspectivities is called a projectivity and is denoted by p . In pro- 

jective geometry we study the properties that remain invariant under projectivities. 
We state without proof a couple of important results. 

Theorem 2.5.2. A projectivity is determined by the correspondence between two 
triples of distinct points. Thatis, ifthetriples (A, B, C ) and (A\ Bj C') correspond 
under a projectivity p p n , then the correspondence between any X e p and 
X f G p f is uniquely determined (i.e., projectivity is determined by just three points). 

This does not determine the actual sequence of perspectivities from which the 
projectivity resulted. Rather, it just determines the correspondence between the 
original and final pencils of points. 

Theorem 2.5.3. A projectivity can be expressed by at most two perspectivities. 


2.6 More on Homogeneous Coordinates 
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Figure 2.22. A projectivity composed of four perspectivities. 


1. Show that the 24 distinct permutations of four symbols A, B, C, and D result 
in exactly six different values of the cross-ratios as formed from these four 
symbols (corresponding to four points on a line) 

2. Prove Theorem 2.5.1 when the perspectivity is with respect to an ideal point. 

3. Prove Theorem 2.5.2 in the Euclidean plane and also with a perspectivity with 
respect to an ideal point. 

4. Prove Theorem 2.5.3 in the Euclidean plane and also with a perspectivity with 
respect to an ideal point. 


2.6 More on Homogeneous Coordinates 

2.6.1 Linearizability of Projective Transformations 

It is easy to see that the cross-ratio remains invariant under a projectivity and in 
fact, completely characterizes (determines) the projectivity. This invariance leads 
to a very important result and the reason homogeneous coordinates are so widely 
used in fields such as computer graphics. It is proved first for the plane P 2 and then 
generalized to higher dimensions. For a projectivity s ^ s f between two directed lines 
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s and s' (as in Fig. 2.21, see lines p and p'), four points and their corresponding 
single homogeneous coordinates indicated by (), P : ( p ), Q : ( q ), R : (r), X : (x) 
are chosen to form the cross-ratio 


(P, Q;R,X) = 


(P - r)(q 
(. P -*)(<? 



Similarly, the cross-ratio 


(P r , Q ! ; P r , X r ) = 



r r )(q r — x ') 
x')(q l — r f ) 


is formed with the corresponding points P l : (//), (T : (g 7 )* 7?' : ( r 0^ X 1 : (x 7 ) on 
/.By the cross-ratio invariance, under a projectivity, we have 


(P, Q;R,X) = (P', Q';R',X'), 


( 2 . 6 ) 


yielding 

; ax + b 

x — . 

cx + <7 


(2.7) 


The a , b, c, <7 are given in terms of the coordinates p,q,r, p f , and r\ and their 
actual values are immaterial to the development. This is a linear fractional transfor- 
mation , also called a Mobiles transformation , completely specifying the projectivity 
5 Reverting back to the ratio obtained from the homogeneous coordinates, i.e., 
x = xi /x 2 and x' — xj /x 2 , we obtain from (2.7), 

X 1 _ axi + bx 2 

/ . t (2-o) 

x 2 cxi + aX2 


Then rewriting the homogeneous coordinates of a point on a line in terms of two 
components as X = (x\, xf), see Fig. 2.18, we get 


k 



ax i + bx 2 
cxi + <7x2 



Here k is an arbitrary proportionality constant, which is needed, since multiples of 
a triple (the 1 in the third position is not shown; see Fig. 2.18) represent the same 
point. Eliminating the fractions yields 


k(x[, xf) — (ax i + bx, cx\ + <7x2), 


from which we obtain the linear relations 


kx[ = ax i + bx 2 , kx' 2 = ex 1 + <7x2 


(2.9) 
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between the coordinates on the directed lines s and s'. The transformation (2.8) is 
called projective , and this is the most general class of nonlinear transformations 
that can be linearized by homogeneous coordinates. It is worth examining this in 
greater detail. Rewrite the transformation as 


ax + b 

T(x) = 

ex + d 


be — ad 


c 


2 


1 


x + d/c 






which provides the decomposition of T into 


r r m t rr T r m t r # 7 

= i40i30i2 0 1 1, 


where o denotes the transformation composition and 


d 1 be — ad 

T\(x) — x + T 2 (x) = T 3 (x) = -= — x, 

ex c A 


a 

T/[(x) = x H — . 


c 


That is, T is composed of two translations T\, a scaling T 3 , and an inversion 72- 
Inversions and translations, being nonlinear, are linearized, and this property makes 
homogeneous coordinates especially useful in applications, since the projective 
transformations, translation, perspective, rotation, and scaling, can all be described 
in terms of matrices. Hence, a sequence of such transformations can be expressed as 
a matrix product and computed in a convenient and efficient way (e.g., see [146]). 

For ft -dimensional projective space and projectivities there, the linear 
fractional transformation (2.7) generalizes to 


a \ i x [ + a 2i x 2 + ' ' ' + a N,i x p + a (N+l),i 
b\i x [ + b 2 ix ' 2 + h b N jx' N + 6(2v+1),i 



( 2 . 10 ) 


where we have reverted to homogeneous coordinates by 


// x i / x / 

Xj — — , X: — , ; = 1,2, + 1). 

X (A^+1) X (W+1) 

Here the Xj are Cartesian coordinates, while the x- and x” are homogeneous 
coordinates. 


** The Linearized Projective Transformations 

To recap, the projective transformation 


T (x) = ax 


( 2 . 11 ) 
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is linear and is called scaling when a > 0 , a 7 ^ 1 ; then it is a contraction for a < 1 
and a stretching, or magnificatio , whena > 1 . For complex a — r(cos9 + i sin#), 
the result is a rotation of x by an angle 9 about the origin as well as a scaling by r. 
By contrast, translation 


T (x) = x -\- a ( 2 . 12 ) 

and inversion or perspective 

1 

T(x ) = - (2.13) 

are not linear, and for these the linearization, accomplished via homogeneous 
coordinates, enables the transformations to be expressed in matrix form. This is 
of importance in such applications as computer graphics and geometric modeling. 

2.7.1 Projective Transformations in the Plane P 2 

For notational convenience, a point P = (x\,X 2 ,x?,) and its transform P ' — 
(xj , x 2 , xp, expressed in homogeneous coordinates, are taken as row vectors, while 
the transformations are denoted by two capital letters. We take x^ = c' and X 3 = c, 
such that for ordinary points, c, c' ^ 0, and c, c' — 0 for ideal points. Many 
references in computer graphics, geometric modeling, robotics, and other fields 
consider only the case X 3 = 1 , which unnecessarily excludes the ideal points. 

The scaling transformation P 1 — PS(s 1 , s^), where x- = S[X[ andx^ = X 3 = c, 
in matrix form is 

( s x 0 0 \ 

PS : (xi , X 9 , c) = (xi, X 2 , c) I 0 S 2 0 1. (2.14) 

\ 0 0 1 / 

The rotation P f — PR(9 ) by an angle 0 about the origin is 

/ cos 6 sin 6 0 \ 

PR : (xj, x 2 , c) — (xi, X 2 , c) I —sin 9 cos 9 0 J. (2.15) 

\ 0 0 1 / 

For the translation P' — PT(t\, t 2 ), with x- = x/ + ?/, we can set c = 1, since 
translation of ideal points is not meaningful, to obtain 

/ 1 0 0 \ 

PT\ (xi,X 2 , 1) = (xi,x 2 , 1) 0 10. (2.16) 

\ h 1 2 1 / 



2.7 ** The Linearized Projective Transformations 


33 


Successive scaling or rotation transformations result in successive multiplications 
of the corresponding matrices, as they should, since these are linear transformations. 
The fun and beauty is that it also works with translations. For P' — PT\ (t \ , t^) and 

P " — P'T 2 (t\, ?!), the result is P" — PT\T 2 — PT 2 T\ so that x" — x\ + tj + tj . 
The matrices commute with respect to multiplication, as they should, since the 
result of successive translations does not depend on their order. 

The composition of scalings, rotations, and translations is obtained by the 
multiplication of the corresponding matrices. In addition, the matrices are sparse 
(i.e., they have many zeros), and the computational advantage is tremendous. 


.2 Projective Transformations in P 3 

The generalizations of these transformations to 3 -D are straightforward, with the 
previous remarks regarding x 2 = c now pertaining to X4 = c. For scaling, 
p' = PS(s \ , s 2 , s 3 ), 




X3, c) = (xi,x 2 ,x 3 , c ) 



Si 

0 

0 

0 \ 


0 

S2 

0 

0 


0 

0 

53 

0 


0 

0 

0 

1 / 


( 2 . 17 ) 


Let the matrices for the rotation about the Xj - axes by an angle 9 be denoted by 
PRi( 0 ), i = 1 , 2 , 3 . The rotation about .13 is given by 




(x[,x' 2 ,x' 3 ,c) = (x\ ,x 2 ,x 3 ,c) 



cos 6 
— sin 0 
0 
0 


sind 0 0 \ 

cos 0 0 0 

0 1 0 
0 0 1 / 


( 2 . 18 ) 


and is a direct extension of the 2 -D rotation. The two other rotation matrices are 


PR 1 ( 0 ) 


( 1 

0 

0 

0 \ 

0 COS 6 

sin0 

0 

0 - 

sin0 

cos 9 

0 

V 0 

0 

0 

1 

/ cos 6 

0 

— sin0 

0 

0 

1 

0 

0 

sin# 

0 

cos 9 

0 

0 

0 

0 

1 / 


( 2 . 19 ) 


PR? ( 0 ) 
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For 3-D translations P l — PT(t\, f 2 , £ 3 ), c = 1 as in 2-D, and 




* 3 , 1 ) = (xi,x 2 ,x 3 , 



1 

0 

0 

0 \ 

0 

1 

0 

0 

0 

0 

1 

0 

'1 


f 3 

1 / 


( 2 . 20 ) 


In 3-D, the perspective transformation is important, for it provides images with a 
sense of depth and realism. It is convenient to choose the center of the perspective 
transformation on the negative v 3 -axis at a distance d behind the perspective plane, 
as shown in Fig. 2.23. The transformation equations, obtained by similar triangles, 
are 


/ _ xi 

1 x^/d + 1 ’ 


/ X 2 

x 0 = , 

2 x$/d + 1 



( 2 . 21 ) 


Denote the perspective transformation matrix by V\jt per , C per ], where 7 r per and 
C per are the perspective plane and center respectively. For the setup in Fig. 2.23, 
P r — PV[x 3 = 0, (0, 0, — d)], and explicitly, 
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,0,w) = (xi,X2,X3,c) 



0 

1 

0 

0 


0 

0 

0 

0 



( 2 . 22 ) 


with the relation between c and w emerging next. The perspective image of an 
ideal point P = (l,X2/x\, x^/xi, 0 ), called a vanishing point, is the ordinary point 
P' = (x( , xL, 0 , x^/d) = {dx\/x 3, dx 2/X3, 0 , 1 ). Hence 


w = 


x 3 


+ c. 


! 

X| = 


X\ 


x 2 = 


%2 


X 


3 


= 0 . 


d w ~ uj 

All projective transformations can now be performed successively by matrix mul- 
tiplication. The matrix of the perspective transformation, unlike those of other 
projective transformations, is singular, confirming that an object cannot be uniquely 
retrieved from its perspective image. 


B 



Figure 2.24. The perspective image of an object (partially shown). 

In the figure, the perspective transformation of three vertices A, B, C is traced, showing their images 
A', B' , C'. This is sometimes called a 2-point perspective, having two vanishing points V\ and V 2 , the 
images of ideal points, giving the image “3-dimensionality.” Actually, the ideal point in the vertical 
direction is the “third vanishing point.” It would have been a 3-point perspective had the perspective 
plane not been parallel to the front (vertical) face of the object. All lines joining the object’s points 
with their images intersect at the center of perspective. 
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2.8 ** Coordinate System Rotations 


This section, complementing the discussion of rotations about one axis above, is 
adapted from an old gem [161, pp. 240-241] (the textbook from which I learned 
analytic geometry). In R 3 with a positive direction assigned to a line l , translate 
the coordinate system to any point Q e t , denoting by a, p,y the direction 
angles between the positive direction of i and the translates of the axes x\,X 2 , X 3 
respectively. Their cosines, called direction cosines , have the property 

cos 2 a + cos 2 P + cos 2 y — 1 . (2.23) 

Denoting by the unit vectors in the x/ directions, we obtain that 

£ = e i cos a + §2 cos ft + §3 cos y (2.24) 

/V /V ^ O 

is the unit vector in the positive direction of l, with (2.23) equivalent to l- 1 = \l\ . 
The cosine of the angle 0 between two directed lines I 2 is given in terms of 

/V /V 

their corresponding unit vectors and their corresponding direction angles, 

subscripted by 1 and 2, respectively, are given by 

/V /V 

cos 0 = t\ • £2 — cos a l cos a 2 + cos P\ cos P 2 + cos Y\ cos 72> (2.25) 


with cos 0 = 0 when the lines are perpendicular. 

For a plane n , let n be the directed line through the origin O and perpendicular 
to 7 t with direction angles a, ft, y. The normal form of the equation of tt is 

7 t : x\ cos a T X 2 cos ft + X3 cos y = d, (2.26) 

with d the directed distance of n from O. It is an easy matter to verify that the 
directed distance p of tv from the point P = (p 1, P 2 , P 3 ) is given by 

p = pi cos a + P 2 cos P + p^ cos y — d. (2.27) 


With reference to Fig. 2.25, the coordinate system x\, X 2 , X 3 is rotated about the 
origin O to the system jcJ, x f 2 , x'y all points remaining stationary with a point P 
having two sets of coordinates (x\, X 2 , X 3 ), (jcj,^,^). Our task is to find the 
relationship between them. Letting the direction cosines of the x\ axes with respect 

v 

to X[ be cos oti , cos Pi , cos y\ for i = 1, 2, 3 respectively, we obtain 

2 2 2 

COS Oil + COS Pi + COS Yi — 1, 


cos oij cos oik + cos Pj cos Pk + cos yj cos y 



(2.28) 
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Figure 2.25. Rotation of the coordinate system x 1X2X3 about the origin. 


where j / ki, j,k = 1 , 2, 3, the first part corresponding to (2.23) for the x\ and the 

L 

second due to the orthogonality between the pairs x '- , x f k of axes. The plane x^x^, 
which passes through the origin O, has equation 

x'^x^ : x \ cos a\ + X 2 cos + X3 cos y\ — 0, 

with coefficients the direction cosines of the axis xj, which is orthogonal to it. 
Similarly, for all the 2-planes, 

x'jX f k : x\ cos oi[ + X 2 cos Pi + X3 cos yi =0, i ^ j ^ k. (2.29) 

The directed distance of the point P from the plane x'-x^ is its x- coordinate, 
i / j / k\ hence by (2.27), (2.29), 

x- = xi cos oi\ + x 2 cos ft + x 3 cos Yi • (2.30) 

These describe the coordinate transformation {xi, X2, X3} -> {xj, x f 2 , x^}. Revers- 
ing the roles of x; and x\ in the previous reasoning, we obtain the inverse 

v 

transformation {xj, x 2 , x^} -> {xi, X2, X3}: 

x/ = xi cos ol\ + X2 cos P j + X3 cos yk, i 7^ j ^ k. (2.31) 
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For consistency with Section 2.7, (2.30) and (2.31) are rewritten in homogeneous 
coordinates and in matrix form: 


(x[,x' 2 ,x' 3 , 1) = (xi,x 2 ,x 3 , 1) 


(xi,x 2 ,x 3 , 1) = (x[,x' 2 ,x' 3 , 1) 



coscq 

COS Pi 

cos yi 

0 \ 


COS Of2 

COS P 2 

COS Y2 

0 


COS 0^3 

COS P 2 

COS Y3 

0 


0 

0 

0 

1 J 


coscq 

COS 0^2 

COS <*3 

0 \ 


cos Pi 

COS P 2 

COS P 2 

0 


cos y\ 

COS Y2 

COS Y3 

0 


0 

0 

0 

1 / 


(2.32) 


(2.33) 


The matrix A of the transformation in (2.30) has determinant \A\ = 1, and 
the matrix of the inverse transformation (2.31) is the transpose A T . These, and 
the matrices corresponding to the rotations about one axis in Section 2.7, are 
examples of orthogonal matrices (transformations), which also appear in the pre- 
vious section. As a reminder, the above equations together with the six conditions 
of (9.47) specify the rotation of the coordinate system about the origin. By the 
way, such a rotation about an arbitrary point can be obtained by translating the 
origin first and then rotating, or equivalently, multiplying the matrix A in (9.48) 
by that in (2.20), with resulting matrix describing the combined transformation. 
That is, 


(x[, x' 2 , x' 3 , 1) = (x\,X 2 , 1) 



coscq 

COS Pi 

cos Yi 

0 \ 


COS 0^2 

COS P 2 

COS Y2 

0 


COS 0^3 

COS P 2 

COS Y3 

0 


h 

1 2 

1 3 

1 / 


(2.34) 


From the vector and matrix form, the generalization to R^ is direct, with a 
slight change in notation denoting the direction angle between the x\ axis and a 
directed line i c R n by a 1 and the unit vector in the direction of i : 


N N 

l — ^ ej cos oii , ^ cos 2 oii — 1 . (2.35) 

i = 1 i = 1 

Proceeding as above, the corresponding (N + 1) x(N + 1) transformation matrix is 
obtained together with the (N 2 + N)/2 additional conditions analogous to (9.47): 
N conditions from the above equation and N(N — l)/2 more due to the orthogonality 
of all pairs of axes. 
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2.9 ** Analytic Proofs 

Pesargues’s theorem will be helpful in subsequent chapters. This is an oppurtune 
time to prove it and learn yet another nice way to utilize homogeneous coordinates. 


2.9.1 Computational Proof 

Three noncollinear points P;, specified in homogeneous coordinates by triples 
A[ , i — 1, 2, 3, are chosen on the projective plane P 2 . Another point P, with 
triple A, is selected such that A = c\A\ + C 2 A 2 + C 3 A 3 with all q 7 ^ 0. 
Each point P/ is also represented by the triple q A/ = A*, which are fixed from 
now on, leaving A = A^ + A^ + Ay Any other point Q can be described 
as Q = a\A^ + < 22^2 + a 3^3 with the °f the multiples now fixed. The 
coefficients can be used as a new set of coordinates, i.e., Q = (q, <22 , < 23 ) and 
Pi = (1, 0, 0), P 2 = (0, 1, 0), P 3 = (0, 0, 1), P = (1, 1, 1). In this coordinate 
system it is easy to see that Q = (a\, < 22 , < 23 ) and Q f = k(a\, < 22 , < 23 ), k 7 ^ 0, repre- 
sent the same point, allowing us to write Q = Q f . This is similar to homogeneous 
coordinates with 0 in the third position no longer implying that the point is ideal. 
This turns out to be a very useful tool. 

To illustrate, we provide an analytic proof of Desargues’s theorem. It is conve- 
nient to take the triangle’s vertices A, P, C as the basis triples and P = A + B + C 
or P = (1, 1, 1) as the point of perspectivity, as shown in Fig. 2.26. The three 
lines from P through the vertices of the triangle are denoted by a\ b\ and c ' . With 
A = (1, 0, 0) and P = (1, 1, 1) on a\ from (2.4) we find that 


a 


f 



1 

1 


1 1 


1 1 



0 

0 

5 

0 1 

5 

1 0 



= [ 0 , 1 ,- 1 ]. 


For a point A' = (a, q, < 22 ) £ where A 7 ^ A\ the collinearity of P, A, A' and 
(2.3) yield 


a a 1 <22 

1 1 1 

1 0 0 



which shows that a\ = < 22 - Since these values are arbitrary, we can take A f = 
(a, 1, 1). Similarly, we obtain the line coordinates b' = [1,0, — 1], c' — [1, —1,0] 
and the point coordinates B ' = (1, 1), C * 7 = (1, 1, c). Fetr be the line determined 

by A and B . Then 


0 0 
1 0 


0 1 
0 0 


1 0 
0 1 


r = 


= [ 0 , 0 , 1 ]. 
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/ 


\ / 



Similarly, for the line r' determined by A f and B\ 


r 


! 



1 

1 


a 1 


a 1 



b 

1 

5 

1 1 

1 

1 b 



— [1 — b, a — 1, ab — 1]. 


To find the intersection r n r l = R, we can use the dual of (2.4). That is, in its 
original form, (2.4) yields the coordinates of the line determined by the coordinates 
of two of its points. In the dual, the same equation yields the coordinates of the 
point on the two lines from their coordinates. Namely, 


R = 


0 1 
a — 1 ab — 1 


1 0 
ab — 1 1 — b 


0 

1 -b 



= (1 — a J? — 1 , 0 ). 
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Continuing in the same way, we obtain 

S = BC ■ B'C' = s n s’ = (0, 1 - b, c - 1), 
T = AC- A'C' = t n t' = {a - 1, 0, 1 - c). 


Applying again (2.3) with the coordinates found for R, S, T yields 


1 -a b - 1 0 

0 1 -b c - 1 

a — 1 0 1 — c 



showing that R , 5, and T are always collinear, proving Desargues’s theorem in the 
projective plane. 


2.9.2 Algebraic Proof 

When the coordinates of the points and lines are not explicitly needed, their compu- 
tation can be avoided with an algebraic proof. In Fig. 2.26, let all points be identified 
by their homogeneous coordinate triples. By the collinearity of P, A, A f there exist 
nonzero constants c\,C 2 such that 

P — c\ A + . (2.36) 

The multiple c\ A identifies the same point as A, and similarly, c^A 1 identifies — A f . 
Without loss of generality we can take the triples c\A , C 2 A' for the representation 
of the points A, —A\ simplifying (2.37) to 

P = A- A'. (2.37) 

The new triples for A, A f then remain fixe as in the previous section. Similarly, 
there exist constant multiples of B, B ' , C, C ’ such that 

P = B - B', P = C -C’ . (2.38) 

Then 

A - B = A! - B'. (2.39) 

The point A — B is on the line AB , and the point A 1 — B f is on A' B f . Therefore, 

A - B = A' - B' = R = AB n A f B f . (2.40) 
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Continuing, we obtain 

C-A = C' -A' = T = AC n A'C' , B-C = B' -C' = S = BCD B'C'. 

(2.41) 

Altogether, 


r + S + T = A-B + C-A + B-C = 0, (2.42) 

showing that the intersection points R, 5, and T are collinear. 

It is worth contrasting these proofs with the synthetic proofs of Desargues’s 
theorem, as illustrated in Fig. 2.27. 



Figure 2.27. Diagram for the synthetic proof of Desargues theorem. 

This proof involves embedding the 2-D perspectivity in 3-D. The theorem statement is that two 
triangles in perspective from a point P are in perspective from a line p. 


2.9 ** Conics on the Projective Plane 
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Fun and Games with the ILM 


Open the ILM: set Chapter = Geometry and click on “ Lock Guides 
The display shows Desargues’s theorem with the three intersection 

points R, S,T collinear. 

Click and move any of the red triangle vertices along the lines. 

The three points R, S,T remain collinear. 

Next set Example = Pappus and click on “Lock Guides.” 

The display shows Pappus’s theorem. 

Again click on and move any of the six points A/, Bj along the lines. 

The three intersection points C/ remain collinear. 


1. Provide an analytic proof of Pappus’s theorem. 

2. Generalize and find the representation of the ideal elements of (R 3 , p Q c ) in 
terms of ordered quadruples. 

3. Generalize the representation of the ideal elements of in terms of ordered 
(. N + l)-tuples. 

2.10 ** Conics on the Projective Plane 

Curves can be considered as a collection of points and dually as a collection of lines 
whose envelope forms a curve, (see Fig. 2.28.) To distinguish them, they are referred 
to as point-curves and line-curves respectively. The duality of the projective plane 
enables us to treat them equivalently and leads to some nice results, illustrated here 
with conic point- and line-curves. 

2.10.1 In the Projective Plane All Conics Are Ellipses 

That all conics are ellipses in the projective plane can be observed on the right of 
Fig. 2.28, which relates to the position of an ellipse with respect to the ideal line 
loo. That is, an ordinary (Euclidean) ellipse has no ideal points, and a Euclidean 
parabola corresponds to an ellipse tangent to the ideal line and hence having one 
ideal point corresponding to the direction in which the parabola “opens toward 
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Figure 2.28. 


Ellipse (point-curve) and hyperbola (line-curve). Projective conics are ellipses. 



Figure 2.29. Ellipse (left), parabola (center), and hyperbola (right) in the projective plane model. 


infinity.” A Euclidean hyperbola is a projective ellipse intersecting Iqq at two ideal 
points corresponding to the directions of its asymptotes. The three cases in Fig. 2.29 
are shown in the projective plane model. 


2.10.2 Generalizing Pappus’s Theorem 

In 1640, Pascal generalized Pappus’s theorem to conics. 

Theorem 2.10.1 (Pascal) If a simple hexagon A 1 A 2 A 3 B 1 B 2 B 3 is inscribed in 
a conic, the intersections C\ — AjBi c • Aj^Bj, i f j f k, are collinear. 


2.10 ** Geometries and Invariants 
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bi 


Figure 2.30. Pascal’s theorem (a) and its dual, Briachnon’s theorem (b) 


Briachnon proved the result depicted in Fig. 2.30 in 1806, which turned out to be 
the dual of Pascal’s theorem. 

2.1 1 ** Geometries and Invariants 

As already mentioned in connection with (2.10), homogeneous coordinates can be 
extended to higher dimensions. Specifically, a point P e is represented by an 
(N+l)-tuple, the point coordinates 


P = (x\ , X 2 , . . . , xjy, or (kx\, kx 2 , . . . , kxjy , kxp+i), k ^ 0, 


where not all components are zero. Dually, a hyperplane it is represented by the 
(N + 1) -tuple 

7 T = [X\, X2, . . . , Xjy , Xjv+i], or \kX 1, kX 2, . . . , kXp, kXp+ 1], 

where again not all components are zero, these being the hyperplane coordinates 
of 7 r. The on relation as before is defined by the inner product of the coordinates, 
i.e., 


N+l 

Y i x i X i = 0. 
1 = 1 


P on n 
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A projective transformation in is expressed by (2.10) and can be linearized 
by homogeneous coordinates. Projective transformations leave the cross-ratio 
invariant, and they are the most general transformations employed in projective 
geometry. 

Various geometries were developed during the nineteenth century in addition 
to the Euclidean: affine, projective, spherical and inversive. Felix Klein proposed a 
way of classifying geometries that became known as the Erlangen Program, since 
he was a professor at the University of Erlangen. A geometry is regarded as a space 
together with a group of transformations acting on it. Geometrical properties are 
those remaining invariant under the group of transformations. As a reminder, a 
group is a set of elements G and a binary operation o with 

a o b = c e GVa,b e G (closure property), 

(a o b) o c — a o (b o c) (associativity) 

3 e e G 3 a o e = e o a = a,Va e G (identity) 

Wa e G 3a~^ 3 a -1 o a = a o a -1 = e (inverse). 


Show that the set of all linear fractional transformations (i.e., the projective 
transformations) with the composition operation form a group. 

The group of projective transformations has important special cases that form sub- 
groups of transformations, i.e., subsets that are groups. With slight changes in the 
notation, consider the case of translations , for which the b’s in the denominator of 
(2.10) are zero except for the last one, i.e., 

x f = xA + c, 

with row vectors denoted in bold, e.g., x, and A is an N x N matrix. In general, a 
mapping 


L : D -> D 

is a linear transformation if it preserves linear combinations, i.e., 

L(ax + by) = aL(x) + bL{ y). 


A general affin transformation can be written as 

r(u) = L(u) + c, 
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where c is a constant vector and L is a linear transformation. In this case, 

T (ax + by) = aL(x ) + bL( y) + + bT (y) = aL(x ) + £>L(y) + 2c. 

In short, translations are not linear transformations. Affine transformations leave 
convex combinations where a l — l) invariant and also preserve 

incidence (i.e., the on relation). 

Let us return to the representation 

x 1 — xA + c 

and consider the case where the matrix has the property AA T — A 2 /, where X is 
real and T denotes the transpose of a matrix. This is the similarity group. First take 
the case c = 0. The square of the length, |x|, of x is given by x • x = xx T and is 
called the norm of x. For the similarity transformation x f = xA, we have 

x' • x' = (xA) • (xA) = X 2 x • x. 

Effectively, |x| has been amplified by ±X. For two vectors x, y, under similarity we 
obtain 


V -y' — Vx • y x • y = |x| • |y| cos(x, y), 


2 


where (x, y) is the angle between the two vectors. So 


x'l • |y'|cos(x',y') = A.^|x| • |y| cos(x, y) 


2 


Therefore, x_Ly x f A.y\ and in general, cos(x ; , y f ) = cos(x, y). So under 

similarity, the ratio of distances and angles between vectors is preserved, or 

|x'| | x | 

Specializing further to orthogonal matrices with |A| = ±lor|A||A r | = |A| 2 = 1, 
where | A | denotes the determinant of A, we obtain the important group of orthogonal 
transformations. 

The Euclidean distance between two vectors x, y is given by d(x, y) = 

[(x-y)-(x-y) r ] 1 /2 : 

d(\', y') = [(x' - y') ■ (x - y') T ] 1/2 = [(x - y )AA r (x - y) r ] 1/2 
= [(x - y) • (x - y) r ] 1/2 = d(x, y), 
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showing that distance is also invariant under orthogonal transformations. Altogether 
then, areas, angles, and orthogonality are also preserved. All these together with 
the “pure” translation 


x' = X + c 

form the rigid motions , which are the invariants of Euclidean geometry. 

To recapitulate, as pointed out by Klein, the above geometries are projective 
geometries with additional conditions. For example, affine geometry is obtained by 
selecting any line in a projective geometry and considering only the transformations 
leaving that line invariant. This line plays the role of the ideal line and can be 
safely ignored. The reader is referred to [163], [157] for background and history 
of N - -dimensional geometry, and to [152], [18] for learning more about the various 
geometries. Aspects of differential geometry, starting with a short chapter on the 
theory of envelopes, are covered later in the study of curves and surfaces. 
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Parallel 
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Coordinates 


3.1 The Fundamental Duality 


A point in the X 1 X 2 plane is represented in parallel 
coordinates (abbreviated || -coords) by a line in the 
xy-plane (Fig. 3.1). To find out what a line “looks 
like” in || -coords, a set of collinear points is selected 
(Fig. 3.2, top right), and the lines representing them 
intersect (top left) at a point! Remarkably, this is true 
in general, and for the line 


l : X 2 = mx i + b , 


the corresponding point is 



m + 1, 


(3.1) 


(3.2) 



Figure 3.1. Points on 
the plane are represented by 
lines. 


where d is the distance between the parallel axes. 

As will be appreciated later, the interaxis distance is directed , so that interchanging 
the axes makes the sign of d negative. The point l is said to represent the line t. 
It is evident that a point line duality 15 is at work here, which must be properly 
considered in the projective P 2 rather than the Euclidean R 2 plane. In (3.2), as 


15 See section on duality in Chapter 2. 


A. Inselberg, Parallel Coordinates, DOI 10.1007/978-0-387-68628-8_3, 
© Springer Science+Business Media, LLC 2009 
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y 


x 2 



y 


X 



Figure 3.2. In the plane, parallel coordinates induce a point < — > line duality. 


m -> 1 , £ — > oo in a constant direc- 
tion. This is further clarified in Fig. 3.3, 
showing that the lines representing points 
of a line with m — 1 are parallel with 
slope b/d. This is why a line with m — 1 
is represented by the ideal point in the 
direction with slope bid. Use of the pro- 
jective plane allows the inclusion of lines 
with m — 1 to complete the one-to-one 
correspondence between lines and points 
tot as given by (3.1) and (3.2). 

From now on, the x\x 2 and vy 
planes are considered as two copies of the 





Figure 3.3. Lines representing points 
on the line x 2 = x\ + b. 
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projective plane P 2 . An object S in the x\X 2 plane is represented in the vy plane by 
its image, denoted by S. 


Fun and Games with the ILM 


Open the ILM: set Chapter — 2D Point Line duality. 

The display shows two sets of axes. 

On the right, click to draw a point and see the corresponding line on the left. 

Move the point and watch the line. 

Next set Subject — Point Line. 

Draw points on the left in various v -positions and see the dual line 

on the right. 


Expressing (3.2) in homogeneous coordinates with triples within [ . . . ] and 
( . . . ) denoting line and point coordinates respectively, we obtain 

l : [m, —1, b ] — > £ : (d,b, 1 — m). (3.3) 

It is clear that lines with m = 1 are represented by the ideal points (d, b,0). The 
horizontal position of £ depends only on the slope m, as illustrated in Fig. 7.11. 
Specifically, for vertical lines £ : x\ = c, m = oo and £ is at y = c on the y-axis, 
while for horizontal lines, £ : X 2 = a (i.e., m = 0), £ is at v = a (on the v-axis). 
Lines with negative slope are represented by points between the parallel axes, lines 
with 0 < m < 1 by points to the right of the ^ 2 -axis, and lines with 1 < m by 
points to the left of the Xi-axis. This explains why the representation of a point 
P is taken as the whole line P, rather than a segment, for the intersection of the 
line P with points P e £ may lie outside the strip between the axes. It is clear that 
parallel lines having the same slope are represented by points on the same vertical 
line, a property that turns out to be very useful. Therefore, the ideal point Pjjj is 
represented by the vertical line v = shown in Fig. 3.5 and represents all the 
lines with slope m. 

For complete generality, we use the line description 


£ : a\x\ + a 2 X 2 + <23 = 0 , 


(3.4) 
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Figure 3.4. The horizontal position of i depends only on the slope m of i. See (3.4) and (3.5) for 
the case m = ±oo. 



Figure 3.5. Under the duality, parallel lines map into points on the same vertical line. In the 
projective plane model, the great semicircles representing the lines share the same diameter, since 
the lines have the same ideal point. 
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and for a 2 7^ 0, we have m = — and b = — providing the correspondence 

£ : [<zi, ^3] — > f ~ 03, + ^2)- ( 3 . 5 ) 

In turn, this specifies a linear transformation between the triples l and i: 

l = Al, l = A~ X i, 

where i and l are considered as column vectors. The 3x3 matrix is 



~ 0 

d 

0 ' 

, A- 1 = 

_ -1/d 

0 

1 


A = 

0 

0 

-1 

1/d 

0 

0 

(3.6) 


1 

1 

0 


0 

-1 

0 



which can be easily computed by taking three simple triples, such as 
[1,0,0], [0, 1,0], and [0,0, l]for£. 

Since i —> i must be considered in the projective plane, we can verify that 
the ideal line loo = [0, 0, 1] is mapped into l 0 0 = (0,1, 0), the ideal point in the 
vertical direction, this being the “intersection” of all the lines representing the ideal 
points, which we have already seen are vertical. It is clear, then, that all lines of 
the projective plane P 2 are mapped into points of P 2 as given by (3.6). Below we 
summarize the various cases: 



< 


[a 1, 0, <22], m = 00 -> (0, —02, o \ ), on the y-axis 
[0, a2, <23], m = 0 -> (d, —a2la2, 1 ), on the x-axis 

, 0), ideal point slope 
[0, 0, 1], loo — ^ (0, 1, 0), loo vertical direction 


[-02, 02, a 3 ], m = 1 -* ( l , 


a 3 tm\ 
da2 v d ) 


7 . 




For the other half of the duality, using homogeneous coordinates we look carefully 
into the point-line P — > P correspondence illustrated in Fig. 3.6. The point P = 

(P1.F2.P3) = (pi/P3. P2/P3. 1), P3 7^ 0, is represented in the xy plane by the 
line P with slope ( — p\)/dp 3 . Hence 


P : (dp 3 )y = ( P2 - pi)x + d pi, 


so that 


P = (P 1. P2, P3) — > P = [(p l - P 2 ), dp 3 , ~dp i]. 


(3.7) 
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Figure 3.6. A point P = (p p2, P3) = ( P1/P3 , P2/P3, 1), P3 i 11 0, is represented by a line P. 


The ideal point P = (p\, P 2 , 0) = (1, P 2 / Pi, 0) has direction with slope m = 
Pll Pi- Therefore, = [( p\ — P 2 ), 0, —dp\\ — [1 — m, 0, — d\, which is the 
vertical line at v = d/( 1 — m), as expected (see also Fig. 7.11). Considering 
P and P as column vectors, we can write the above correspondence as a linear 
transformation: 

P = BP, P = B~ l P, 

with 



' -1 

1 

0 " 

, B~ X = 

" 0 

0 

1/d ~ 


B = 

0 

0 

-d 

1 

0 

l/d 

(3.8) 


d 

0 

0 


0 

-1 jd 

0 



So, in || -coords there is a fundamental point line duality, formalized by (3.5) 

and (3.7). Curiously, for d — 1, A T — B~ Altogether, then, we have the 

A - B - 

transformations line l — > l point and point P — > P line. We can continue 

A - B - - 

with l — > l — > £, but in general, the line l is not the same as the line t. That 

is, B(A£) ^ £, and likewise, A(BP) ^ P (see Exercises 2, 3). By the way, the 

matrices A, B are quite sparse (i.e., have many zeros), and since usually d = 1, the 

computation to and from || -coords is not too costly. 
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Figure 3.7. Motivation for the notation of the axes; note the position of the Xf. Two lines 
x\ = a, X 2 = b on the point P (left) whose images are two points a, b on the line P (right). The 
axis X\ represents the ideal point in the vertical direction (hence X 2 is on it) and X 2 in the horizontal 
(with x\ on it). 


A few words about the notation 
used in Fig. 3.7 are in order. Each of 
the axes X [ , i — 1 , 2, represents a 
family of parallel lines. Specifically, 

X[ represents the parallel lines X[ = 
constant or the ideal point in the direc- 
tion of X [ . Note the representation of 
x\ and X 2 above. 

The image (representation) r of 
a curve r can be obtained as the 
envelope 16 of the lines representing 
the points of r. This is distinguished Fi S ure 3 ‘ 8 ‘ H - v P crbola (P°int-curve) - 
by referring to the original curves as Ellipse (line-curve). 

point-curves and their images as line- 

curves as in the example in Fig. 3.8. Line-curves are constructed from the envelope 
of the family of curves (for an old but very nice treatment of envelopes, see [17]). 
In fact, the point l can also be found in this way to be the envelope of the infinite 
family of lines A. In Chapter 7 on curves it is seen that the mapping 

point-curve point-curve 
16 As explained in the chapter on envelopes. 
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is achieved directly by a transformation between the x\X 2 and vy projective planes 
[99]. Additional related topics can be found in [97]. 


Exercises 

1. Verify (3.2). Hint: the lines A; , i — 1, 2, are on the points (0, a;), ( d , mci[ + b ) 

of the vy plane and £ = A\ Cl A 2 . 

A - B - 

2. Apply f -> f -> f -> • • • . Does the pattern repeat? That is, do we have 

£ -> • • • -> f after a finite number of transformations? What is meant here is 

the application of the line-to-point transformation expressed by the matrix A, 

then the point-to-line transformation expressed by the matrix B , etc. 

B - A - 

3. Repeat for P — > P — > P — > • • • . Does this pattern repeat? 


Fun and Games with the ILM 


Open the ILM: set Chapter = 2D Point Line duality , 
Subject — Point Line, Example — Horizontal Slope , 

check Lock Horizontal. 

On the left, move a point horizontally, while watching the rotating 

dual line on the right. 

Change to Example — Vertical Slope , check Lock Vertical. 

Next set Subject — Point Line. 

On the left, translate a point vertically while watching the horizontal 

translation of the dual line. 

Change to Example — Parallel Projective , check Lock Vertical. 
There are parallel lines in Cartesian and || coordinates 
and on the Projective Plane Model (PPM). 

On the lower left translate a point vertically while watching the 

action in the other windows. 
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3.2 Transformations under the Duality 

3.2.1 Rotations and Translations 

With reference to Fig. 3.9, a line ^ originally horizontal, shown in position i Q , is 
rotated counterclockwise about one of its points, which for convenience is taken 
as the origin O. Under the duality, the corresponding path of l is along the line 
O, since in any of its rotated positions (say l\, 1 2> ^3 etc.), I still contains the 
point O. To better understand the corresponding motion of the point £, recall that 
in the projective plane a line behaves like a “closed curve” (see Fig. 3.5) “joined” 
at its ideal point. Hence due to the counterclockwise rotation, the point l moves 






Figure 3.9. Duality between rotations and translations. 
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in the direction of increasing v (i.e., to the right) until the line’s slope is 1 when 
l passes through the ideal point and “returns” to the Euclidean plane now, to the 
left of the Xi-axis but still moving to the right. Dually, a translation of point A 
in the positive direction along a line l (taken for convenience coincident with the 
vi-axis) corresponds to the rotation of the line A in the clockwise direction. The 
corresponding dualities in higher dimensions, which we will meet in due course, 
are especially useful. 


Fun and Games with the ILM 


Open the ILM: set Chapter = 2D Point Line duality , 

Subject — Point Line, Example = Translation Rotation , 

check Lock Horizontal. 

On the left move a point horizontally while watching the rotating 

dual line on the right. 

Change to Example — Rotation Translation , check Lock Horizontal. 
On the right translate a point horizontally while watching the rotation 

on the left. 


3.2.2 ** Recognizing Orthogonality 

Parallel lines (Fig. 3.5) can be recognized from their dual point images, and so can 
orthogonal lines, by means of the following two transformations: 

1. Reflectio about the line x — i, denoted by R i . In the vy plane the reflection 

Z 2 

of the vertical line P f jj (the set of points representing the lines with slope m ) 
about the line v = ^ is the image, as shown in Fig. 3.10, of the lines with slope 
the reciprocal 1 /m. That is, 

2 m 

2. Circle inversion , denoted by Ci , with respect to the circle centered at (j, 0) 

and radius We know that the vertical line Pjj at v = 1/(1 — m) represents 

all lines with slope m. The tangent from the point l Q = Cu-axis, Fig. 3.11, 

touches the circle at the point l\ whose v-coordinate is 1/(1 + m). So the 
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vertical 17 line at v = 1/(1 +m) is P?° m , representing all lines with slope —m. 
We write Ci (P~) = P™ m . 

17 I am indebted to M. Mostrel for this result. 
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(a) 



l^ x 2 


(b) 


(c) 


X 


X 


X 



c = (U) 


^X 


A = (0, 0) 



(1,0, 0) 


( 0 , 0 , 0 , 1 , 0 ) 




X 


X 


Figure 3.12. (a) Square, (b) 3-D cube, (c) 5-D hypercube, all with edges of unit length. 


The family of lines orthogonal to those with slope m is found with the composition 

tflClOC) = P 00 ! . 

2 2 m 

The x -distances a , b (shown in Figures 3.10 and 3.1 1) of P™ and P^° m from Q, 0) 
are 


( 1 — m ) 1 + m 

, b — — 

2(1 + m) 


a = — 


2(1 — in ) ’ 
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respectively. Therefore, ab = 1/4 is the invariance for mutually orthogonal families 
of lines. All this shows that orthogonality information is preserved in the || -coords 
representation. 

3.3 A Preview 

A glimpse of what lies ahead is seen in Fig. 9. 1 . In part (a) we see a square with unit 
side in Cartesian and dually in parallel coordinates. Note that the edge^i? is the point 
represented by the intersection of the lines A with B representing the corresponding 
two vertices. The situation becomes more interesting in part (b), where a cube with 
unit side and its image are shown. The collection of all vertices has coordinates that 
are all possible ordered triples of 0’s and l’s. Therefore the cube’s image consists 
of two adjacent copies of the square’s image. Note the polygonal line indicated as 
the image of the vertex E = (1,0, 0), for example. It is clear that all vertices are 
included in the image. Also, the connection with the square and the symmetry of 
the cube are suggested, but not clearly understood, in the “double- square” image. 
In due course, we will see that this image contains all the information about the cube, 
namely, the edges and faces as well as the interior and exterior. Whereas we do not 
know how to show a hypercube in 5-D or higher in Cartesian coordinates, there is no 
problem doing so in parallel coordinates, as seen in part (c) of the figure, and with, 
as we shall eventually show, all the information present. We will also see that the 
images with repetitive patterns represent objects with high symmetry more general 
than the hypercube. The reason this works is that our duality has nice generalizations 
to higher dimensions, which is our next topic. Though the ensuing development is 
carried out in the projective plane, it works out that we can still use all the Euclidean 
notions of angle, distance, etc. as long as ideal elements are not involved. 


1. Draw in Cartesian and parallel coordinates a point P — (p \ , P 2 ) and a line l 
before and after: 

(a) the translation of the origin to the point ( a \ , , 

(b) the reflections about the x\ and X 2 axes, 

(c) the rotation of the axes about the origin by an angle 0, 

(d) the composition of a translation followed by a rotation. 

2. Given a family of lines C having slope m, generalize the transformations 
in Section 3.2.2 to construct the family of lines Cq at an angle 9 with the 
lines in C. 
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There are several point line dualities (such as the very useful Hough transform) in the 
plane that do not generalize well for higher dimensions. This is because the natural duality 
is point hyperplane in projective Af-space with point line when N = 2. However, 
in || -coords there is a useful and direct generalization, which is the subject of this chapter. 
At first the basic idea for lines in R N , rather than P^, is derived intuitively, paving the way 
for the general case, which is treated subsequently (as in [106] and [107]). 


4.1 .1 Elementary Approach 

Adjacent Variables Form 

What is meant by “a line in R^”? In R 3 , a line is the intersection of two planes. 
Generalizing, for R^, a line l is the intersection of N — 1 nonparallel hyperplanes. 
Equivalently, it is the set of points (specified by A^-tuples) satisfying a set of N — 1 
linearly independent linear equations. After some manipulation, with the exception 
of some special cases to be treated later, the set of equations can be put in the 
convenient form 


f 1,2 • *2 = m 2*l + ^2, 

f 2 ,3 • x 3 = m 3 x 2 + b 3 , 

• • • 

ti-l,i ■ Xi = miXi - 1 + bi, 

• • • 

. ^N—l,N ■ X N = m N x N—\ + bNi 


(4.1) 


A. Inselberg, Parallel Coordinates, DOI 10.1007/978-0-387-68628-8_4, 
© Springer Science+Business Media, LLC 2009 
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each equation containing a pair of adjacently indexed variables. In the x\ _ \ X[ plane, 
the relation labeled i[-\j is a line, and by our point line duality of Chapter 3 , it 
can be represented by a point To clarify matters, the situation is illustrated 

in Fig. 4.1 with an example in R 5 . A straightforward extension of the 2 -D duality 
is that a point A = (a\, a2, a^, a\, a$) is in l when the polygonal line A is on 
each of the points l\2, tyi, ^34, C45 representing the four linear relations of ( 10 . 5 ) 
for N = 5 . Let A(/_iy; denote the (i — 1 , /) portion (line) of A on the points 
(ai- 1, 0 ), (ap 0 ). Then A 12 on £12 = 4 > (a\, 02) satisfies the 1 12 relation, and suc- 
cessively (a2, <23), (<23, <24), (<24, <25) satisfy the £23 > ^34 , ^45 relations respectively. 
Hence in || -coords we can see a line t C R^, as represented by N — 1 points l with 
two indices, and its points A e i represented by the A on all the i. 

Unless otherwise stated, from now on, the distance between each pair of adja- 
cent axes is taken as one unit, as shown in Fig. 4 . 2 . Since the y-axis is not coincident 
with the X(_ j-axis, the v-coordinate of the point representing the line (see 

( 3 . 3 ) and Fig. 3 . 2 ) needs to be translated by (i — 2 ). That is, 


1 


+ (i — 2), 


b, 


(1 -m t ) 


£i-l,i = 


(1 -m t ) 


5 
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and in homogeneous coordinates: 

li-lj = ((i - 2)(1 - mi) + 1, bi, 1 - mi). (4.2) 

There are N — 1 such points for i = 2, . . . , N representing a line £. This is the first 
instance in which the indexing arises in the representation and plays a key role in the 
subsequent development. For now it suffices to observe that without the indexing, 
the representation of the line is ambiguous. The exact number of lines that can be 
represented by the same points indexed differently and other related questions are 
studied later, in Section 4.1.4. Since the display space is at a premium, the indexing 
is usually not included in the picture, but it must always be accessible. 

In Fig. 4.3 are several polygonal lines representing points on an interval of a 
line l C M 10 . The intersection of the polygonal lines between the and ^ 3 -axes 

is the point £ 2 , 3 - All nine points representing that 10-dimensional line can be seen 
(or constructed) with their horizontal positions depending on the first coordinate 
of (4.2). Do not be misled by the fact that here, all of the Fs except 1 12 and j 
are between their corresponding axes. This is due to the choice of m ; < 0 made 
for display convenience only. As for 2-D, the v-coordinate of li-\j is between the 
Xf- 1 , Xj axes when m / < 0, to the left of X[_\ when m; > 1, and to the right of 
Xj when 0 < m; < 1. 

Base Variable Form 

Another common way of describing a line l C is in terms of one variable, 
sometimes called the base , which after appropriate relabeling may be taken as x\. 
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Y 

A 



x, X x X X X X X X Xo 

Figure 4.3. Line interval in M 10 . 

The thicker polygonal lines represent its endpoints. The adjacent- variables representation, consisting 
of nine properly indexed points, is obtained by the sequential intersections of the polygonal lines. 
Note that i p2 is to the right of the X2-axis, and is an ideal point. The remaining points are 
between the corresponding pairs of axes. 



Then 


^ 1,2 : x 2 — ^ 2 X 1 ^ 2 ’ 

h ,3 ■ x 3 = m\x\ + b\, 

• • • 

h ,i ■ x i = mjx i + b] , 

• • • 

. h,N ■ X N = m l N xi +b l N , 


and the — 1 points representing the line are 

h,i = a - ix/, 1 -m}). 


(4.3) 


(4.4) 


With the axes placed 1 unit apart, the distance between X; and X\ (which is 
coincident with the y-axis) is f — L This brings the point t\ j between the axes 
X i , X[ when m } < 0, to the left of X i when m } > 1, and to the right of X/ when 

L L 

0 < m) < 1. All the remarks about indexing pertain equally well to this or any 

V 

other representation of l. 
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What about changing the parametrization? Let us consider an example in which 
a line in l c M 5 is specified by four indexed points of the form li-\j and it is 
required to find the linear relation between v 2 and V 5 : 

h,5 • *5 = m 25 x 2 + ^25- (4.5) 

There is no problem returning to the system of four linear equations 
i = 2, . . . ,5, specifying the line £, from which the points l(-\j were obtained, 
doing the necessary algebraic manipulations to obtain (4.5). But this can be done 
equivalently by the geometrical construction shown in Fig. 4.4. By assigning any 
two values to the polygonal lines representing two points on l are constructed. 
Joining the two pairs of x 2 and V 5 values provides two lines whose intersection 
must, due to the line -> point mapping in 2-D, be the point £ 2,5 with coordinates 

hs = ( r ^— + 1, “j ) , (4.6) 

\ 1 — m 2 5 1-^25/ 

providing the values of m 2 5 and & 2 5 - By the way, the 3 is for the distance between 
the X 2 - and ^ 5 -axes, and the translation by 1 is for the distance between the X 2 - and 
y-axes. Incidentally, we see that all the information about a line is really contained 
in its — 1 indexed points. For the remainder, all sections marked by ** can be 
safely omitted at first reading. 





Figure 4.4. Algorithm for constructing a pairwise linear relation. 
Here 5 is constructed from the four points representing the line. 
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Fun and Games with the ILM 


set Chapter = Multidimensional Lines , Subject = Multidimensional , 

Example = Indexed Points. 

The two points (polygonal lines) in 6-D specify a line. 

The adjacent variables indexed points for the line are shown. 

For some experimentation: 

change any of the points’ coordinates by moving it along its axis and 
observe the change in two of the indexed points. Repeat with other variables. 
Try to make two, three or more of the indexed points coincident. 

Next click adjacent variables off and base variable on. 

Repeat the above experimentation for the base variable indexed points. 

In anticipation of the result in Section 4.1.2, 
experiment with the collinearity option by changing the index triples. 


A FT-le 


Two-Point Form 

The representation of a line I independent of parametrization can best be constructed 
from two of its points. Starting with 

Pr '■ (Pl,r, P2,r, ■■■ , PN,r), r = 1,2, 

for any other point Pel, we have P = XP\ + (1 — X)P 2 , L e M. When both 
points are ideal, they define an ideal line. Otherwise, if one of the points is ideal, 
it is a simple matter to replace it by a second ordinary point distinct from the first 
to obtain the same line l. So without loss of generality, only lines defined by two 
ordinary points need to be dealt with. 

Two pairs 


(Pi,r> Pj,r)i i, j e 1, 2, . . . , N, re 1,2, (4.7) 

specify the projection £/y of l on the X[Xj coordinate plane, which is represented 
by a point It is essential to identify it with the proper indices as in Fig. 4.5. 
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Figure 4.5. Construction of lij. 


For the data given in (4.7), we have 


^ij ' ^ j x i A / ^ j 4" ^i,j — 0? 

with line coordinates [A j, — A/, D(j] for 

A i = Pi, 2 ~ Pi, l, 

' A j=Pj,2~Pj,b 

. D i.j = Pj,2 A i ~ Pi,2^j = Pj,l^i ~ P/.lAy, 


(4.8) 


(4.9) 


for all i, j < N. When A/ and A / are not both zero, (4.8) actually defines a line 
that is represented by the point 


li,j ■ (0 - DA j - ( j - 1)A/, -Dij, A j - A/), 


(4.10) 


where as usual, the distance between adjacent coordinate axes is 1. The relevant 
transformations here are 


U,j — Aijlij, 


^ ij ~ 


(4.11) 



0-1) (7-1) 0 \ 

0 0-1 

1 10 / 


where 
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and 


0 (1 - J) \ 

o a - 1) . 

O' - 1) o / 

There are still some important considerations missing, which are completed in 
Section 4.1.4. 




1 

-1 

0 
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Some Properties of the Indexed Points 


The 3-point Collinearity 


The representation of a line in terms of N — 1 points with two indices can be 
given for any of the various line descriptions by linear equations each involving 
a pair of variables. Once a sufficient representation in terms of N — 1 points is 
given, any other point £; j can be obtained from the representation by a geometric 
construction as in Fig. 4.4. It is important to clarify that by the representation S of an 
object S is meant the minimal subset of the vy plane from which the representative 
P of any point P e S can be constructed. For a line l c we have seen that 
N(N — 1) indexed points in the vy plane, corresponding to all distinct pairs of the N 
variables, can be constructed. However only N — 1 of these, corresponding to N — 1 
linearly independent equations in pairs of these variables, are needed to represent the 
line t. 

The indexed points representing the linear relation between pairs of vari- 
ables for an ALdimensional line have a striking and very useful property. For 
i zfz j k e [1, 2, . . . , N], the three points £; j, lj^, f / ^ are always collinear. 
This can be seen by considering again two points P r = (p\j, . . . , PN,r)> r = 1, 2, 
on l and their projections on the xi,xj,xk three-space as shown in Fig. 4.6. 
The projected portions of the points are the vertices of two triangles, with the 
collinearity of Ifj, lj^, being a consequence of Desargues’s theorem. 18 Here 
the two triangles are in perspective with respect to the ideal point in the vertical 
direction. This property, as will be seen, is the “backbone” of the construction 
for the representation of higher-dimensional /7-flats in ALspace (that is, planes of 
dimension 2 < p < N — 1 ), and it is referred to as the the 3 -point collinearity 
property. 


18 Two triangles in perspective from a point are in perspective from a line. 
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Figure 4.6. The collinearity for the three points lij, Ijy, f i,k • The two indicated triangles (blue 
and red) are in perspective with respect to the ideal point in the vertical direction. The y-axis is off 
scale. 


Fun and Games with the ILM 


set Chapter — Multidimensional Lines , Subject — Multidimensional , 

Example — Collinearity. 

The two points (polygonal lines) in 6-D specifying a line appear. 

Three indexed points are collinear. 

Change any point’s coordinates by moving it along its axis. 
Observe that the collinearity is preserved. 

Choose other triples of variable indices and follow the collinearity property. 


Lines in a Plane 

An important special case is that for any line l in R 3 , the three points 
^1,2> ^1,3 > ^2,3 are always collinear. In turn, this provides an important corollary. 
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Figure 4.7. Three lines l, l', £" in a plane n c M 3 . 

In || -coords, the three-point collinearity property applied to the three points £n, £\ 3 , £23 determines 
a line L, and similarly, £' determines the line L'. Denoting the intersection point by 71123 = L H L', 
the line L", determined by any other line £ ", is on the point 71123. The picture hints that the points 
L, L', L" are on a line in the plane 7 r. 


Consider the plane 


JT ! C\X\ + C2%2 H - C 33 C 3 — Co, 

and choose two lines £, C 7r, denoting by L,U the lines determined by 
^1,2? ^2,3? ^1,3 an d ^ 1,25 ^2, 3» ^1,3 respectively; see Fig. 4.7. The coordinates 
of 7Ti23 = L fl Z/ turn out to be 

if 123 = (C2 + 2c 3 , Co, Cl + c 2 + C 3 ). (4.12) 

They depend on the coefficients of n and not on the choice of £ and £' . Hence, for 
any other line £ f C 7r, as in Fig. 4.7, the corresponding L ,r must also be on 71123 . 
This is a preview of the next chapter, where it is proved that two such points each 
with three indices represent a plane n in R 3 . 
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Exercises 

1 . Consider a line £ c R^ whose description, by a set of linear equations, contains 
X[ — c \ , a constant, for some i . 

(a) How would such a line be represented? 

(b) Can such a line be represented by N — 1 indexed points? 

2. Prove the property illustrated in Fig. 4.7 

3. Given a line £ and the Af — 1 points £/_] /, z = 2, . . . , Af, provide an algorithm 
for determining the point £/y , for any distinct pair /, j , and state its complexity; 
see Fig. 4.4. 

4. For lines such that some of the m’s are close to 1, their representation becomes 
problematic. Find a transformation that can always convert points outside the 
axes to equivalent points between the axes. Write an algorithm to perform this 
transformation so that all points representing a line are between the axes. What 
is the algorithm’s complexity? 

A FT-2e 


4.1.3 Representation Mapping I 

The 3 -point collinearity property and its higher-dimensional relatives are utilized 
in the representation of /7-flats, planes of dimension 0 < p < N — 1, in R^ by 
means of indexed points. The 0 lower bound pertains to points P e ¥ N . 

The method’s goal is the construction of a mapping J for the unique repre- 
sentation of objects (i.e., subsets) of F N by subsets of P 2 . The object B c is 
represented by its image J(B) — B. Starting with the representation of a point 
by a polygonal line P e F N , it is clear that J is not a point-to-point mapping. 
Formally, 


J : 2 


P 


N 


2 P 2 x 2 [l,2,...,tf] 


(4.13) 


where 2 A — [B c A] denotes the power set of a set A, the set of all subsets of A, 
and R n is embedded in the projective N - space F N . The 2[ 1,2 ’ ” ,N ^ in the product 
pertains to the indexing by subsets of [1, 2, . . . , N]. 

The answer to “how can R^ be mapped into the plane R 2 without loss of 
information?” is found by examining the cardinality 19 of the domain and range 

19 Only elementary considerations are needed. For example, the sets of rational numbers and real num- 
bers R have cardinalities and frq respectively. The comparison signifies the nonexistence 

of a one-to-one and onto mapping from the rationals to the reals. For more on the fascinating topic of 
infinite sets and cardinal numbers see any good text on set theory. 
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Figure 4.8. A point P l = (p \ , ... , /?j, . . . , represented by A points p l - with one index. 


of J. Let \A\ denote the cardinality of a set A and recall that by taking the 
finite product of a set with itself the cardinality remains invariant. For our specific 
case, 




With the domain and range having the same cardinality, the construction of a one- 
to-one mapping J is possible; what is left is to actually do it. “The devil is in the 
details,” as sages have told. The image J (B) of a set B c F n is given in terms 
of the vy Cartesian coordinates superimposed on the parallel axes with J(B) — 
J(C) O B = C. At this stage we can get a glimpse of the mapping’s recursive 
construction algorithm , the recursion being on the dimensionality of the object 
being represented. 

1. The nonrecursive step is the alternate representation of a point 

pl = (p\,p i 2 ,... , p), ■ ■ ■ , p i n )• 

Rather than using a polygonal line for P l , for consistency with what follows, 
the representation is also given in terms of indexed points in the vy plane. 
Specifically, P l e is mapped into (or represented by) N points with 
one index , as shown in Fig. 4.8. Of course, this is completely equivalent to 
its polygonal line representation, where the indexing sequence provides the 
straight-line connectivity when needed. 
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If N r denotes the number of points and n r the number of indices appearing in 
the representation, for a (point) 0-fla , 


A ly + Yly + 1 . 

2. The fi st recursive step is the construction of a Ifla (line) l C consisting 
of N — 1 points with two indices. The steps are: 

(a) for each of two distinct 0-flat P\, P 2 C t the N representating points 
are connected via the indexing sequence to provide two polygonal lines, 

(b) intersecting adjacent portions of the polygonal lines yields the N — 1 
points i i, i = 2, . . . , N. 

Alternative but equivalent representations correspond to the intersection of 
N — 1 pairs of lines joining the appropriate alternate vertices of the polygonal 
lines. 

Checking the previous sum for l flat yields 

N r + n r = (N - 1) + 2 = N + l. 

3. The construction procedure turns out to be generic for the representation of 
/7-flats of all dimensions. 

The emerging relation for N r + n r holds with the caveat that the subset of points 
in the representation is minimal. It is revisited as new representations are obtained. 

4.1 .4 ** The General Case 

Indexed Points for Arbitrary Parametrization 

Though the basics have been clarified, there remain representational issues due to 
the orientation of some lines with respect to the principal axes. Specifically, a line £ 
may be perpendicular to a principal 2-plane x/xy . Then both x/ and xj are constant, 
and the projection of t(j on the x/x/ plane is a point (pi , pj) represented in parallel 
coordinates by a line on the two points (/ — 1 , /?;), (j — 1 , pj), which plays the 
role of lij. These contingencies, though conceptually straightforward, require that 
the foundations be revisited in a thorough way. 

In there are N(N — 1) different linear equations connecting the variables 
pairwise, and therefore, as N increases, the number of sets of equations available 
for describing a line increases rapidly. A precise count as a function of N is given 
shortly. The reasons for choosing one description rather than another are irrelevant 
here. Rather, the class of such descriptions is of interest, for which purpose a graph- 
theoretic approach is appropriate. Let the N variables be represented by N vertices 
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of a graph. An edge connecting a pair of vertices indicates that a linear relation is 
given between the corresponding pair of variables. A set of equations describing 
a line i corresponds to a subgraph with N vertices and N — \ edges, which must 
be a spanning tree of the complete graph of N vertices. For if the subgraph is not 
connected, the corresponding system of equations contains at least two independent 
sets of variables such that their values are independent of values taken on by the 
variables of other sets. Also, if there is a closed loop in the graph, then at least one 
vertex is disconnected, there being only N — 1 edges. Once a particular variable 
is selected and designated as the root of the tree, the number of different ways in 
which N vertices and N — 1 edges can be assembled into a spanning tree is 
(Cayley’s formula) [150]. In [54] there is a nice proof 20 that the number of spanning 
trees with N distinct vertices is N^ n ~ 2 \ From this result, Cayley’s formula can be 
immediately obtained by choosing any one of the N vertices as the root. From our 
viewpoint this is the number of distinct N — 1 linearly independent equations, with 
the chosen variable as the root, that can be selected out of the possible N(N — 1) 
linear equations between pairs of variables. Assigning a value to the start variable, 
corresponding to the root, initiates the computation and suffices to determine the 
values of all the remaining variables for the specification of a point on the line. 

Since variables that are constant are not involved in linear relations with another 
variable, there is no edge connecting their vertex to another vertex. That is to say, 
such vertices are isolated. If there are N — M such variables, then the remaining 
M vertices together with M — 1 edges again form a spanning tree as before, rooted 
once a start variable is chosen. Of course, in this case there are ways for 

selecting the M — 1 independent linear equations, between pairs of variables, with 
the designated start variable. Let S be the set of indices for which the variables are 
not constant, where 


S = (i l, i2> • • • , *m) 

and 1 < i\ < i 2 < * * * < im < N, and let S be the complementary set of indices. 
For the example shown in Fig. 4.9, S = (1, 3, 4, 5, 8, 9) and S = (2, 6, 7). Note 
that two lines t\ and £2 are parallel if and only if 

• S x = S 2 = S and 

• for all i r ^ i s in S \ the ti r j s have the same abscissa for both lines. 

In other words, the l( r j s for each pair i r i s e S lie on a vertical line as in the 2-D 
case discussed in Chapter 3. Clearly, consideration of 5/, i = 1, 2, is not needed, 
since x/ and xj constant implies that l is orthogonal to the X[Xj plane. 

20 Also cited in [54] is [137], which has a collection of different proofs for the same result. 
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Figure 4.9. Tree with 5 as the root corresponds to *5 being the start variable. The isolated vertices 
have indices S = (2, 6 , 7). 


We have shown that any line £ C is given, after an appropriate relabeling 
of the variables, by the N — 1 equations of the form 



^ o,k • %k k S 0a7- (-1, • • • » In)- (4.15) 


The “dummy” index o is introduced to preserve uniformity in indexing each relation 
by two indices rather than sometimes by two and at other times (i.e., the constant 
variables) by one. From this and the considerations provided in Section 4.1.1, the 
following theorem is immediate: 

Theorem 4.1.1 (Representation of a line i C for arbitrary parametriza- 
tion) Any line £ C can be represented by N — 1 points each of which has two 
indices, where M — 1 points are given by 


ij = O' - i, bj 1 - mj) for i, j e S = (z' 1 ,' 2 , . . . , i M ), i f j, 

< 

— 

£o,k = 0-1, h, 1 ) for k e S = (i M + 1 , • • • , in)- 

k. 



and 


(4.16) 


As in the previous cases, it is clear that the horizontal position of the point j is 
determined by the slope mj . Specifically, for i < j, ii,j is to the left of the Xf -axis 
for mj > 1, between the Xp and X^-axes for m j < 0, and to the right of the 
X j - axis for 0 < mj <1. The construction of a point on £ given £ is illustrated 
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in Section 4.1.5. Once a value is assigned to any variable with index in S via the 
£ij’ s, all other variables with indices in S are known. Since variables in S are also 
known, all the N coordinates of a point on l are known. 


Two -Point Form 


The general two-point form representation, obtained in a completely analogous way, 
is given by the following theorem: 

Theorem 4.1.2 (Representation of a line £ C Two-Point Form) Any line 
in R^ can be represented by N — 1 points, where M — 1 points (some possibly 
ideal), one for each edge connecting variable i and variable j, are given by 


£i,j — ( x iji ytj). 


where for A; f A j the point coordinates are 

(j -i)Ai-(i-l)(Ai-Aj) 


x iJ = 


A i - A 


ytj = 


j 


Pi,\Pj,2~ Pi,2Pj,\ 

±j - A i 


(4.17) 


and for A/ = A j, the ideal point (direction) is 


*ij — j ~ U yij = Pj,l ~ Pi, l- 

In this case, pjp ~ Pi, 2 — Pj, 1 — Pi, b and there N — M points given by 

( k - l,xk), 


(4.18) 

(4.19) 


one for each k e S. By the definition of £; j, the three points (i — 
(j — 1, xj) lie on a straight line, so that as a consequence of (4.17), 


(i - 1 -Xij)xj + (j - i)y ( j 


(. j ~ 1 ~Xij)xi = 0 , 


and as a consequence of (4.18), 


1, x/), £[ j 


5 


(4.20) 


x ijXj - XijXi = ( j - i)ytj. 


(4.21) 


Once a value is assigned to any variable with index in 5, then via the £ij’s all 

other variables with indices in S are found. But variables in S being constant are 
also known, and so are all the N coordinates of a point. Given x; let A satisfy the 
equation 


Xi = V/,1 + (1 - OPi, 2, (4-22) 

which is always possible, since by hypothesis, p: i ^ p; i. It follows directly from 
(4.17), (4.18), (4.20), and (4.21) that 


Xj = V;,l + (1 ~OPj, 2- 


(4.23) 


That is, any point so defined satisfies the definition and belongs to the straight line. 
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.5 ** Construction Algorithms 

And now, after all this preparation, we provide “pencil and paper” construction 
algorithms for viewing the objects that we have been discussing. This entails the 
representation of the line (in terms of indexed points), as well as the construction 
of points on the line. Together with the rooted tree representation for the desired 
parametrization (i.e., the l(j) and the isolated vertices corresponding to the vari- 
ables with constant values, an array D with N — 1 rows and five columns is used as 
data structure. Essentially, the order of rows is unimportant, although programming 
considerations may dictate otherwise. There are two distinct types of rows in the 
structure, i.e., 


i j x itj yiJ hij 

0 k 0 b k 1 


The first type provides the indices of variables connected by an edge in the first two 
columns. The next three columns are the homogeneous coordinates (x; j , yij , h(j) 
of the point i(j, h[j — 1 for regular (i.e., finite) and h[j — 0 when it is ideal, in 
which case the coordinates (x; j, yij) define the slope of the direction. The second 
row type pertains to x^ = a constant, with x\j = 0, yij — b £, and h[j — 1. 
In other words, the variable’s index is in column two, and the variable’s value is in 
column four. Columns three and five have only 0’s and l’s respectively. 

In the complete data structure there are M — 1 rows of the first type and N — M 
rows of the second type. Of course, for fixed variables there is some waste in the 
structure. But since the occurrence of such variables will certainly be a rare event, 
it is not useful to maintain this part of the data in a separate structure. For the time 
being it is assumed that no A/ is zero, that is, all variables are unconstrained. It is 
apparent that there is sufficient data in the data structure to compute a point on the 
line. To guide the computation of such a point, a framework, called adjacency data , 
is provided. It consists of a set of arrays denoted by A/, one for each i e S. The 
array A/ has two rows and as many columns as there are edges connecting the zth 
variable to other variables having the form 



The first column of the array signifies that there is an edge connecting variables 
with indices i and i\ and that £[j ] is found in columns 3, 4, 5 of row r\ of the 
data structure, and likewise for the remaining columns of the array. Note that 
reordering rows of the data structure requires a like reordering of the second rows 
of the adjacency arrays. The algorithm constructing a point on a line can now be 
stated. 
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Input: the adjacency data, the data structure, and an index k for which x^, the 
start variable , is to be assigned a value v^. 

Output: a list of N values, the coordinates of a point on a line. 

1. for i = 1 to N mark all x’s new 

2. put k on queue ( Q),for v \ on x^ old 

3. while Q not empty do 

4. for adjacency array A; for first i in Q 

(a) while adjacency array not empty do 

(b) for Xj not old, j first in row 1 

i. find the value of xj 

ii. append j to Q 

iii. xj <r- old 

iv. delete first column of A 

(c) delete first index in Q 

5 . stop 

The treatment of the queue Q is such that each variable is dealt with at most 
once. The graph is connected, and via the adjacency data, each variable enters 
the queue. Thus each variable is dealt with exactly once. Given the value of one 
variable, there are N — 1 calculations required for the remaining variables. Now 
each edge (/, j) appears twice in the adjacency data, once in A/ and once in A/. 
Since there are N — 1 edges, this means that there are 2{N — 1) edge occurrences 
in the algorithm. But once a variable is calculated, it is not calculated again. Hence 
there are N — 1 calculations of variables with N — 1 bypasses, and the number of 
calculations is O(N). The extension to the general case is obvious. It is also worth 
noting that for the case (4.14), the adjacency set is implicit in the data structure, as 
is of course the special cases of (4.1) and (4.3). The various aspects and nuances of 
the above are illustrated and clarified with the following example. 

An Example 

To clarify matters, consider a line l C M 9 specified by two of its points whose 
coordinates appear in the first three columns of Table 4.1. As already discussed, a 
number of descriptions of the line in terms of linear equations involving pairs of 
variables is possible. The detailed construction of the chosen set of is shown in 
Fig. 4. 10. First the polygonal lines representing the two points P\ and P 2 are drawn. 
Then the £/ j, corresponding to the choice of V5 for start variable, are obtained by 
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Table 4.1. In the left three columns are the coordinates of two points specifying 
a line t from which a set of eight f ; j is constructed. The data structure used in 
the point construction algorithm, given in the next five columns, provides the l 
and their locations. Note the values h[ j — 1 indicating finite and h[ j — 0 ideal 

points. The points designating x^ — constant (i.e., k e S) have i = X(j = 0. 


Coords 

Point 1 

Point 2 

1 

• 

J 

x Uj 

ytj 

hij 

X\ 

-4.0 

2.0 

1 

5 

2.4 

- 0.7 

1 

X 2 

2.0 

2.0 

3 

5 

3.2 

- 0.3 

1 

*3 

-3.0 

3.0 

4 

1 

7.5 

2.0 

1 

X 4 

-1.6 

2.0 

8 

5 

5.5 

0.25 

1 

x 5 

1.5 

-2.5 

9 

3 

6.0 

-1.0 

0 

X 6 

-2.0 

-2.0 

0 

2 

1 

2.0 

1 

Xl 

-0.5 

-0.5 

0 

6 

5 

-2.0 

1 

3C8 

-1.0 

3.0 

0 

7 

6 

-0.5 

1 

Xg 

-4.0 

2.0 








Figure 4.10. Construction of the lij for the rooted tree in Fig. 4.9 and data in Table 4.1. 


the intersection of pairs of thin dashed lines seen in the figure. For example, in order 
to obtain f \ 5 , the x\ and ^5 coordinates of each point are joined. The intersection of 
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Y 



Figure 4.11. The lij and the construction of a new point P e i for *5 = —0.75. 


these two lines is l\ 5 . The corresponding rooted tree for the start variable V 5 is the 
one already shown in Fig. 4.9. Altogether, for this tree the points required are £^ 5 , 
^3,5> ^ 1 , 4 , ^5,8? and ^ 3 , 9 . The last is an ideal point, since xg = X 3 = —1; hence 
the slope is 1, and it is indicated in the figure as a direction. The corresponding 
data structure appears in the rightmost five columns of the table. Here the number 
of unconstrained variables is M = 5, and there are N — M — 1 = 3 constant 
variables. 

The i(j together with the points Igj, on the X 2 -, X^-, and ^ 7 -axes, for the 
constant x ; are also shown in Fig. 4.11 together with the construction of a point 
P e l for a given value of V 5 . Recall that V 5 , the start variable, corresponds to the 
root of the tree. The construction can be easily modified for another choice of start 
variable, possibly M — 5. 

Identifying the i itj 

There are certain practical problems that must be dealt with. One difficulty arises 
in labeling these indexed points. The following example illustrates the nature of the 
problem. Given the two points 


P\ = (a, a + b, . . . , a + (N — 1 )b), 
P^ — (c, c + d , ... , c T - (N — l)t/), 
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where b ^ d for any pair i, j, we have 



a — c ad — be 


d-b d-b 


(4.24) 


That is, all the £(j may be congruent (a situation that is revisited in Chapter 5). 
Even without such unusual contigencies, the labeling of the points may cause 
overcrowding in the figure. This suggests that a separate tabulation of the 
lij may be preferable to attempting to label these points directly on the 
diagram. 


Fun and Games with the ILM 


set Chapter = Multidimensional Lines , Subject — Multidimensional , 

Example — Indexed points. 

The two points (polygonal lines) in 6-D specifying a line appear. 
Make some of the coordinates of the two points equal. 
Observe the resulting indexed points. 

Again change the coordinates so that each polygonal line 

becomes a straight line. 

Observe the coinciding index points. 


4.1.6 Convenient Display of Multidimensional Lines 

Lines with Positive Slopes 

Often, the l are out of the scope of the picture. For such cases, two line segments 
(portions of the polygonal lines representing two points on the line) may be shown 
whose intersection (when extended) defines the l . The question arises whether it 
is possible to recast the problem of line representation in such a way that “distant” 
points are eliminated. A scheme is proposed that not only eliminates ideal points 
from the representation but also has a number of other advantages. 

Let us transform the variables by 


X: — X[ , 


( 4 . 25 ) 
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Figure 4.12. The ■ for the example with the points P[ and P!> are drawn first. 

Then the two points 4 , C 3 9 , marked by rectangles, are constructed as indicated. All other points 
are unchanged, though a prime O is added for notational consistency. Note the absence of ideal 
points. 


where e/ = +1 for index i e S. For the variables in S suppose that there is an edge 
on the tree joining the vertices x; and xj ; the vertex for xj is either the root or lies 
between the vertex for x; and the root. In this case, the linear equation is written as 

X[ — mjxj + bj . 

The remaining ej are developed recursively. Starting at the root index i , set <?/ = +1 
and visit the remaining nodes in order, setting e\ — +1 or —1 to ensure that the 

slope m y of the line 

V 


X{ — m J - Xj + b • (4.26) 

l J J 

is negative, where mj — ejejmj and b'j = ej bj . Since the slope is negative, it 
follows immediately that the x -coordinate of f • . is between i — 1 and j — 1, and 

that the y-coordinate is less in absolute value than the absolute value of b / . With 

_ J 

everything nicely bounded, all the Ijj ’s can be placed within the frame of a picture. 
Calculation of a point on the line proceeds as in the preceding algorithm for the 
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Figure 4.13. 


The polygonal line for the point P now denoted by P' in the new system X\. 


X-system, followed by appropriate changes of sign and reflection in the X;-axis of 
those coordinates for which c/ is negative. Thus the algorithm is still of order O (N). 
Likewise, construction proceeds with the ^-system, followed by reflection in the 
X;-axis of those coordinates for which e[ is negative. However, while adjacency 
data depend only on the underlying graph structure, the numbers e\ are determined 
by the signs of the slopes, and hence must be recalculated for each case. Evidently, 
this does not alter the fact that the algorithm is of order O ( TV) . For the above example 
it turns out that the numbers e[ are successively 1,1,1,— 1,1, 1,1,1, —1. The data 
structure is given in Table 4.2, where now no fifth column is needed. It is really a 
simple matter to notice by inspecting Fig. 4.10 that only the points \ and £3 9 do 
not lie between their corresponding two axes. Hence only for the indices 4 and 9 is 
e[ — — 1 , as indicated. 

Whereas the transformation (4.25) x\ -> x- works well for a single line, its 
application to several lines simultaneously can become problematic. Allowing dif- 
ferent pairwise linear relations for each line greatly increases the prospect that their 
index-point representation can be brought within the framework of the picture (see 
exercises below). An elegant algorithm for the convenient display of several lines 
was obtained by S. Cohen-Ganor for his course project and is presented in the last 
chapter, entitled Recent Results. 
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Table 4.2. The t r . .’s where the location of x; / is 

hj 

now between the corresponding axes. 

The l ! are constructed from the transformed points 
P - , i = 1,2, and shown in Fig. 4.12. The previously 

L 

constructed point P for V 5 = 0.75 is shown in the 
X; -coordinate system in Fig. 4.13. 


i 

• 

J 

x iJ 

ytj 

1 

5 

2.4 

- 0.7 

3 

5 

3.2 

- 0.3 

4 

1 

1.875 

- 0.5 

8 

5 

5.5 

0.25 

9 

3 

5.0 

0.5 

0 

2 

2.0 

0 

0 

6 

-2.0 

0 

0 

7 

-0.5 

0 


1. For the example of Section 4.1.5, choose a start variable other than V 5 and 
repeat the constructions. Namely, 

(a) exhibit the rooted tree, 

(b) construct and show the corresponding l, 

(c) construct and show the point P\ 

(d) construct and show the £ 

(e) construct and show the point P in the x\ system. 

2. This is an example of the tree enumeration for N = 4. Show that, 

(a) only four distinct kinds of trees are possible, see Fig. 4.14, and 

(b) the numbers of distinct rooted trees (allowing permutation of vertex 
labels) are those shown below each tree. 

How many distinct (not rooted) trees are there? 

3. The questions below pertain to the line representational problem of Sec- 
tion 4.1.6 and the transformation (4.25). 

(a) For N = 3 let l and l' be two lines such m^, m 2 < 0 and 
m ] , m 2 > 0. Is it possible via the transformation of (4.25) to bring 
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Figure 4.14. The four kinds of distinct rooted trees with labeled vertices (i.e., 1, 2, 3, 4). 
The number of trees allowing permutations of the vertex labels is listed below each tree type. 


all the four £' between the corresponding axes? If not, give a counter- 
example. 

(b) For N = 3 and three lines £, £\ £ " state and prove necessary and sufficient 
conditions for the existence of a transformation x\ -> x- such that the 

£ij , £ f r s , ^u,v are between the corresponding axes. Provide a specific 
example. 

(c) Answer the previous question for specific numbers N > 4 and the number 
of lines L > 4. 

(d) Generalize the result of the previous question for arbitrary N and L; this 
is an open question, and likely to be hard. 


4.1.7 


*FT-3 


Rotations and Translations 


The projective transformation dualities between parallel and Cartesian coordinates 
extend [23] to R N . Recall the duality between the rotation of a line £ about one 
of its points O corresponding to the translation of the point £ on the line O in 
M 2 . Figure 4.15 shows a line £ C M 5 rotated about one of its points P to a 
new position £' . This corresponds to the simultaneous linear translations of the 
£ to new positions £' on P. In fact, the pencil of all lines on P is represented 
by the collection of all quadruples = 1,2, 3,4, with £ij+ \ E P[j, 

where Pij+i denotes the straight line of P intersecting the X[ and X/ + ] axes. 
Clearly both £ij+ \ and f • . +1 are on Pij+ 1 , and this leads nicely to the next 
topic. 
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Figure 4.15. Two intersecting lines in 5-D. 

Another interpretation of this picture is that the line i rotates about one of its points shown here by 
the polygonal line P. This corresponds to a linear translation of the i to new positions i f on P . 


4.2 Distance and Proximity Properties 

4.2.1 Intersecting Lines 

It is clear from Fig. 4.15 that P = l D suggesting an easy intersection algorithm 
for the adjacent- variables description of lines. Given two lines l, t' we test for 
intersection by joining the lij+\ and £■ - +1 with a line denoted by Pij+i- Then 

l and l' intersect if and only if the line Pij+\ intersect the x; + i-axis at the same 
point as the line P/+ 1,/+2 V/ . The polygonal line so constructed represents the point 
where the two lines intersect. Formally, for two lines l and described in terms 
of adjacent variables, 


3P = i n i r Pi i+ 1 n P/+ 1 1+2 = (l Pi+i) 



(4.27) 


where x/ + i(P) = Pi+\ the iih coordinate. 
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Figure 4.16. Intersection of two lines in 4-D for the base-variable line description. 

This shows the collision, space (x\, X2, V3), and time T coordinates of two particles moving with 
constant velocity whose trajectories i, t' are described by the in , i f Ti . 


Actually, P\ j = (p 1 , pi) is the projection on the x\xi plane of the intersection 
point P — £ fl £' for the base-variable description; Fig. 4.16. The intersection 
conditions for the base-variable description of the lines as given by 


are 


3P = £ Pi £ f 4^ oi{ 


l,£li : Xi = nijX] +b t , 



► 

: x f ; = m f -x 1 + 

l l l 


(4.28) 


b\ - b\ A bi 

- = Pi, Vi = 2, . . . , N, (4.29) 
m • — lit / Am/ 


where x\ (P) = p\. Obtaining an intersection algorithm with 0(N ) time complex- 
ity and generalizations to other line parametrizations are straightforward. There 
are special cases not covered by these conditions, whose treatment is simply not 
warranted at this stage (see [107] for a complete treatment and [97] for an earlier 
exposition). 


4.2.2 Nonintersections 

It is convenient to illustrate the situation in 4-D with the base-variable description 
of a line 
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Xi = ViT + S 0 J, i = 1, 2, 3. (4.30) 

For an interesting interpretation, let T denote elapsed time and {x\ , xi, * 3 ) the space 

— > 

coordinates of a particle moving with constant velocity V = (v\, V 2 , V 3 ) and initial 
position S Q = (s 0i \, s 0 2 , s 0i $). The complete trajectory information of the particle 
is provided by (4.30) and equivalently its three-point representation. The two sets 
of triple points iji and l' Ti describe the trajectories of two moving particles, and 
the construction in Fig. 4.16 shows an instance in which two particles collide; they 
go through the same point in space at the same time ; a time-space intersection. 
Perhaps some of the power of the || -coords representation can be appreciated from 
this simple example. 

Clearly, intersections in space (3-D and certainly higher) are very rare, so it 
behooves us to study nonintersections. The intersection algorithm is also useful 
to verify nonintersections as in illustrated in the sequence of Figures 4.17, 4.18, 
and 4.19 with the representing points of two lines in 4-D. Pairs of Iji and l' Ti are 
connected with the three lines so formed not intersecting the T -axis at the same 



Figure 4.17. Nonintersection between two lines in 4-D. 

Note the maximum gap on the T -axis formed by the lines joining the £’s with the same subscript. 
The polygonal lines represent the points P, P\ one on each trajectory, where the minimum distance 
of D = 20.5 occurs at time T = 4; Theorem 4.2.1. 
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T X \ X 2 X 3 

Figure 4.18. Another nonintersection between two lines in 4-D. 

Here the minimum distance between the lines is 10, and this occurs at time =1.6. Note the diminishing 
maximum gap on the f -axis compared to that in Fig. 4.17. The polygonal lines represent the points 
where the minimum distance occurs. 


value. The minimum distance D between the lines is recorded. Denote the line on 
the points ^77 by C [ , its intersection with the T -axis by 

0ti = fnCi, (4.31) 


and the interval 1^ jj, = [max a;, min a;]. It appears that \I^ -> 0 as D -> 0, 

which is reasonable, for we already know that 1 1^ ^ \ = 0 when the two lines 


intersect (D = 0). & FT-3e 


4.2.3 Minimum Distance between Two Lines in R N 

Now we consider the more general problem of finding and, if possible, visualizing 
the minimum distance between two lines and the points on each line where the 
minimum occurs. In many problems what is required is to minimize the distance 
when one or more of the variables are constrained to the same value for both lines. 
An example is in air traffic control and motion planning in general, where of interest 
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is knowing the time, and position, when two aircraft are the closest. Therefore, it 
is appropriate for such applications to constrain the time and find the minimum 
distance and position under that constraint. In that case, the minimum distance is 
zero when there is a time-space collision. For if time is not constrained, there will 
be two points P m = (t m , x\, . . . , x^-i) e i, P' m — ( t' m , x [, . . . , x r N _^) e i l 
where the minimum distance occurs with t m ^ t r m that would not be the closest 
distance between the two moving objects at the same time. 

Constrained C\ Metric Minimum Distance 

The following result suggests that in a way, the “natural” metric for || -coords is 
the C\ (or “Manhattan”) metric, where the various components can actually be 
seen; see Fig. 4.20. The C\ distance between two points P = (x\ , X 2 , . . . , xjy) and 
P f — (xj, x f 2 , . . . , x f N ) is given by 


N 


C\ (p, p') = J2 

i = 1 


Xi — X 


Now if Pei and P' e l f for the lines given by (4.28) and the base variable x\ 
is constrained to be the same for both points, then the distance is given by 
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Figure 4.20. L\ distance between the points P = (jq, . . . , jc z - , . . . , xn ), P' = (jcJ, . . . , jc', 
. . . , ) • 


A(*i) = 



N 

^2 \ Am i 

i= 2 



N 

Y. |Am,-||xi - a/ 1 , 

i= 2 

(4.32) 


where the intercepts oi[ are defined in (4.29). 

Theorem 4.2.1. 77ze unique minimum value of C\(x\) is attained at x\ — ot[ for at 
least one i — 2, . . . , N. 


Proof Step 1. On the interval < x\ < c^+i, 

k N 

A(*l) = y | Am; | (;r i - a;) + ^ l A/w il( a i ~ x \) 

i=2. k~\~l 


k N 

= (y^|Am;|- y I Am; | | (x\ - a;), 
/=2 /=&+! 
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is a linear function of xi with slope 

k N 

T k = Y2\ Am i\- ^2 I Am, |. 

/=2 z=&+l 

It attains its minimum at one of its endpoints unless 7 \ — 0 , in which case C\(x\) 
is constant over the interval [ a c^+i]. 

Step 2 . Reorder the index i if necessary so that ol\ < c^+i V/. First we consider 
the case ol\ < c^+i V/ and no Am/ = 0 . It is clear that for x\ < 07, C\(x\) 
increases monotonically as x\ decreases, since the \x\ — oil | increase V/. Similarly, 
for aj\[ < xi, again C\(x\) increases monotonically as x\ increases, since the 
| x\ — a / 1 increase V/. So if C\(x\) has a minimum, it occurs at some x\ e [a 2, ot #]. 
However, this together with the conclusion of Step 1 implies that the minimum 
occurs at some x\ — ot[ for at least one value of i. 


Step 3 . Let Sj = £1(07+1) — £1(07), and by the reordering in Step 2 , 

N N 


Si = D |Am;||a /+ i 


— Oti 


1=2 


), I Am; ||a/ - a; 
i= 2 


I N 

= D |Am;|(a /+ i -a;) - ^ | Am; |(a /+ i - a;) 
i =2 /=/+! 


/ TV 

- ^ I Am; | (a/ - a;) + ^ | Am; |(a; - a/) 
/ =2 /=/+ 1 


4.2 Distance and Proximity Properties 


95 


I N 

= 52 1 k«/+i -«/) - X! i Aw *i( a /+i -“/) 

/=2 /=/+l 

( / TV 

y^|Am ; |- X |Aw; 

i=2 «=/+! 



Therefore, 


5/ = (a/_|_i —aj)Tj. (4.33) 

Since a/+ i — a/ > 0, the sign of 5/ is determined by the slope of the line segment 
over the interval ( aj , ot/+ 1 ). 

Step 4. By Step 1, 

/ Af /+1 Af 

77 = X \ Am i\ - X i Am *i> T I+i = x i Am *i - X i Am «i- 

/=2 / = / H - 1 / =2 / = / H - 2 

That is, 7 / 4 _i is found by moving the term | Am/ + i | from the negative to the positive 
sum. Therefore, Tj is monotone increasing with I . Hence from (4.33), if 7/ 7 ^ 0, 
the minimum of 5/ is attained at a single point. Further, for Tj = 0, the minimum 
is attained over an entire interval (a/, aj+ 1 ). 

Step 5. We claim that the smallest value of I such that 

/ N 

^2 I Am/ 1 > 0.5 | Am/ 1 (4.34) 

i =2 i =2 

is the value of i for a/ where C\(x\) attains its minimum. For this is the first value of 
i for which the slope Tj can change sign. This observation provides an algorithm for 
finding the a*/ by construction. This provides a graphical construction for finding 
the minimum described in Fig. 4.22. 

Step 6. When some of the ol\ are equal, then by (4.33), there will be stationary 
values of C\ (i.e., regions where it is constant) and that may or may not be at the 
minimum; see Fig. 4.23. 

Step 7. If there are | Am/ 1 = 0 for i in a set X, then 

A(*i) = Xl A& *l + X ~ ai 

E E 


5 


(4.35) 
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Figure 4.22. Constructing the x\ = ai minimizing the C\ distance between two lines. 

For comparison, the minimum C 2 distance occurs at x\ = of*. The bar chart on the right of the 
^6-axis shows the construction of the slopes Tj. There the | Am; 1 are added in the order 6, 2, 4, 3, 5 
obtained from the order of increasing a; (as shown in the Xi-axis). The index I of the interval with 
the median value of the Y^=2 I Am; I provides the correct x\ = aj. Here | Am4| dominates the sum, 
yielding I = 4, so the minimum occurs at 04. 



Figure 4.23. Here the C\ and C 2 minimum distances are identical occurring at the same value of 
the constrained variable. 

where E denotes the complement of E. This can be carried out by a modification 
of the above procedure. It turns out that for small |Am;| and \Ab[ \ not small, 
the corresponding a/ are very large, and if not all the | Am/ |’s are small, then the 
procedure simply ignores such values. ■ 
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** On the £2 Minimum Distance between Two Lines: Monotonicity with N 

Rather than the standard minimization approach, consider fitting a sphere with 
center at a point Pel and tangent to l' at a point P ! . The radius r of this sphere 
is the (minimum) distance between the two lines with P and P l the points where it 
occurs. To accomplish this fit, for any number a let P el , where x\(P) — a and 
S is the sphere with radius r centered at P, i.e., 

N 

S : - mi a - bf) 2 = r 2 , 

i — 1 

and for P' e l' with x\(P f ) — a' and X{ = x- for the x- of l f (see 4.28), so we 
obtain 


N 

S n l! : ^\m\a + b\ — m[Oi — Z?/) 2 = r 2 . 

i—\ 

We now “shrink” the sphere so that it is just tangent to l' by finding the minimum 
r 2 . Expressing this in matrix form yields 


.2 


r = (a a 


M 

-C 

-D 

-C 

M' 

D' 

-D 

D' 

B 


a 


a 

1 


/ 


(4.36) 


.2 


!.a 


= Ma A + M'a" - 2 Cad + B + 2 (£>V - Da) 


(4.37) 


a quadratic relationship between the three unknowns a, a', r where 

M ' = J2 m ?’ M = Jl m h C = J2 m i m , i , 

i — 1 i = 1 /=! 


Af 


B = y" Abj, Ab{ = b[ - bi, 


i = 1 


AZ AZ 

D = y"\ Abitrii, D' = Y, Abj 
i — 1 i = 1 


m;. 


(4.38) 


The minimum r is found from 

3r 2 . dr 2 , , , 

7 ^ = 0 =» Ca - M a = D’ 


da 


= 0 => Ma — Ca — D, 


da 


(4.39) 
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The minimum is reached when 


r 2 = B + D* at! — Da , a = 


M'D - CD 

Q 


a = 


CD - MD 

Q 


(4.40) 


where Q — MM 1 — C 2 > 0 by the Cauchy-Schwarz inequality. When Q = 0 
and 5 / 0, the lines are parallel and the constant square distance between them is 
r~ — B — D 2 /M. In R 2 with m 2 ^ m 2 , the minimum is r = 0, since the lines 
always intersect. 


One Constrained Variable and Monotonicity with N 

The minimization of the distance now follows for x\ = a* constrained to be the 
same for both l , t ' . By a similar argument, s is the minimum distance in this case, 
and the a* that minimizes it is found to be 


* 

a = 


(D ~ D') 

V 


w 

V 


Ya =2 A bjAnij 

EiW ’ 


2 


s* = B + (D - D')a*, 


(4.41) 


where V = Ya=2 ( m ; -mi) A ,W = Y!i=2 Ab i Am i> or 


2 


■ N 


.2 


N 

= Abi 
i= 2 


2 (£,*2 A */Am/) 2 


e!L 2 Am i 2 


(4.42) 


Applying Lagrange’s identity yields the alternative form 


A 


,2 


Y. Am/ 2 = ^ ( AbjAm k -Ab k Amj ) 


2 


i=2 


2 <k<j<N 


(4.43) 


How does the minimum distance 5 vary as a function of the dimension A? Let 
£ and t ’ be two lines in R^ +1 with P and P ’ respectively their closest points and 
consider the projections ^ on R- N with closest points P n, P' n respectively. 

In (4.42), denote the distance s for R^ by sjy and the corresponding a* by a^, 
Abi = Am/ = M/, and 


N N 

D N = j2 M f> c n = J2 b > v . 

i— 2 i=2 
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Subscript the analogous variables by N + 1 for R^ +1 . Then 


N 


,2 

N 




2 


c 


2 

N 


i=2 




* 

Ot \ T = ~ 


C N 


N 


N 


D 


N 


It is easily found that 


2 (Bn+ 1 D N - C]SfM N+ \) 


2 


iV+1 


S N ~ 


Dn(Dn + ^AA+l) 


> 0 , 


and that s n t N (i.e., monotone increasing) with = sw+i 


a 


* 


N+l 


Cn I d Mn+ i 
pj + BN+l-pjf- 

l _l_ M n + i 


^+1 * 
= 


m N + 1 


D 


v 


(4.44) 


with xn+i(P) = xn+i^O- All this shows that not only does s n increase mono- 
tonically with N but also that in R N , the closest points between and l' N are not 

in general the projections of the closest points P , P' e IR^ . 


** C\ versus £ 2 Constrained Minimum Distance 

For the constrained C 2 distance on x\ we consider the square 

N 

C 2 (x \) 2 = y^(Am/) 2 (xi — o;/) 2 . 

i=2 


It is left as an exercise to prove for the unconstrained case that in R N , 

_ _ C\(x\) 

A(*l) > £ 2 (^ 1 ) > — 7 = • 

yiV 

Therefore, for the constrained case where the dimensionality is N — 1, 

A(*l ) 2 < (N- 1)£ 2 (*i) 2 . 

Hence if a minimizes £1 on a particular interval /, i.e., 

£l(a) < C\{x\) Vxi e /, 


and /} minimizes £2 2 on A he., 


2 


2 


£2 ^)" < £ 2 (*i) Vxi g /, 


(4.45) 
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then 


C 2 (a) 2 > C 2 (p) 2 > 


Ci 2 (P) > Ci 2 (a) 

(N- 1) “ (W-l)' 


(4.46) 


From (4.45) and (4.46) we obtain upper and lower bounds for the minimum 
in terms of the minimum of C\(x\). It turns out that these bounds are tight, since 
there exist cases in which these minima are equal for the same x \ . Still, it seems that 
the C 2 minimum distance does not lend itself easily to visualization in || -coords as 
the C\ distance does. Consider this a challenge! 

Finding the minimum distance between lines raises the question of how to 
measure the “closeness” — according to some criterion — between lines. This is a 
matter of considerable interest in various applications such as computer vision and 
geometric modeling. Gauging the “closeness” between things of the same kind is 
really the subject matter of topology , whose original name was analysis situs. Later, 
in Chapter 8, various topologies for lines, /7-flats, and hyperplanes are studied in 
depth. 


1 . Write an algorithm for constructing a point on a line given the l and state its 
complexity. 

2. Write an algorithm for constructing the representation of a line given two points 
Pi, P 2 on the line. Be careful and delimit the special cases. 

3. Write an algorithm for constructing the intersection of two lines or verifying 
nonintersection and state its complexity. Clarify the special cases. 

4. Write an algorithm for constructing the constrained C\ minimum distance and 
state its complexity. List all special cases in which the algorithm fails and why. 

5. Prove (4.45). Hint: use induction on the dimension N . 

6. Construct a case in which C\(x\) has stationary portions. State conditions for 
this to occur in general. 

7. Construct a case in which the C 2 (x\ ) and C\(x\) minima are equal for the same 
x\. 

8. Write an algorithm for minimizing (4.35) and state its complexity. 

4.2.4 ** Air Traffic Control 

Around 1985, the interest generated by the impending design and construction of a 

new air traffic control (ATC) system in the United States led, among other things, to 

exploration for new information displays. One of them was based on the || -coords 

methodology (US patent # 4,823,272), and it is briefly illustrated here in this, 
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Figure 4.24. Path (left) and the full trajectory information (right) of an aircraft. 
In || -coords, the aircraft’s position can be found and displayed at any time. 


the concluding section of the chapter. The reader interested on some nontechnical 
background on ATC is referred to [76] and for an early description of the then 
projected new system AAAS to [96]. 

Displaying Trajectory Information 

The trajectory of an aircraft (considered as a point) with constant velocity, as occurs 
for much of the time in civil aviation, is a line segment in 4-D, which may be 
described by 

r 

x\ = v\ T + s\, 

< *i+\ = v 2 Xi +s 2 , (4.47) 

x i + 1 — v 3 x i + s 3> 

where the x; are the space coordinates, T is time, V = (v\, V 2 , is the velocity 
vector, and S = (s\,S 2 , ^ 3 ) is the initial position at T = 0. We already know that in 
parallel coordinates the complete trajectory information is given by three stationary 
points, which may be labeled 21 T:l, 1:2, and 2:3. Using the f (time)-axis as a clock, 
the present position of the aircraft as well as where it was and where it will be at 
any given time can be found and displayed as in Fig. 4.24. Recall that the horizontal 
coordinate of the points representing the trajectory given by (4.47) is determined 
only from the quantities m / , with m\ the velocity component in the x\ direction. 


21 


For brevity we omit the i part from the notation whenever it is clear from the context. 
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T: kr 
** 

* 

* 

** 

T:1 ■ 

a 

1:2 

a 

2:3 








T X \ X 2 X 3 


Figure 4.25. Two aircraft flying on the same path, since their 1:2 and 2:3 points coincide. 

They have a constant separation, with their velocities the same, since T:1 points have the same 
v -coordinate. 


With X 3 the altitude, m 2 is the tangent of what in aviation parlance is called the 
heading , and the horizontal position of T:3 provides the vertical velocity. 

Certain properties of the trajectories are immediately evident from the display. 
Consider the situation in which aircraft are flying on the same path , as is often the 
case in civil aviation. An example is shown in Fig. 4.25, where the points 1:2 and 
2:3 are shared, since these are the points describing the path in || -coords. Further, 
it is evident that they have the same velocity, since the points T:1 have the same 
horizontal coordinate. Otherwise, if one point is between the f, X\ and the other 
outside axes, their velocities must have opposite signs, and since they have the same 
path, they are flying in opposite directions. If they are both between the axes or both 
outside the axes, then the leftmost point corresponds to the greater velocity. Other 
properties are also “visible.” 

The time and positions at which the distance between two aircraft is mini- 
mum is displayed in Fig. 4.26. This critical situation is accurately portrayed in 
|| -coords, while in 3-D displays, not to speak of 2-D projections, it can appear 
misleading. The possibility of transforming angular to lateral deviations is illustrated 
in Fig. 4.27. This is important since our eyes can distinguish lateral deviations 
better rather than angular deviations, such as those that may occur in the assigned 
path. This is a “human factors” advantage which may be partially offset by the 
nonlinear scale, a result of the denominator (1 — m/) of the points that represent the 
path. 
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Figure 4.26. Closest approach of two aircraft. 

The time and closest positions are clearly seen in || -coords. Appearances can be misleading in a 
3-D (near perspective) display, where the aircraft appear to be nearly colliding. It is even more 
uninformative in 2-D, where only a projection is displayed. 



Figure 4.27. Transforming deviations in heading (angle) to lateral deviations. 


Particle Fields , Scrapes , and Conflic Intervals 

The goal of ATC is to direct aircraft safely to their destination while minimally 
interfering with their planned trajectories. This involves maintaining a minimum 
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Figure 4.28. Protected Space in 3-D is a thin cylinder. 


separation between the aircraft; detecting impending conflict , which are violations 
of the minimum separation; and resolving the conflicts by changing the trajectories 
subject to certain constraints and priorities. The typical safety requirements in 3-D 
(sometimes referred to as “separation standard”) involve horizontal and vertical 
separations, as shown in Fig. 4.28. The protected airspace is a thin cylinder usually 
2,000 feet high and diameter of 5 nautical miles. This shape is sometimes called 
a “puck,” due to its similarity with the hockey puck. Conflict resolution is an 
instance of the theoretical asteroid avoidance problem (AAP), which turns out 
in general to be NP-hard [21]. In ATC, for a number of good reasons it is preferred 
to resolve conflicts if possible without altitude changes. An algorithm for planar 
(i.e., no altitude change) conflict detection and resolution in ATC (USA patent 
# 5,058,024) was proposed in conjunction with the design competition for the new 
ATC system (AAAS). It was tested on some complex groupings of flying aircraft 
(“complex scenarios” for short) that were provided by the USA Federal Aviation 
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Figure 4.29. Relation between maneuver speed and turn angle. 

An equal-speed maneuver results with turn angle a , whereas turn angles greater than or less than a 
require speeds slower or faster than | Vk I respectively. 


Administration [127]. We shall give the rudiments of the algorithm and then apply 
it to one of the complex scenarios. 

Given a set of aircraft considered as points moving with constant velocity, if the 

minimum separation to be maintained is denoted by d , then the protected airspaces, 

for the planar case, are circles with radius d /2 centered at each aircraft and moving 

with the same velocity. The ensuing conflict and resolution analysis is done first 

for a pair of circles and then for an arbitrary number of circles. There is no loss of 

generality in reducing this to the point-circle configuration above (by shrinking one 

— > 

circle to) a point (the aircraft itself) AC\ c with velocity Vk, while the circle C/ for the 

— ¥ 

aircraft AC[ has double the original radius and velocity V/, as shown in Fig. 4.29. 
Here the velocities are assumed to be constant, as when the aircraft are flying after 
having reached their cruising altitude. A line l, taken here for convenience to be 
vertical, going through AC \ is shown at the initial time t — 0. On t a vector fiel is 
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defined with the points on the line now being considered as “particles ” endowed 
with the same velocity Vk as ACk for t > 0. It is clear that there exists exactly one 
such particle, initially in position (k®, b® k ), that just “scrapes” (i.e., is tangent to) 
the circle C/ at time t \ lik . Similarly, there exists a unique particle initially in position 
(k®, /.p that exactly scrapes C; from the front. The particles starting above b^ k 
pass the circle safely from the back, particles below f- k pass in the front, while 

those in the interval I^i = [fl \ , b® k ] eventually intersect the circle. This provides 

the conflict detection , since for any aircraft on i, only those on 1^ will be in conflict 

with^4Q . For lack of a better name, I^i is called the conflic interval ofi with respect 

to k. There is more information in Fig. 4.29 worth pointing out. The parallelogram 

— > — > 

enclosing C\ has two sides parallel to V\ and two parallel to V^i , the velocity of 
k relative to i. That is, an observer sitting on C; will see the particles passing by 
with velocity V/y . Only the particles entering this parallelogram will intersect C; , 
and these are the particles on Ij^i . So the particle scraping the circle from the back 
will be seen by such an observer traveling on the top (back) tangent to C\ and 
touching it at the point That, in fact, is the point where the back scrape will 

occur. The intersection of this side with l occurs precisely at the point (k®, Ir- k ) 

(why?), providing the particle responsible for the back scrape. Since this particle 

— > 

has velocity V&, the intersection of a line in this direction with the path of Bjk 

— > 

(which has velocity V/) must be the position where the back scrape occurs, from 
which, in turn, the time t^, jk can be found. All this is easily seen by noticing that 
the triangle so formed is similar to the triangle showing vector subtraction in the 
upper left. The situation is exactly the same vis-a-vis the front scrape. In this way, 
running through all the indices i = 1, . . . , N, i ^ k, the corresponding conflict 
intervals can be found. 

In || -coords the paths of the particles on I^i are transformed into points. These 

paths all being parallel, they are represented by points and will, in turn, correspond 

— 1 

to an interval, say I^i on a vertical line at v = with m the slope of V&. The 
situation becomes more interesting when this is considered V/ = 1, . . . , N, i / k. 
Since m is still the same, all the corresponding 1^ fall on the same vertical line. 
Let us see how this works on one of the complex scenarios (# 8) from [127]; 
where 10 aircraft are involved. What makes it “interesting” is that 6 of these, 
shown in Fig. 4.30, are flying at the same altitude and somewhat menacingly 
toward each other; several impending conflicts are seen in Fig. 4.31. The corre- 
sponding conflict intervals are shown in Fig. 4.32, showing the paths for the Back 
scrapes and Front scrapes of the aircraft # 2, . . . ,6 and the times when they occur. 
The times are computed from (4.47) or directly from its point representation in 
II -coords. 
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Figure 4.30. Six aircraft flying at the same altitude. 

These positions are at a certain time (taken as 0 seconds and shown on the left-hand-corner). Circles 
centered at each aircraft are the protected airspaces, with the diameter the minimum allowable 
separation. The arrows represent the velocities. 



Figure 4.31. Conflicts, indicated by overlaping circles, within the next five minutes. 
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Aircraft 1 versus the remainder 
Figure 4.32. Conflict Intervals I\k, k = 2, 3, 4, 5, 6. 

These are with respect to aircraft # 1 for the complex scenario shown in Fig. 4.30 and the conflicts 
shown in Fig. 4.31. The path of aircraft # 1 is shown as a point on the vertical line. Lowest point 
shown is 3B and represents the path of Back scrapes # 3, and next to it is the time when this occurs. 
In general, B or F denotes back or front scrapes for the indicated aircraft number and the time at 
which the scrape occurs. 


Conflic Resolution 

Now the fun begins! Let us denote by k the point representing the path of AC 
Clearly, AC \ is conflict with aircraft # i k e I ki • For example, from Fig. 4.32 
it is easily seen that aircraft # 1 is in conflict with # 2 and # 3 and no others. The 
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challenge is to resolve the conflicts with the allowable maneuvers, which in our case 
are parallel offsets , which are commonly used en route. Such a maneuver consists 
of: 

1. a turn (left or right) that is bounded above, say, by a $max> that is, a turn that 
is relatively “small,” 

2. followed by a relatively short straight path; this is the “offset,” 

3 . then a second turn returning the aircraft to a path parallel to the original one 

(i.e., the same heading). The new path is not allowed to be “too far” from the 

original, i.e., the distance between the path is bounded above, say, by s. 

— > 

4. At all times, the aircraft’s speed, i.e., | V\, is constant, that is, no slowdowns or 
speedups are allowed even during the maneuvers. 

The turn here is idealized in the sense that it is considered “instantaneous” in 
time and occurs at a point in space. All this can be adjusted to more realistic models 
based on the capabilities of various airplanes, policies for various airlines, and 
air sectors, as well as many other constraints and priorities such as time-to-conflict 
(“validation time”), all of which are beyond our scope here. The strategy for conflict 
resolution then is to use parallel offset manuevers subject to the given constraints 
in order to redirect the aircraft to conflict-free paths. The conflict intervals are well 
suited for this task. Since eventually the new path is parallel to the original path, the 
idea, when # j is in conflict with some aircraft, is to find the nearest conflict-free 
path, say j\ and check to see whether under the constraints, the maneuvers allow 

# j to reach this path prior to the scrape. That is, we want # j to behave like the 
particle originally with path f in a neighborhood of the scrape. Specifically, for 

# 1 we see in Fig. 4.32 that a good candidate is the path of the particle causing the 
back scrape 3B. This is found by taking the union of all conflict intervals containing 
1, which is also an interval (from a basic theorem in topology) and examining 
the closest endpoint. In general, the new interval’s endpoint may lie on conflict 
intervals not included in the union, such as 3F e 1 14, in which case these intervals 
are added to the union until a conflict-free path is found. This process terminates, 
since there is a finite number of intervals. Then the closest endpoint is checked to 
see whether it is feasible , that is, whether the aircraft in conflict, such as # 1 here, 
can be redirected to the new path subject to the constraints. It is not difficult to apply 
the maximum-offset constraint. 

To see how equal-speed maneuvers can be achieved, refer again to Fig. 4.32, 

where the turn-angle-to-maneuver-speed relation is illustrated. When AC^ makes a 

turn with angle a , an isosceles triangle is formed such that after the turn, the aircraft 

— > 

traveling with speed | V]^ | arrives at J at the same time as the particle originally at 
/.£, since they both travel with the same speed over an equal distance. Hence after 
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the point J, AQ c , now in its new path, mimics the behavior of the particle, namely 
the scrape, in the neighborhood of some circle. From this picture we can also see 
that turns of more or less than a will reach the path of /.^ sooner or later than 
the particle, necessitating a slowdown or speedup by ACk to accomplish the same 
scrape as the particle. Of course, a choice of lines other than the vertical provides 
more and different options, and this is exploited in the implementation. 

The general AAP is NP-hard, so even its specializations may have very high 
complexity. Since conflict resolution requires a real-time solution, one way to handle 
the need for fast response is by cascading the algorithm in various levels, which we 
briefly outline below, of increasing complexity and power. Starting with the first 
level (having the lowest complexity), the set of aircraft is processed by successive 
levels until either a resolution is found or no resolution is found by the highest level, 
though, in our experience, satisfactory resolutions were found at the lowest level. 
It is, of course, even better to run the algorithms for the various levels in parallel. 
The algorithm is greedy , and in testing, we found that different resolutions are found 
by the various levels. Different resolutions (or no resolutions) may also be found 
by reordering aircraft on input. Listing the aircraft in order of decreasing number 
of conflicts they are involved in turns out to be a “good” ordering. Other ordering 
heuristics, which also consider the time-to-conflict, have been tried with varying 
success. When several resolutions for a conflict scenario are available, rating them 
as to their “desirability” has turned out to be a very elusive and very interesting 
problem. 

In the simplest case (“simple rules”), an aircraft in conflict, say ACj , is placed 
on the path found, as indicated above, satisfying all the constraints. This is repeated 
with the updated (due to the repositioning of ACj ) conflict intervals. If this works 
out for all the aircraft in the input list, a resolution is found; otherwise, the next level 
is invoked. The computational worst-case complexity for this level is O ( N 2 log N ), 
where N is the number of aircraft. 

When the simple rules level finds no resolution for a particular aircraft ACk, a 
sweep of the conflict intervals determines which aircraft prevented it (i.e., blocked 
it) from being resolved, and there may be more than one. A criterion is applied 
in order to choose the “most troublesome” aircraft blocking the resolution, tem- 
porarily removing it and resolving the conflicts, if possible, using the simple rules. 
Such potential conflict resolution is provisionally taken, and a resolution for the 
remaining aircraft, including the one that was removed, is attempted. If successful, 
the resolution spawns additional maneuvers for the blocking aircraft one at a time. 
This backtracking can be nicely implemented with recursion. 

The worst-case complexity of the recursion is exponential. In order to termi- 
nate, the maximum number of times R that the removal of a blocking aircraft is 
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Figure 4.33. Conflict resolution with parallel-offset maneuvers. Three pairs of tangent circles. 


allowed to take place is fixed a priori, yielding that the maximum complexity is 
0(N R + l log N). It was also found profitable to experiment with different reorder- 
ing heuristics rather than invoke backtracking. Though frequently successful, no 
clear scenario-independent criteria for the reordering were found. However, using 
several particle lines rather than one led to resolutions for the vast majority of 
scenarios tried using only the simple rules. For equal-speed maneuvers, every 
particle line corresponds to a specific maneuver turn. In addition to the fact that 
“idealized” turns are used here, we must also consider that a pilot cannot execute a 
turn with absolute precision. So a certain tolerance, say 6 , for the error is involved. 
So placing the particle lines in multiples of 6 and covering in this way the allowable 
turn range (i.e. =t# max ) is a way to check for all implementable resolutions without 
an increase in the time complexity. 

Let us illustrate all this with the chosen scenario shown in Fig. 4.30. To estimate 
its difficulty in a practical way, an expert air traffic controller was asked to resolve 
it. He could resolve only four of the aircraft without altitude change. Even that 
required a great deal of time, and the solution was certainly not “real-time.” Our 
algorithm was able to resolve all conflicts without altitude changes using only two 
particle lines, the resolution being shown at two time frames in Figs. 4.33 and 4.34. 
There are several instances of tangent circles. This is because the algorithm is built 
to utilize the scrapes, which, in turn, result in minimally disturbing the aircraft from 
their original paths. The figures should illustrate the difficulty in finding constrained 
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Figure 4.35. Resolution in 3-D. 


maneuvers that allow the circles to possibly touch but always exquisitely avoiding 
overlapping. 

As an interesting aside, notice from Fig. 4.32 that ^ =2 hk — [4F, 6F]. So any 
point on the interval [4F, 6F] represents a path that eventually intersects each one 
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of the circles. This is an instance of the one-shot problem (OSP), which in general 
is NP-complete [133]. In 1989, another algorithm using particle fields on the whole 
plane , rather than just particle lines, was derived (US patent # 5,173,861). It also 
accomplished some resolutions with altitude changes; Fig. 4.35. It was reported 22 
that the US Air Force is testing the use of these algorithms for positioning several 
aircraft flying in formation [64] and for conflict detection and resolution [162]. 


1. In Fig. 4.32 most of the associated times with the scrapes increase , since the 
point representing the scrape path is higher on the vertical line. Provide the 
conditions needed for these times to increase or decrease mono tonic ally. 

2. Provide the formulation for using several line fields 1(0) at different angles 
0 with the horizontal axis. Describe how you would efficiently construct the 
corresponding conflic intervals and their functional dependence on 0. 

3. Define a particle field on the whole plane, as was done only for l. Find the 
allowable particle regions (i.e., the set of particles satisfying the constraints) 
associated with: 

(a) Maximum offset, 

(b) Maximum angle, 

(c) Conditions where the approach may fail. 

4. Find the conditions for which the approach of “particle lines” fails. 

5. Formulate the “one-shot problem” carefully. Describe conditions for which the 
conflict intervals can be used interactively to find one-shot solutions. 


22 I am grateful to D. Sobiski for this information. 
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Planes, p-Flats, and Hyperplanes 


5.1 



5.1.1 Vertical Line Representation 

A hyperplane in can be translated to one that contains the origin, which is an 
(N — 1) -dimensional linear subspace of R^. Since R ^ -1 can be represented in 
|| -coords by N — 1 vertical lines and a polygonal line representing the origin, it is 
reasonable to expect a similar representation for hyperplanes in R^. An intuitive 
discussion for R 3 clarifies matters. Consider a plane n as shown in Fig. 5.1, 
intersecting the x\X 2 plane at the line y 1 and the X 2 V 3 plane at the line y 2 with 
A = y 1 D y 2 . The lines y\i — 1, 2, being lines in R 3 , are represented by two 
points, yj 2 , y 2 3 each as shown. Next we construct a nonorthogonal coordinate 

system on n using the y l as axes, consisting of the lines parallel to y 1 and the 
lines parallel to y 2 . Any point Pen can be specified as the intersection of two 
lines, one parallel to y 1 and the other parallel to y 2 . The family of lines parallel 
to y 1 is represented by a vertical line Y\ containing the point y| 2 . Similarly, the 

vertical line Y 2 containing the point y 23 represents the lines parallel to y 2 . Strictly 

speaking, the vertical lines F; represent the projections on the x\X 2 and X 2 V 3 planes, 
respectively, of the two families of parallel lines. Therefore, the vertical lines 
represent two such families of parallel lines on any plane parallel to n . By choosing 
a point, say A, as the origin, we obtain a coordinate system specific to n . So 
the plane can be represented by two vertical lines and a polygonal line. Clearly, 
the same argument applies in any dimension, and therefore a hyperplane in R^ 
can be represented by N — 1 vertical lines and a polygonal line representing one 
of its points [97]. Conversely, a set of coplanar points chosen on a grid such as 


A. Inselberg, Parallel Coordinates, DOI 10.1007/978-0-387-68628-8_5, 
© Springer Science+Business Media, LLC 2009 
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Figure 5.1. A plane n in M 3 represented by two vertical lines and a polygonal line. 
This is a planar coordinate system with the polygonal line representing the origin. 


y 



V V x 3 

Figure 5.2. A set of coplanar points in M 3 with the two vertical lines pattern. 


the one formed by lines parallel to a coordinate system, as shown in Fig. 5.1, is 
represented by polygonal lines with a pattern specifying two vertical lines as shown 
in Fig. 5.2. 

About the time these patterns were being discovered, word got around, and we 
were requested to visually explore for relations that may exist in a set of industrial 
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Figure 5.3. 


Industrial data with a “vertical line” pattern between Rill and R1 12 axes. 



Figure 5.4. The portion between the Rill and R1 12 axes is magnified (left). 

This suggest that there is linear relation between R111,R112, and an unknown parameter, as is also 
indicated in the Cartesian coordinates plot on the right. 


data consisting of several thousand records with eight variables. Part of this data 
set is plotted in parallel coordinates and shown in Fig. 5.3. The pattern between 
the Rill and R112 axes, which for clarity is magnified and shown in Fig. 5.4, 
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resembles one of vertical lines formed in Fig. 5.2. Yet for this pattern to represent 
a set of coplanar points, at least two , not one, vertical lines are needed, even for 
the plane with minimal dimensionality in R 3 . Still, the variables Rill and R112 
are linearly interrelated, and there must be another variable, say X , also linearly 
related to R1 1 1 and R1 12, as is clear from Fig. 5.4 (see also the first exercise below). 
All this suggested that an important variable was not being measured. With these 
hints, a search was mounted and the missing variable was found. This, of course, 
was a stroke of good fortune and an instance of a favorite stochastic theorem, i.e., 
“You can’t be unlucky all the time.” Let us return from our digression. Before this 
is done, it is worth distinguishing the vertical line pattern between the R8 and R9 
axes with that between the R1 1 1 and R1 12 axes. On the R8 axis and lower part of 
the R9 axis, the data are equally spaced, while this is not the case with the last two 
axes. 


5.1.2 ** Planar Coordinates 

The vertical lines representation of planes can also be obtained using the theory of 
envelopes, 23 starting with the description 


Tt ! C\X\ + C 2%2 "F C3V3 — Cq. 


(5.1) 


At first the envelope of the family of lines parallel to y 1 is found, as seen in Fig. 5.1. 
Two coordinates are needed to determine a point Pen. One coordinate, say 
V3 = a, specifies a plane n f parallel to the viV2-plane. The line l' (a) = n Pi n r is 
in fact one of the lines parallel to y 1 ; see Fig. 5.7. It has the representation: 


since 



^23 («) = (2 ,a), 


^ 120 ) = 


/ c 2 CQ — C 30 ? \ 

VC1+C2 ’ C1+C2 / ’ 



X3 = a, 

C\X\ + C2X2 = cq — c^ot, 


(5.2) 


(5.3) 


where as usual, the distance between the parallel axes is one unit. 

Returning to Fig. 5.2, each vertical line is formed by a set of points, and on the 
Tl-axis these are the i' 12(a). The polygonal lines intersecting at each such point 
represent points on the corresponding line I'^ol). Together, these intersections 
provide one of the two vertical lines in the representation of n . As we know from 

23 See the chapter on envelopes. 
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Chapter 3, for each a, t ' 12 (a) is the envelope of a set of polygonal lines representing 
points on a line. As a varies, the V 12 (a) form the vertical line Y\ , since, as one can 
see from (5.2), their v -coordinate is a constant (independent of a). Strictly speaking, 
the points ^23 (a) a l so var y with a and fall on the A^-axis. Since this would also 
occur for any other plane and the ^-axis already exists, it does not contribute any 
information about the specific plane n , so typically it is not considered as part of 
the representation of a particular plane. This takes care of the lines on jt parallel to 
the y^axis. In exactly the same way it is found that the vertical line Y 2 represents 
the lines parallel to the y -axis. 

What has effectively happened is that a coordinate system is constructed in the 
plane n consisting of two vertical lines and a polygonal line as an origin. The plane 
7 r is after all a 2-fla , i.e., it can be determined by three points. In general, an n-fla 
is a linear manifold (translate of a linear space) that is determined by n + 1 points. 
For an excellent short book on Af -dimensional geometry see [163]. Now we would 
like to use this coordinate system to specify points on n . With reference to Fig. 5.5, 
consider a point Pen. From its (x \ , % 2 , V 3 ) coordinates we want to find its y 1 and 
y 2 coordinates or equivalently to express P — l 1 fl £ 2 , where l £ 2 are lines on n 
and parallel to the y 1 - and y 2 -axes respectively. So we look at P \2 , the projection 
of P on the x\X 2 plane and construct the line through P \2 parallel to y 1 . This line 
is represented by the point = P\2 Fl Yl on the Fj-axis. Similarly, we obtain 

f 23 = P 23 Fl Y 2 on the 72 _ax is> where P 23 is the projection of P on the V 2 V 3 plane. 
Notice how careful tracking of the indices is already helpful in the construction. 
The pair (£ J 2 , ^ 3 ) are the planar coordinates of P in terms of the Y\- and F 2 _axes - 
An interesting consequence is that a line l C n can be represented by a single point 
rj in, terms of the Y\ , F 2 coordinate system. Of course, it is still represented by two 
points, the is, in terms of the original Xp i — 1, 2, 3, Fig. 5.5. 

Theorem 5.1.2. For a line t C 7r C M?, the points l\ 2 , ^23^ an d are collinear. 

Proof. Step 1. With reference to the figure below, let P\, P 2 e i. The two lines AB 
and A ' B ' joining the planar coordinates of P\ and P 2 intersect at rj = AB fl A' B f . 

Step 2. The two triangles ABC and A f B'C' formed between Y\ and 72 are i n 
perspective with respect to the ideal point in the vertical direction. 

Step 3. The sides AB and CB are portions of P 2 and correspond to A f B f and C l B f , 
which are portions of P \ . 

Step 4. By Step 3, l u = AC n A!C f and l 2 3 = BC n B’C . 

Step 5. By Step 2 through Step 4 and Desargues’s theorem, £ 12 , ^23? an d 1) are all 
on the same line L. ■ 
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Figure 5.5. A line i in a plane tx is represented by one point rj 12 . 

This is in terms of the planar coordinates Y\ and Y2. The point fj 12 is collinear with the two points 
1 12 and f 23 • 


Of course, by the 3 -point collinearity property of Chapter 4 , the point £13 is also 
on L. 

Corollary 5.1.3. The rotation of a plane in M 3 about a line corresponds to a 
translation of a point on a line. 

Proof With reference to the Fig. 5 . 6 , let l C n C M 3 . Rotate 71 about l to a new 
position 7 r*. Let £ 12 , ^23 represent l in the X\, X2, X3 coordinates and fj , fj* in the 
Y\ , F2 an d Ft*, F2* coordinate systems respectively. By the theorem, £12, ^ 23 ^ an d 
fj are on a line L. Also, I12, 123 » an d 77 * are on the line L. That is, the rotation of n 
about l corresponds in || -coords to a translation of the point fj on L. ■ 

This is the 3 -D analogue of (rotation of a line around a point) (translation 
of a point along a line) in 2 -D and corresponds to the point plane duality in P 3 . 
Let us explore the computation involved, where t is given by 





£l2 : X 2 = m^xx + b2, 

£23: x 3 =m 3 X2 + & 3 - 


( 5 . 4 ) 
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Figure 5.6. 


Rotation of a plane about a line translation of a point along a line. 



Figure 5.7. The construction of Y\ (left), the first, and Y 2 (right), the second, vertical axes. 
Start with a line on n parallel to the y 1 and y 2 axes respectively. 
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There exists a one-parameter, say k , family 24 of planes containing £. In fact, 
the equation of any one of the planes in the family is given by 


tc : (v3 — m^X2 — b 3) + k(x 2 — m^xx — £>2) — 0. 


( 5 . 5 ) 


It can be verified that in Cartesian coordinates, 


*712 = 


9 ' 

— 2/77 3 — k 


r\ 

b 2 k + ^3^3 


m 2 — m 3 + k 2 (m2 — 1 ) 


m 2 — m3 + k 2 (rri 2 — 1) 


( 5 . 6 ) 


Every value of k corresponds to a position (of the rotated plane) it and, in turn, about 
a position (of the translated point), rj along the line formed by the points £12 and £23 . 
The generalization for R N is straightforward and is not covered here (see [ 97 ]). 


Fun and Games with the ILM 


Open the ILM 2 . On the right is a plane n containing a line £. 

The plane is represented by two vertical lines Y\ , Y2 on the left. 
The line £ is specific by two points P\ , P2 fight) and represented by 
f 12 , ^23 on the left. The point rj\2 represents the line £ with 
respect to the planar axes Y\ , Ey All three points £ 12, £ 23 , fj 12 

are on a line L. 


For some experimentation: slide the point 71123 along L; 
notice the translation of fj\2 and corresponding rotation of the plane. 

Change the line and/or plane and repeat. 

Click other buttons and experiment. 


1 . The pattern between the Rill and R 112 axes in Figures 5.3 and 5.4 raises a 
question. What if a different permutation of the axes were chosen? Whereas 
the coplanarity information would still be preserved, the “vertical line pattern” 
would not be seen. Was it fortuitous that the “right” axes permutation was 
chosen to plot the data? It is not difficult to show that for N variables, there 
are 0{N / 2) “cleverly” chosen permutations that provide all possible adjacent 

24 In the language of projective geometry this is called a pencil of planes on the line. 
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Figure 5.8. Constructing a point in a plane. 


pairs of axes. For example, for N = 6, three such permutations are (just 
showing the subscripts of the X() 126354, 231465, 342516 [184]. Returning to 
the example, there are four such permutations, one of which has the coplanarity 
pattern. 

(a) Prove this permutation result. Hint: construct an undirected graph whose 
vertices are variables, and edges between a pair of vertices designate that 
the corresponding vertices are adjacent in a particular permutation. 

(b) Find an algorithm for computing these special 0(N/2) permutations. 

(c) Generalize this result for adjacent triples. 

(d) Generalize this result for adjacent p-tuples. 

2. Given three noncollinear points in R 2 3 4 5 , find an algorithm for constructing in 
|| -coords a set of planar coordinates for the plane determined by the three 
points. 

3. Construct a set of planar coordinates for a plane n perpendicular to one of the 
principal 2-planes (i.e., n being parallel to one of the orthogonal axes). 

4. Given a set of planar coordinates for a plane tv, find an algorithm for 
constructing a plane n r perpendicular to it. 

5. In || -coords find an algorithm for determining the intersection of two planes. 
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6. Given a plane n and a line £, provide an algorithm that in || -coords determines 
whether t c tt . 

7. Given a plane n and a point P, provide an algorithm for determining whether 
P is below, on, or above the plane. For the notion of above/below, consider n 
partitioning R 3 in to two half spaces that need to be distinguished. All points 
in one half space are “above,” etc. 

8. Provide an algorithm in || -coords for intersecting a line with a plane. 

9. Verify, 

(a) (5.5), 

(b) (5.6). 

A FT-le 
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The representation of a plane in terms of vertical lines is basically the representation 
of a specific coordinate system in the plane. With this representation, the coplanarity 
of a set of points can be checked visually only if the points are on a rectangular grid 
as in Fig. 5.2. In Fig. 5.9 the polygonal lines shown on the X\, X 2 , X3 -axes represent 
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X! X 2 X 3 X!/ X 2 / Xy 


Figure 5.9. Randomly selected coplanar points in R 3 represented by the polygonal lines on the 
first three axes. 
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Figure 5.10. Coplanarity! 

A pencil of lines on a point is formed by joining the pairs of points representing lines on a plane. 


randomly sampled points in a plane n in M ? . There is no discernible pattern. Is there 
a || -coords “pattern” associated with coplanarity of randomly selected points? 

A new approach is called for [47]. Describing even a simple 3-dimensional 
object such as a room in terms of its points is just not intuitive. The description of it in 
terms of cross-sections including the boundary planes helps us visualize the object. 
Pursuing the analogy, it is proposed to describe p -dimensional objects in terms of 
their ( p — 1) -dimensional subsets rather than their points. So the representation of 
a plane n is attempted in terms of the lines it contains. From each pair of polygonal 
lines ^ shown in Fig. 5.9, the representation of the corresponding line £ C 7T is 
constructed. The result in Fig. 5.10 is stunning: the lines joining the pairs of points 
^ 12 , ^23 in turn determine a pencil of lines on a point, and this is characteristic of 
coplanarity. Let us explore it. 


5.2.1 The family of “Superplanes” £ 

Behind the striking pattern in Fig. 5.10 lurks a very special subspace of R N . Until 
now, the || -coords axes were taken equidistant, with the y- and X\ -axes coincident. 
This was a matter of convenience, which has served us well until now. The time 
has come to look at the general setting shown in Fig. 5.11, the position of the X( 
specified by the directed (i.e., signed) distance d \ , with the stipulation that for some 
i / j , di / dj. We consider the set of points P e whose representation in 
|| -coords collapses to a straight line. That is, P : y = mx + b , and for a specific 
choice of (m, £>), the corresponding point is 
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P — ( md\ + b, . . . , md]\f + b) = m(d\, d 2 , . . . , d p) + b( 1, ... ,1). (5.7) 

For m,6 G R this collection of points forms the subspace 7r 5 of R^ spanned by 
the two Af -tuples (d\, d 2 , . . . , <7at), (1, . . . , 1). It contains the points (0, 0, . . . , 0) 
and (1, 1, . . . , 1) and the complete line u on these points. For future reference, the 
unit vector on u anchored at the origin and pointing towards (1, 1 . . . , 1) is denoted 
by u. The two-dimensional subspaces on the line u are called superplanes and 
play a crucial role in our development. The family of superplanes generated by all 
possible axes spanning (i.e., all (d\, d 2 , . . . , dp), (1, . . . , 1)) is denoted by £, after 
J. Eickenmeyer, who first discovered them. The situation is especially interesting 
in R 3 where the superplanes are 

n s = [m(d\, d 2 , ^3) + b{ 1, 1, 1)| m, b e 7?}, 
and whose equation 

7 r s : (J3 — d2)x\ + ( d\ — d^)x2 + (^2 — ^l)^3 — 0 (5.8) 

can be obtained by using numerically convenient values (i.e., m = b = 0, 
m = 0, b — 1, m — 1, b — 0). It describes the pencil of planes, on the line u 
each specified by the spacing of the axes. As for (5.5), it can be rewritten as a 
one-parameter family: 


Y 



Figure 5.11. Points in M, N represented by straight (rather than polygonal) lines. 
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n s : (X3 — X 2 ) + k(x 2 — x\) = 0, k = , (5.9) 

d2 — d\ 

with the ratio k determining the particular plane. With the y- and X \ -axes coincident 
and the standard axes spacing d\ — 0, d 2 — 1, d^ = 2, the superplane (sometimes 
referred to as the “first superplane”) is 


tt[ : x\ — 2 x 2 + V3 = 0. 


(5.10) 


The subscript 1 distinguishes it from the others formed with different spacing of the 
axes. The important property from Chapter 4 can now be restated in terms of 7r[. 


Theorem 5.2.1 (3-point collinearity) For any line i C R N , the points 
lij , Ijk, lik, where the i, j, k are distinct integers e [1,2,... , A^], are on a line L, 
where L — IF 7t s ^. 


This is the backbone of the recursive (in the dimension) construction algorithm that 
follows. 


5.2.2 The Triply Indexed Points 

Let us now review the construction leading to the single intersection in Fig. 5.10. 
For any line l C 7T, the three points 1 12, ^23 > ^13 are: 

• on a line L by the 3-point-collinearity property, and conversely, since L lies on 
the three points, the point L is on f . 

• Further, since L is a straight line, L must also be a point of the “superplane” 
tt[. 

Therefore 


t n 7r[ — l. 


(5.11) 


This is true for every line l c tv. Specifically, for a line 

£ ' c 7T, 3L f el' 3 £ ' H 7t s = L 


Now L and L f specify a line l n C represented by a single point l n . Altogether, 


L, L' e n => l n c n 


L, L' e tt\ 


TT 

In C JT 


S 

1 


for 7t ^ 7T J , 7T D 7T J = l jz , 


showing that the point where all the lines intersect in Fig. 5.10 is l n . For reasons 
that are clarified shortly, we refer to l n by 71123. 
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d[ = 3 


d 3 = 2 


*- x 





Figure 5.12. The axes spacing for the second superplane Tty. 


Y 



Figure 5.13. Transferring the values from the Ai-axis to the A^-axis. 


A plane n C M 3 is determined by two intersecting lines. It is advantageous to 
use two lines belonging to “superplanes,” since their representation requires only 
one point. One such line is i n — n H Tty To determine the second line we revisit 
(5.8) and choose another convenient spacing of the axes. As indicated in Fig. 5.9, 
the A i -axis is translated (recall that this corresponds to a rotation) to Xj, one unit 
to the right of A 3 , as shown in Fig. 5.12 with = 1, t /3 = 2, t/j = 3. The new 
superplane is given by 


Tty : x\ + %2 — 2 x 3 — 0 . 


(5.12) 
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Transferring the x\ coordinate of each point P to the X^-axis as shown in 
Fig. 5.13 and repeating the construction, we obtain the second point, denoted 
by 7T23P and shown in Fig. 5.15. The corresponding line is none other than the 
intersection l' n — n fl Tty. What about the line H joining the points 71123 an d 
7T23P? Clearly, H e 1 7r , since 71123 represents l n and similarly H e Further, 

since H is a line in the X\, X 2 , X 3 coordinate system and also in the X 2 , X 3 , X^ 
system, 

h = i n n t! n — 7r^ n Tty n n, (5.13) 

as illustrated in Fig. 5.14. So the intersecting lines l f n determine the plane 7t, 
and therefore the plane can be represented by the two points 71123 an d ^23F- But 
what is going on? In Chapter 4 we saw that a line in R 3 is also represented by 
two points. To distinguish the two points representing a plane, three indices are 
attached, while only two indices are used for the point representation of a line. The 
deeper reason is, of course, that the linear relations specifying lines involve (or can 


x 3 



Figure 5.14. The intersections of a plane n with the two superplanes tx s \ and Tty. 
These are the two lines i n , l' n that specify the plane and provide its representation. 
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Figure 5.15. The plane n represented by two points 


be reduced to) two variables, whereas those involving planes necessarily involve 
three variables. Specifically, for the plane, 


Tt ! C\X\ + C2%2 H - C3V3 — CQ, 


(5.14) 


£rr = 7T P7t^ \ 


7 T 


1 


12 • x 2 


C 1 -C 3 


C2+2C3 


X\ + 


CO 


c 2 +2c 3 ’ 


£ 


7T23 • X 3 


_2£l±£2 _j_ C Q 

C3-C1 2 ' C 3 -C 1 


(5.15) 


Therefore, in homogeneous coordinates, recalling that 1 , the distance of X2 from 
the y-axis, must be added to the first coordinate of £'^23, 


^123 — ^7I\2 — ^7T23 — ( c 2 + 2C3, Cq, C\ + C2 + C3). 


7T23 


Continuing, 


£ f n — Jt n Tty : 


f 7T12 * X 2 
£ l 7123 * ^3 


2 ei+c 3 1 2 cp 
2C2+C3 1 ' 2C2+C3 ’ 


_ C 2 ~C\ 


2ci+c 3 


x 2 + 


co 


2ci+c 3 ’ 


and from the second equation it is immediate that 


(5.16) 


(5.17) 


^ / 7 T 23 — O c \ + c 2 + 2C3, Cq, Cl + C 2 + C3). 


( 5 . 18 ) 
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X, X 2 X , 3 x[ 

Figure 5.16. The location of the l\2 and 1 \>2 points. 
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Since l f n is a line in the superplane Tty, it must be that l' 7Tn = l f n 2 3 - Yet a direct 
computation from the first equation of (5.17) yields 

V tt \2 — (2 c 2 + c 3> c 0 , 2{c\ + C 2 + C 3 )). (5.19) 


What is going on? Figure 5.16 explains the “riddle,” reminding us that it S y is a 

superplane in the X2, X3, Xy coordinate system, where its points such as P,Q 
are represented by straight lines intersecting at = ^ 7123 • To obtain £ f jr n , the 
xi values must be transferred to the Xi-axis and then the corresponding polygonal 
lines constructed to obtain their intersection at l f 7Tl2 7 ^ C 7 r , . Recall from Chapter 3 
the line £ -> l point correspondence 


t : X 2 = rax 1 + b -> £ : 



ra / 1, 


(5.20) 


where d is the directed interaxis distance. The distances from Xy to X 2 and the 
y-axis are two and three units respectively. Then together with the first equation in 
(5.17), 



-2 

1 | 2 c 1+ c 3 
2c 2+ c 3 



c 0 

1 | 2 c 1+ c 3 
' 2 c 2+ c 3 


(5.21) 
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which in homogeneous coordinates matches (5.19), and in analogy to (5.16), we 
record 25 the result as 


*231' = V n x , 2 = ^7t 2 3 = Oc\ +c 2 + 2 c 3 , co, c\ + c 2 + c 3 ). (5.22) 


To simplify the notation, we also write Tty = if 1^3 = ^ 23 p and 7T(y = 71123 . The 
coordinates of the two points if(y and if y contain three independent parameters and 
suffice to determine the coefficients of n. Let S = c\ + C 2 + C 3 and denote by 
X(y , xy the x Cartesian coordinates of if 123 and ifp 23 respectively when 5^0. 
Then 



(5.23) 


where the c\ — Cj/S , i — 0, 1, 2, 3, are the normalized coefficients. Exploring 

this further, the ^ 2 -axis is translated to the right by three units, the construction is 
repeated, and a third point is obtained: 


t*3VT = 7* 1'2'3 = (3ci + 4 c 2 + 2c 3 , c 0 , c\ + c 2 + c 3 ), (5.24) 

which is also denoted by if 2' and its v coordinate by xy . Then 

x 2> — Xy = 3c2 . (5.25) 

Finally, by translating the ^-axis three units to the right and repeating the 
construction as shown in Fig. 5.17, a fourth point is obtained, 

ifl'2'3' = — (3ci + 4c2 + 5c3, cq, c\ + C 2 + C 3 ), (5.26) 


and for xy, its v coordinate 


Xy — Xy = 3cy (5.27) 

Clearly, the third and fourth points are dependent on the first two, and by an easy 
calculation it is found that 


Xy — 6 — (X(y + Xy), Xy — 3 + Xy . (5.28) 

So with the normalization c^+c^+c^ = 1, the distance between adjacent (according 
to the indexing) points of the plane’s representation is proportional to the corre- 
sponding coefficient. The proportionality constant equals the dimensionality of the 
space (see Exercise 5). Their ordinate is the constant Cq, so the equation of the plane 

25 Another detailed example is computed later for the principal 2-planes. 
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Figure 5.17. The plane n intersected with four superplanes. 
Each point represents one of the resulting lines. 
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can effectively be read from the picture as shown in Fig. 5.18. Occasionally, we say 
that the distance between adjacent indexed points is the corresponding coefficient 
when the dimensionality and hence the proportionality constant are clear. When 
the coefficients’ sum is zero, the plane is an sp represented by ideal points. All 
the superplanes are on the line w, so what is the angle between the four different 
superplanes we generated? To answer this, it is convenient to introduce and work 

with vector notation. Letting x = (xj, X2, X3), the coefficients of a plane n ] are 

• • • ^ 

c J = (cj, c^, c^), so the plane’s equation is n-i : c j • x = Cq, where stands for 
the inner (or dot) product. From analytic geometry, the angle <p between two planes 
7T 1 , 7T 2 is found by 

cos (p = d= p (5.29) 

[( c 1 • C 1 )^ 2 • C 2 )]2 


Fixing the angle by adopting the + sign above, we find that Tty is obtained from 
7 r[ by a clockwise rotation of 120° about u. Checking for the third superplane 

7t s V2 , 3 : —2x\ + X 2 + V 3 =0 


(5.30) 
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Figure 5.18. The distances between adjacent points are proportional to the coefficients. 

For it : c\x\ + C2*2 + C3V3 = co with the normalization c\ + C2 + C3 = 1 , the proportionality 
constant is the dimensionality of the space. The plane’s equation can be read from the picture! 


resulting from the translation of the ^2-axis, the dihedral angle with Tty is also 
120 °. Not surprisingly, the fourth superplane ity^y, generated by the translation 

of the ^-axis, coincides with 7 r[ . 

To clarify, the rotations about u and the superplanes they generate do not affect 
the plane 7 r, which remains stationary , intersecting u&iH given in ( 5 . 13 ) and shown 
in Fig. 5 . 14 . This is the reason that all points 71123, ^P 23 > tti' 2 ' 3 » ^V 2 ' 3 ' have the 
same y-coordinate cq/(c\ + C2 + C3 ) on the horizontal line H. This useful property 
is also true for the points representing lines and is put to good use in the construction 
algorithms discussed next. For consistency with this chapter’s format the equations 
of a line l are rewritten as 





^1,2 : c \\ x \ +c 12x2 

^ 2,3 : c 22 x 2 + c 23 x 3 


c 10» 

C20 , 


( 5 . 31 ) 


emphasizing that each of the i 12 , ^2,3 is a projecting plane in R 3 orthogonal to 
the x\X2, V2V3 planes respectively with C13 = c‘21 = 0 . It is clear, then, that the 
points ^12, ^i'2» ^V 2 ' a h have the same y-coordinate and are on a horizontal line; 
let us call it 12. Similarly, the triple I23 > &2'3> ^ 2'3 ' are on a horizontal line 23, and 
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f 13 , £ 1 / 3 , ly y are on another horizontal line 13 . All this is seen in Fig. 5.25 of the 
next section. 


1. Derive the equation equivalent to (5.8) for R N and state its properties. 

2. What planes are represented when the points 71123 an d ^231' are ideal? 

3. How are the planes in class £ represented? 

4. Is the line intersection shown in Fig. 5.10 a necessary and sufficient condition 
for coplanarity? Prove or give a counterexample. 

5. Show that in R N , the distance between adjacent indexed points is N times the 
corresponding coefficient, as in R 3 it is 3; equations (5.23), (5.25), and (5.27). 

6. (a) Find the equations of the three superplanes containing the x\~, X 2 - and 

V 3 -axes respectively. 

(b) What are the three dihedral angles between pairs of these superplanes? 

7. Provide an affine transformation resulting in the four points 7fi23, 71231 ', ^ 3 Y 2 ^ 

7fp2'3' being collinear and with distance c; between pairs rather than 3 q. 

8. The vertical line representation of planes actually requires four rather than the 
two vertical lines shown. Explore the case in which none of the four vertical 
lines coincides with the coordinate axis X [ . 

9. Provide algorithms based on the indexed-points representation for finding the 
intersection between: 

(a) a pair of 2-flats, and 

(b) a line and a 2-flat. 

Delimit carefully the special cases in which the algorithms fail. 

10. Given the representation of a plane in terms of vertical lines, 

(a) how would one check whether the vertical lines represent two orthogonal 
families of parallel lines? 

(b) How could the vertical axes be transformed to vertical axes representing 
orthogonal families of parallel lines? 

11. Construct a vertical line representation Y\ for a plane tt cR 3 with 71123 £ Tj , 
and 71231 ' £ ^ 2 - 

12. Given a point P e R 3 and a plane n C provide an algorithm for deter- 
mining whether P e n or in which of the half spaces (“sides”) of n (partitions 
R 3 ) P lies. 

13. Generalize the 3-point-collinearity property for N > 4. 

A FT-2e 
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Construction Algorithms 

A dream mentioned at the outset is to do multidimensional synthetic constructions 
with this new coordinate system as has already been done for lines and now with 
planes and flats starting in R 3 . Also, this is an additional opportunity to better under- 
stand the properties of the indexed points by indulging in the easy constructions 
they enable. 

5.3.1 Planes and Lines 

Half Spaces 

With reference to Fig. 5.14, a plane p parallel 
to 7 r intersects each of the two superplanes 
7 , Tty at lines ip, i r p parallel to l n and l n t 
respectively. Hence the points 71123,^123 are 
on a vertical line, and similarly, the points 
P23P , 7T23P are also on a vertical line. Of course, 
this is entirely analogous to the conditions for 
parallel lines, as it should be, for after all, 
the triply indexed points represent lines (i.e., 
i n , ip, and i r n , i' p ). From the representation 
of two parallel planes tv, p, we agree that the 
H (H e u) with the higher y -coordinate iden- 
tifies the higher (above) plane. This clarifies 
how to distinguish and recognize half spaces 
as illustrated in Fig. 5.19, which is the corne- 
stone for the study of convexity. The two vertical 
lines together with H also provide a coordinate 
system of planar coordinates as described in 
Section 5.1.1 based on the intersecting lines l n 
and i n r. Usually there is no reason to distin- 
guish between index permutations like 231 ' and 
F23, which are henceforth considered the same 
unless indicated otherwise. 

Line Contained in a Plane 

Recognition that a line l is contained in a plane 7 t is immediate from the construction 
of the points 71123 . Specifically, a line l C Jt if and only if i\ 2 , I 23 , ^123 are 


y 



Figure 5.19. The parallel 
planes p , r are above and below 
respectively the plane n . 

The upper half- space of n is 
marked by the two dashed half 
lines. 


5.3 
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Figure 5.20. A line i is contained in a plane tx o the points ^12, ^ 13 , ^ 23 , ^123 are on a line P. 
Alternatively if iy 2, i 1/3, £23, ^ 231 ' are on a line P ' , then P = l n n n and P' = i n > Cl n. 


collinear. This property is the equivalent of the collinearity in Fig. 5.5 for the two- 
vertical-lines planar representation. As illustrated in Fig. 5.20, the line l C tt 
intersects the superplanes at the two points P = l Cl l n , P' = ^ Pi l f n with P, P' 
on 7Ti23, if 23 p respectively, since these triply indexed points are actually and 
t f n . Hence £23 = P H P\ since the line P' represents P' on the X 2 -, X 3 -, X^-axes. 
By transferring the value of its first coordinate to the Xi-axis, we obtain the 

P\ 2 portion of the polygonal line P ' in the X\~, X 2 -, X/ 3 -axes with i \2 = P Cl P| 2 - 
Therefore 


l C7T O £ 12 , € 13 , ^ 23 . H 123 € P, P = in H 7T. (5.32) 


The proof for the =>► direction is similar. Such a collinearity must also hold for the line 
P' on tti' 23 f° r the X 2 -, X 3 -, X^-axes; that is, i C n <£> iy 2 , ^P 3 , ^23> ^P23 
are on a line P 7 where P f = Hit . This leads to a beautiful rotation translation 
duality, shown in Fig. 5.38 and presented shortly, analogous to that obtained with 
the vertical lines planar representation seen in Fig. 5.6. 
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Intersecting Planes 

To realize our goal of doing higher-dimensional constructions, that is, for N > 3 , 
we gradually wean the reader from the need to use 3 -D pictures. In the process we 
discover that many constructions even for 3 -D are simpler to do and certainly to 
draw in ||-coords. Such is the construction shown in Fig. 5.21 for the intersection 
of two planes p fl n — l . Finding the intersection jt n p D 7 r[ = P is trivial, for 

P is the line on the points 71123, Pi 23 - Similarly for 7 T fl p fl jt y — P ' , P is the 

line on the points 7 fp 23 , Pv 23 - Therefore P, P' e £ = n fl p and I23 = P H P f . 
Transferring the coordinate of P' to the Xi-axis provides the 12 portion of P 1 

and its intersection with P is the point £\2- The points £12, ^23 are both on 71123 
and P123, confirming that ( 5 . 32 ) the line t is on both planes, simplicity itself! 

5.3.2 The Four Indexed Points 

The laborious construction for the four points 71123, tt 231 /, 7131/2', ^V2'y seen i n 
Figure 5.17 can be greatly simplified. A 2 -flat is determined by any three points 
it contains, and this is the basis in the ensuing construction algorithm. On each of 
the points 71123, ^ 23 1 '> an Y two lines P and P f respectively are chosen as shown 
in Fig. 5 . 22 . We know that P e fl n, P f e n S y fl tt, and l 23 — P H P\ 

where £ C n is the line on P and P ' . The p^ value (i.e., P' fl Xp) is transferred 
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Figure 5.22. Representation of a plane n c M 3 by two indexed points. 

The first step in the construction of the points tti' 2 ' 3 ' from 71123, ^23 r- A (any) line i C 7 r is 

constructed as in Fig. 5 . 20 . The points i 12, i 13 are constructed and the horizontal lines 12, 13, 23 are 
drawn on the Fs with the corresponding indices. 


from the Xy to the A 1 -axis and joined to the p 2 coordinate intersecting P at £12; 
the point £13 is similarly obtained. Horizontal lines 12, 13, 23 are drawn through 
the three l points as shown, providing at their intersections with the line P' the 
points ty 2, £1/3 specifying l on the X 2 -, A3-, A] /-axes. Moving on to Fig. 5.23, 
the value p f 2 is transferred to the A2' axis and joined to the p^ coordinate on A y 

intersecting the 12 line at the point lyy, which together with ly 3 specifies l on 
the A3, A y, Xy axes. Therefore, as for P and P f , the line P" on these two points 
represents the point P" e n y, Hn = £" , where is the superplane corresponding 

to this axes spacing (i.e., dy = 3, dy — 4, d^ = 2). Hence 71323 — P" H H and 
£23 = P n Cl 23. Proceeding as in Fig. 5.24, we place a line P ,n parallel to P on 
the point tyy- In fact, P ,n is the image of P in the A y, Xy, Xy axes, where, as 
we saw earlier, the superplane ^y 2 ,y is the image of 21^3 • The intersections of 


P ,n with H , 13, 23 complete the construction. The four points are referred to as 
the augmented representation of a plane. Use of the relations in (8.60) between 
the v -coordinates of the four indexed points simplifies the construction. By the 
way, Fig. 5.25, showing the l points corresponding to a line l in the translated 
|| -coords systems, is obtained with a similar construction. The intersections of l 
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Figure 5.24. Construction of the fourth point nyyy. 

Note that P’” on iy y is parallel to P, since P'" is the point P = it H i n on the Xy, Xy , Xy axes. 
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Figure 5.25. The collinear triples of points t . 

They represent a line i in the four coordinate systems X1X2X3, X2X3AV, X'sXyXy, and XyXyXy. 


with the superplanes are the points P = l Pi tt[, P’ — i Pi P" = l Pi tt^/, 
P'" = l n Ttyyy The further simplification of the construction via 

Xy = 6 — (A(y + xp), xy = 3 + V(y, (5.33) 

obtained earlier, where v 2 /, X 3 / are the v -coordinates of 7Tp 2 '3'’ res P ec tively, 
is left as an exercise. 

A 


5.3.3 Special Planes 

For future reference, we record the indexed points of some planes that are 
encountered on several occasions. 

** The Principal 2-Planes 

Our first examples are for the x \%2 plane a : V3 = 0, v 2 X3 plane f} : x\ =0, and the 
x\x^ plane y : v 2 = 0. To obtain further practice in computing, the indexed points 
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of a are obtained from the fundamentals (i.e., as indexed points of lines) rather than 
from ( 5 . 16 ), ( 5 . 22 ), ( 5 . 24 ), ( 5 . 26 ). It is preferable to use the general relation 

t : [a\, ci2 , <23] — > £ : ( da2 , —<23, a\ + <22 ) » 

rather than eq. ( 5 . 20 ) to obtain 

(■an '■ *2 = \ x \ ^“12 = (jTT' 0 

£ a =aD 7 tp.< =>■ 2 • = (2, 0, 1) = ai 23 - 

(a 23 : x 3 = 0 4 23 = (1 + 1,0, 1) 

Proceeding as for ( 5 . 21 ), substituting the interaxis distance d — — 2 between 
and X2 , and a translation by 3 from the y-axis yields 

[ l'a Vl ■ x 2 = -XI l'a V2 = (f^i + 3 , 0, 1) 1 
£ f a = a n Tty : < =>► > 

£ CX23 • -^3 — 0 ^^23 — (1 + 1? 0, 1) J 

= ( 2 , 0 , 1 ) = (* 231 ' * 

For the third point, using the superplane given in ( 5 . 30 ) yields 

£" Oiyy : *2 = 2xi = (l~2 + 3 ’ !) 1 

f " = a fl 7 tJ, 2 , : < =>► i 

£\ 2 , 3 :x 3 =0 £\ 2 , 3 = (-2 + 4, 0, 1) ) 

= ( 2 , 0 , 1 ) = a 3 \<2' • 

Hence the first three points are congruent, as they should be due to the zero 
coefficients of x\ and X2 in a’s equation. As has already been pointed out, the 
fourth superplane Kyyy coincides with the first tt[, though for the computation of 

the corresponding indexed point, the values based on the Xy X f 2 , X 3 coordinate 
system are used, yielding 

\ t"'a V2 , : x 2 = \x\ ' = (fTT + 3 ’ 0 

l'a = OL n 7 Ty 2 r 3/ : • =>• 

( r aj _, y : X 3 = 0 £% 2 , 3 , = (1 + 4, 0, 1) 

= ( 5 , 0, 1) = tfi'2'3'- 

This point’s distance of 3 from the others is, of course, due to the only nonzero 
coefficient in a’s equation. The representation is shown in Fig. 5.26 (left). 

Alternatively, the location of the indexed points can be found graphically, by the 
intersection of two lines representing two points in the plane. The representations 
of P and y are shown in Fig. 5.26 (right) and Fig. 5.27 respectively. 
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Figure 5.26. Indexed points corresponding to a : X 3 = 0 for the x\X 2 principal 2-plane on the left 
and for the X 2 X 3 principal 2-plane /3 : x\ = 0 on the right. 


y 



Figure 5.27. Indexed points corresponding to y : X 2 = 0, the principal 2-plane x\x^. 


** The Constant Planes 

Next are the more general planes k : X[ — i = 1, 2, 3, with k 0 a constant. For 

k : x\ = k$ (5.34) 

via (5.16), (5.22), (5.24), (5.26), we obtain 


^123 = (0, % 1)» ^231' — *31'2' — K V2'3' = (3, % 1), (5.35) 

providing the representation shown in Fig. 5.28 (left). For 


k : X2 = k$, 


( 5 . 36 ) 
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the indexed points are 


^123 = K 23V = (1> *0, 1)> K 3V2' = ^1'2'3' = ( 4 > % 1), 


for the representation in Fig. 5.28 (right). Continuing, 

k : X2 = ko 


has the indexed points 


^123 = K 23V = K 3V2' = ( 2 , % 1), *d'2'3' = (5, % 1), 


(5.37) 


(5.38) 


(5.39) 


with the representation in Fig. 5.29. Observe that the distance between adjacent 
points is three times the value of the corresponding coefficient. 


y y 



Figure 5.28. Indexed points representing constant planes. 
For k : x\ = ko (left) and k : X2 = ko (right). 


7 





1*3 = k 0 



l * 3 =K 

)— 

KY2'3' 

w V 



^123 — K 

13 Y ~ K 3 Y 2 ' 

0 



5 








A 


X\ X2 X^ Xy Xy Xy 


Figure 5.29. Representation of the plane k \ X3 = ko. 
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A FT-4 Projecting Planes and Lines 


23 


X 


An important class of planes 
is the projecting planes , which 
are perpendicular to one of the 
principal 2-planes. Our first 
encounter with them was in 
Chapter 4, where in R N a 
line is defined as the inter- 
section of N — 1 projecting 
planes. In general, the equa- 
tion lij for the pairwise lin- 
ear relation between x/ and 
x j describes a projecting plane 
perpendicular to the princi- 
pal 2-plane x/x/. In Fig. 5.30 
we see two projecting planes 
in M? intersecting at a line 
l. Where it is important to 
avoid an inconsistency, the 
projecting planes on a, /3, and 
y of a line l are denoted 
by la, 1/3 instead of 1 12 , I23 

respectively. Figure 5.31 is in fact Fig. 5.25 reincarnated in terms of the projecting 
planes of t whose representation is directly discerned from the V ’s. For example, 
la 3 P 2 ' = la P 2 ' 3 ', and these also coincide with lyy, since la 9 s X 3 coefficient is 
zero. 



Figure 5.30. A line l as the intersection of the 
projecting planes la - La and 1/3 _L ft. 


5.3.4 Intersecting a Plane with a Line 

The description of a line l in terms of projecting planes motivates an easy and 
intuitive algorithm, shown in Fig. 5.32, for finding its intersection with a plane 
71 . The line r = la fl 7T is found, and then R = rni = nni. This is 
how it works. The algorithm’s input is the initial data, consisting of the point 
pairs 7fi23, 2123 p, and ^ 12 > ^23 > specifying the plane tt and line l respectively. The 
point ly 2 is easily constructed as in Fig. 5.22 from the coordinates x\, X 2 of any 
point on l and transferring the x\ value to the axis. The formality of writing 

la 123 = 1 12 and la 23 p = l P2 clarifies the use of the planes intersection con- 
struction in Section 5.3.1 to obtain r = 7 T fl la, actually P 23 , as in Fig. 5.3.3 with 
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7 




x 

12 



Figure 5.31. The projecting planes la, 1/3, ly. 

This is the line l whose l points are shown in Fig. 5.25. 


r 12 — f 12> since r c la. Then R = l Hr = l Hn. In effect, the system of linear 
equations 


7t 

C\X\ + C 2 X 2 + C3X3 

= Co 


h,2 

CllXl + C12X2 

= cio 

(5.40) 

*2,3 

C22X2 + Q3X3 

= C20 



is solved geometrically. The construction is simple, and is easier to draw than in 
Cartesian coordinates. Also, it generalizes nicely to N dimensions. 

A FT-4e 


5.3.5 Points and Planes: Separation in R 3 

Let us return to the matter of half spaces, Section 5.3.1, now considering a plane 
7 r together with its normal vector ii partitioning R 3 into two oriented half-spaces. 
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Figure 5.32. Finding i n tx using the projecting plane tot. 


y y 



Figure 5.33. Intersection of a line with a plane. 

On the left are the initial data, namely points specifying the plane tx and line t, for the intersection 
construction on the right. First r = tx H t a is constructed (we need only f23, since ri2 = i 12)- Then 
r = (n, r2, r3) = r n i = 7 T n 1. 
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* 3 . 




Figure 5.34. A point P on a plane n . The plane n' is constructed parallel to n and on a point P ’ 
which is below n . 


Recall that a point P is “above” the plane it if it is on a plane it p parallel to 
and above jt as shown in Fig. 5.19. The normal vector ii points in the “above” 
direction. 

The construction above instigates a “naive” algorithm, benefiting from the 
special properties of || -coords, for determining the relation of a point and a plane 
(i.e., on, above or below) rather than laboriously imitating the situation in Cartesian 
coordinates (as in the next section). The idea is simple and direct: given a plane jt and 
a point P , take any line t on P and intersect it with n . Then P e n O P = inn. 
This is shown in Fig. 5.34. A plane perpendicular to the x\X 2 plane is chosen 
specifying the intersection of line l \2 with n, ^23- The construction reveals that 
P = l n 7T. Taking another point P f ^ n with the same x\X 2 coordinates as P, 
the plane n f parallel to n and on P’ is easily constructed. The point 3 is placed 

at the intersection of P ’ and, together with 1 12 , specifies a line C parallel to l. 
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Joining £12 to ^3 an d extending until it intersects the O' vertical line locates the 
point 7 Tq,, and similarly the point Tty is found specifying n r — really simple! From 
the || -coords display it is immediate that P' is below. One really has to struggle in 
order to understand that from the Cartesian coordinates, and a lot of care is needed 
to show this in that picture. 

In Linear Programming the object is to move a plane parallel to another plane 
7 r (objective function) on the highest vertex of a convex polytope CP (constraints). 
It is worth trying to adapt this construction for many points to discover this top 
vertex. 


.6 ** Separation in R 3 : An Old Approach 

For 26 many applications it is useful to introduce orientation and discuss oriented 
half spaces, as shown in Fig. 8.11 (left) with respect to lines. A point P : (p 1, P2) 
is on, above, or below the line £ : X2 — mx\ + b if the expression ( p2 — p\m) is 
equal to, greater than or less than b , as shown on the right-hand part of Fig. 8 . 11 . 
Since we are working in the projective plane P 2 , we consider any regular (i.e., 
Euclidean) point as being below the ideal line £oq. This situation is more “fun” in 
|| -coords, for there the separation criterion “flips” at m = 1 . Correspondingly, P 
is the line y = (P2 — Pl)x + Pb where to simplify matters we set d = 1 . This is 
due to the nonorientability of P 2 as already mentioned in Chapter 2 on geometry. 
For horizontal lines, “+” is the positive y direction, and for vertical lines, the 
positive v direction. The various cases for £ / £ 00 are summarized in the following 
lemma: 

Lemma 5 . 3 . 1 . P is on , below, above a line £ whose slope m < l(m > 1 ) P 
is on, below (above), above (below) L 

In R 3 , for a plane jt and a point P, for any plane p not parallel to n with P e P , 
the intersection £ = n Cl p is found. Within the plane p, Lemma 5.3.1 is applied 
to determine whether P is on, below, or above 7T <£> it is on, below, or above the 
line l. The construction for this determination is shown in Fig. 5.36, where a point 
T — (t\, t2 , £3) and plane n are shown. The constant plane k : x\ — t\, which 
contains T and l — k Cl 7 T, is chosen as well as the point P — (t\, t2, P3) £ £ (and 
hence in 7r). Viewing the picture in || -coords, £ is found as the intersection of the 
two planes k, tv (by the construction in Fig. 5.21). Actually, only £23 is needed, 
since £ 12 coincides with ^123, so that k is £’s projecting plane. The T\2 and P\2 
portions of f, P coincide, and £23 is below T23 and between the X2 an d ^3 axes, 
so the slope of £23 is negative, so by Lemma 5.3.1, T is above tv. 

26 This section is only left for comparing the new and old approaches for solving this problem 
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Figure 5.35. Oriented half spaces and orientation in || -coords. 

Left: Orienting half spaces on each side of a line i : ax+by = cforc > 0. Points in “ : ax+by < c 
are “below” i and “above” with the reverse inequality. Right: In || -coords the above-below relation 
“flips” for lines with m = 1 due to the nonorientability of P 2 . 




*3 



Figure 5.36. Point T = (t\ , t2, L) is above the plane tt. 

Line i = n Pi k where k : x\ = t\ with P = (t\, t2 , ps) G i PI tx . With £23 between the X2, i.e., 

the slope of I23 is negative, and below the portion J23 of the polygonal line T,T is above i in the 
plane k and also n. This is also clear from the picture since T, P e k have the same x\, X2 coords 
and p3 <t 3 . 
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Figure 5.37. Point T = (t\, t2, t^) is above the plane tt. 

Line i = n PI /c, where k : x\ = t\ with P = P 3 ) G i Cl tt. 


While we are at it, we might as well find the plane p parallel to tt and containing 
the point T. Through T the line r parallel to i is determined (see Fig. 5.37) by the 
point r23 the intersection of the vertical line on €23 and J 23 . The line R on r 23 
and ri 2 = 1 12 represents the point R = r H by Theorem 5.2.1 and is on the 
sought-after plane p, since r c p. The point ^123 must be on R at the intersection 
of the vertical line through 71123 , since p is to be parallel to jt . All the rest is now 
determined; H p is the horizontal line through P 123 . It intersects the vertical line 
through 7T23P at P23L- 

With || -coords, then, we have the means to do easy synthetic constructions, 
such as those we enjoyed doing in elementary geometry, the lower-dimensional 
ones honing our intuition for their multidimensional counterparts, which we shortly 
meet. 


5.3.7 A FT-5 Rotation of a Plane about a Line and the Dual Translation 


The analogue to the translation rotation duality in Fig. 5.6, based on the index- 
point representation, brings into play many of the constructions we just learned. 
Starting with augmented representation of a 2-flat with four rather than two points, 
as derived in Figs. 5.22, 5.23 and 5.24, the intent is to show the rotation of a plane 
7T 2 : ci^i + C 2 X 2 + C 3 X 3 = cq about a line 7T 1 . With only one line and plane 
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\\ 7T 2 3 \ ^2' 3' ^2' 3 ✓ 

X\ 7T • 
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Figure 5.38. Rotation of a 2-flat (plane) about a 1-flat (line) in M 3 . 

This corresponds to a translation of the points with three indices on the horizontal line H along the 
lines L, L ' , L", L'" joining the points with two indices. 


appearing, the superscripts denoting the flats’ dimensionality are not needed, for 
the flat’s dimensionality can be determined from the number of subscripts. With 
reference to Fig. 5.38, a position of 7T 2 is shown by the points 71123, ^23 F> tt31'2'> 
tti/ 2'3', representing 7T 2 on the horizontal line H , while the line’s 7T 1 representing 
points are 7112 , if 13, 7123 on the line L, which, as in Fig. 5.25, also appears in terms 
of the other triples of axes with L = 7T 1 n 7Tj\ Similarly, L\ L", L ,n are the line’s 
intersections with the second, third and fourth superplanes. To clarify, 

^1'2^1'3^2'3 on line Z/, ft i2 / i^l3 / i^2 / 3 / on line L f , ifi2 / i^l3 / i^2 / 3 / on line L ,n . 

With 7T 1 C 7r 2 , the picture is that shown in Fig. 5.20, where the point 71123 i s 
on the intersection of H with the line L, and similarly, 

7T23P = H H Z/, 2T3V2' — H Pi L 7/ , 7fl'2'3' — H Pi L w . (5.41) 

The distance between adjacent points being proportional to the coefficient of the 
plane’s equation (see Fig. 5.18), the intersections of the L-lines mark the posi- 
tions where coefficients are zero. There, the plane 7r 2 is perpendicular to the 
corresponding principal 2-plane. Specifically, at 

HPiLPiL,ci=0 and tt _L X 2 X 3 plane, 



+ FT-3 


Construction Algorithms 


153 


HDL'n L", C 2 = 0 and n 2 _L x\x 3 plane, (5.42) 

H n L” n L'", c 3 = 0 and jt 2 _L x\X 2 plane. 

Now translate H vertically with the four triply indexed it points moving along the 
fourlinesL, . . . , L ,n . The conditions (5.41) hold, so that at any such translated posi- 
tion of H , the containment property of Fig. 5.20 holds. Hence, the corresponding 
transformation must be the rotation of jt 2 about n 1 passing along the way through 
the positions specified by (5 .42) with all points on n 1 being invariant under the trans- 
formation. The variation of the coefficients can be followed throughout the transit. 

An important phenomenon occurs when the horizontal line H crosses the inter- 
section points of the V lines with i = 0, 1, 2 denoting the number of primes 
(/,// uiy coefficients q are nonzero and, in this case, all positive when H is in 
the position shown in Fig. 5.39. When H is on the point L f Cl L f \ the 7123 p, yy 
coincide. Hence C 2 = 0 (see Fig. 5.18) and the plane n is perpendicular to the x\x?> 
plane. Pursuing this closely, in Fig. 5.40, H is just above this point, and in Fig. 5.41, 

just below the point, significantly showing that n has flippe . Consider the oriented 

— > 

plane together with its normal vector N , whose components are the coefficients q . 

We show next that H just traversing all three points V Cl Z3 +1 corresponds to the 

— > — > 

plane making a 180° rotation about its axis, resulting in the normal N — > — N . 


Fun and Games with the ILM 


Open ILM2 and click the fift button with the || -coords icon. 

The plane and line in Cartesian coordinates are on the right. 

A picture similar to Fig. 5.38 appears on the left. 

For some experimentation: 

translate vertically the horizontal line H on the four n points and observe 

that the n slide along the L, . . . , L'" lines. 

Note the distance between the adjacent tt 
and the coefficients of the plane’s equation at the bottom. 

In preparation for the next discussion, 
place the line H on each of the line intersections, i.e., L Cl L\ etc. 

Note that then the plane is perpendicular to a principal 2-plane. 

Change the line and/or plane and repeat. 
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Figure 5.39. Rotation of a plane about a line in Cartesian and || -coords. 

In this instance, all the coefficients c* of the plane’s equation are less than or equal to zero. 




Figure 5.40. Here C 2 is small and positive. 

The line H being just above the point L' Pi L" indicates that the plane is nearly perpendicular to the 
2 -plane x\x 3 . 


Let 


L l : y = m[X + bp i = 0, 1, 2, 3, 


(5.43) 


(xi,yi) = L’ DL" = I — 


(t>2 — b\) (m2b\-m\b2) 


( m2 - mi )’ (m2 — m\) 


(5.44) 
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Figure 5.41. Here C2 is small and negative. 

The line H is just below the point L r PI L " . The plane is nearly perpendicular to the principal plane 
X1X3 but has “flipped” compared to the previous figure. 


For a value e > 0, with the superscripts + , — denoting values above or below yj 
respectively, 

y+ = yi + € = m,x ( + + /?; , y~ = yi + € = rriixf + 
x- = x/ + ir =x/ -e/m;. 


Then 


= A:(x^~ — x^) = 6 ( // 7 1 — m 2 ) /m\m2, 
c~ = k(xf — X] - ) = —e(m 1 — m 2 ) / m 1 m 2 , 

=>• c^f/c^ = — 1, (5.45) 

where k is a proportionality constant. It is clear from Fig. 5.39 or from an easy 
calculation that c + /cj~ I c 2 /c 3 for 6 small. Therefore, as e -> 0, 

► 1, c^ /cf — > 1, and I cf — > — 1. (5.46) 

As FZ traverses the point Z/ D L", the plane n remains perpendicular to the X 1 X 3 

— > 

plane, with X 2 component of the normal N flippin its orientation by 180°. 
With c\ and C 3 unchanged, this amounts to the plane n “flipping” with respect to 
the principal plane X 1 X 3 . That is what is seen in Figs. 5.40, 5.41. Of course, a 
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23 


7 


\ 



similar flip occurs when H traverses either L fl L f or L ff D Z/", as stated below; 
the superscripts +, — refer to the above/below position of H with respect to the 
intersection point. 

— > 

Corollary 5.3.2 (Flip) For an oriented plane it having normal vector N — 
(c\, C 2 , C 3 ) rotating about a line l, the traversal of the point V fl Z/ +1 , i =0,1,2, 
by H corresponds to cf /cf — ► —1, c f /cj — > 1 , j f i. 

II J J 

This observation is useful in the study of nonorientability, as for the Mobius strip 
in Chapter 9, on surfaces. 

Specializations and Generalizations 

We have seen that the rotation of a plane about an axis is completely determined by 
the translation of H with the 71123 , ^23 P along the two lines L, L f . Pictorializing the 
rotation facilitates its customization to specific cases. For example, what rotation 
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leaves the coefficient c\ of the plane’s equation invariant? The geometric require- 
ment is for L and L r to be parallel, that is, their point of intersection 7123 is ideal. The 
rotation then leaves the first coefficient c\ invariant. The direction of L and hence 
of 7123 is determined by £> 3 . All of this is seen in Fig. 5.42 with the correspond- 
ing translation of H. The 71123 , ^23T> ^3V2'^ ^V2'3' rolling along L, Z/, L", L"' 
respectively show the variation of the other coefficients of the plane’s equation. 
The construction starts by choosing L and L ' in the direction given by £> 3 , while 
the horizontal distance is 3c\. As in Fig. 5.22, the coordinates of L ' determine the 
points 7 Ti 2 , 7 fi 3 and the lines 12 , 13 . Or conversely, these are obtained from the 
line’s equation, either way proceeding as outlined in Section 5.3.2, where only L" 
is not parallel to L. The pencil of planes obtained by the vertical translation of H 
is now 


7 r 



— X2 — £>3) + k(x 2 — m2X\ — ^2) — 0. 


(5.47) 


Here it is assumed that the axis of rotation n 1 lies on the plane n 2 (see Exercise 8 ). 
Then for n : c\x\ + + C 3 V 3 = co, 



• *3 = x 2 + b$, 


7 r 


2 

12 


X2 = 


_ c 1 


C2+C3 


X\ + 


C2+C3 ' 


(5.48) 


The translation of H is not the essential “ingredient,” for there is no verti- 
cal movement when the axis of a plane’s rotation is on the point H. For our 
purposes this means that the lines L, Z/ are on H and the points 71123 , 71231 / 
move only horizontally, and there are some interesting subcases. For example, 
rotation of a plane n about its l n results in 71123 being stationary (since it is 

while 7T23P is translated along H , together, of course, with the other two 
points. Similarly, rotation about t f n leaves 7723 p stationary. Rotation about a general 
axis 7T 1 C n 2 on H results in all triply indexed points moving simultaneously 
along H. 

The rotation of a plane n viewed in || -coords as the movement of points opens 
up new vistas for generalization. For parallel translations of 7T, the correspond- 
ing movement in || -coords is vertical, with the “pencil” of planes so generated 
being the family represented in Fig. 5.19. It is useful to design the transforma- 
tion of planes defining the corresponding pair of loci of the points 71123 , ^23 T 
on the plane. For example, in Chapter 9 it is shown that any developable sur- 
face a is represented by a pair of curves with the same minimum and maximum 
y-coordinate, a being the envelope of a one-parameter family of tangent planes 
(Exercise 9). So in R^, a developable hypersurface is represented by N — 1 such 


curves. 
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With some care, the composition of transformations can be specified and visual- 
ized as the union of the corresponding loci. Consider, for example, the representation 
of “wobbling,” as in the motion of a spinning top, as the composition of a rotation 
about an axis rotating about its tip while moving along a path in a plane (Exer- 
cise 10). The interesting generalizations to R N are an excellent research topic; see, 
for example, [15, pp. 403-409], and Sections 2.7 and 2.8. 


1. Given three noncollinear points P e tt[, P ' e P " e provide an 

algorithm that finds the representation of the 2-flat n 2 that contains the three 
points. Even though a plane is uniquely specified by three noncollinear points, 
in this case the algorithm should take advantage of the fact that three given 
points belong to the three principal sp. 

2. For the construction of the four indexed points in Section 5.3.2, prove that any 
choice of the three lines L, Z/, L n gives the same result. 

3. Following the representation of a line as the intersection of two projection 
planes, 

(a) express a point P as the intersection of three constant planes (as 
determined by its coordinates), and 

(b) for any plane n and point P, determine if P is above or on the plane n. 

4. Draw the figures corresponding to Fig. 5.42 but for rotations leaving the second 
and separately the third coefficients of the plane’s equation invariant. 

5. Find k in (5.47) as a function of the corresponding y-coordinate of H and then 
specialize it to the subcases given. 

6. Draw the figure corresponding to Fig. 5.38 for an axis of rotation through the 
point H of the plane. In this case L and H coincide. 

7. Find the angle of rotation of a 2-flat n about a 1-flat 7T 1 as a function of the 
motion of the triply indexed jt points. Specialize to the case that 7T 1 is on the 
point H. 

8. Draw the figure showing the rotation of a plane n 2 about a line not on n 2 
and include n 2 fl n 1 . 

9. Describe the transformation of a plane in which the points 71123 and ftp 23 
each trace two different ellipses having the same minimum and maximum 
y-coordinate. 

10. Provide the geometric locus for the representation of a plane’s wobbling (last 
sentence of this section). 

1 1 . Construct the constant-planes representation in higher dimensions. 
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12. Prove the correctness of the algorithm for 

(a) The intersection of two planes. 

(b) The intersection of a line with a plane. 

This means that you should show that for any input, the algorithm terminates 
with the correct output. 


5.4 Hyperplanes and p-Flats in R^ 

5.4.1 The Higher-Dimensional Superplanes 

Just as for R 3 , we expect the superplanes in R^ consisting of points of the form (5.7) 
to play a fundamental role. They are denoted by n Ns to mark their dimensionality 
N, abbreviated to sp , and are on the line 

u : X 2 — x\, X3 = X 2 , • • • , X{ — X(—i, . . . , xp = (5.49) 


The axes spacing d = (d\, d 2 , . . . , rf/, . . . , dpr) notation is used, designating the 
X( axes placed at x/ = d\. Being 2-flats, the sp are described by N — 2 linearly 
independent equations, which after some matrix manipulations can be written with 
two variables each as 



(*2 - x \) + h(*3 - x 2 ) = 0 , 



(X3 — X 2 ) + ^2(*^4 — *3) = 0, 


7t 



7t 


Ns 

i (/ + !)(/ + 2 ) 



Xi) + kj(x l+ 2 - Xi+ 1) = 0, 


[ 2)(N— 1)N ' ( x N—i x N — i — 1 ) l(xj\[ Xj\f — \) — 0. 

(5.50) 


The form of the equations shows that in the 3-dimensional subspace x;_2X;_ix;, 
the tt^ 2) (/_])/ are the pencil of 2-flats on the 1-flat (line) x;_i = x;_2, X[ = x/ _ j . 
Noting that each such 2-flat contains the points (1, 1, 1), (d;_2, d/_i, d{) enables 
the elimination of the parameter k[ in the equations 7r^ 5 . Rewriting in terms of the 


axes spacing yields 
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tt Ns (d\, d2, d 3 ) : (J 3 — d2)x\ + ( d\ — d^)X2 + (^2 — d\)x^ — 0, 
tt Ns (^ 2 ? d$, d/[) : (J 4 — d^)x2 + (^2 — ^ 4)^3 + (^3 — ^ 2)^4 — 0, 


7 Z Ns ( d{ , rfj+i, di+2) : W+2 - 4 +l)*i + (di - d i+2 )x i+ i 
+(d i+ 3 - di)x i+2 = 0, 


(5.51) 


Jt Ns (dft-2, dtf-i, dx) : (dft — djq- l)xjv_2 + (<%- 2 ~ d,N)XN-\ 
+{djM - 1 — dN-2)XN = 0. 


For example, in R 4 the s/t are given by 


7T 


45 . 


45 


71 123 • (^3 — ^2)^1 + (^1 — ^3)^2 + (^2 — fi?i)^3 = 0, 


45 


(5.52) 


^234 * (^4 — ^ 3) x 2 + (^2 — ^ 4)*^3 + ( tf?3 ~ ^ 2)*^4 — 0 . 


This is a good time to define a recursive notational convention 27 for the axis spacing 
resulting from the successive translations of the X[ to the new positions Xp. For 
the initial A-axes system X\, X 2 , . . . , X/v> we write 



/*■ 






= (0, 1, 2 / — 1 2V — 1), 


stating that the first axis X 1 is placed at v = 0, X 2 is placed at v = 1, . . . and Xjy at 
v = A — 1. After translating the X\ axis one unit to the right of Xjy and renaming 
it Xy, the axis spacing A-tuple is 



r 






+ (A, 0, . . . , 0) = (A, 1, 2, . . . , i - 1, . . . , N - 1) 


And after i such successive unit translations with the X; axis in position Xp, the 
axis spacing for i = 0, . . . , A, k = 1, . . . , A is given by 


4 = d£ + (W,... ,N,0,... ,0) 


(5.53) 


r 






= (N, N + 1, . . . , i - 1 + N, i, . . . , N - 1) = (d lk ) 


27 I am indebted to Liat Cohen for proposing this notation. 
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To clarify the indices, i refers to the number of the axis translations, and k is the 
position (component) within the vector d By means of the step function 


Si (k) 


1 i > k, 
0 i < k, 


the axis spacing after the ith translation is 

djsi = (d lk ) = (k - 1 + NSi(k)). 


(5.54) 


(5.55) 


When the dimensionality is clear from the context, the subscript N can be omitted. 
For a flat tt p expressed in terms of the d' N spacing, the points nF, . , , v of its 

representation are denoted compactly by , and it is consistent to write tt p = , 

that is, 7t p described in terms of the axis spacing d^. 

Returning now to the higher-dimensional sp , in R 4 for the standard spacing d°, 



: x \ — 2^2 + X3 = 0, 

: X2 — 2x3 + X4 = 0. 


(5.56) 


The axes are translated, as in R 3 , to generate different sp corresponding to rotations 
about u , which are summarized in Fig. 5 .43 . First, the axis X 1 is translated to position 


il 2 f 34 ' 



_ 4.s —4s 

1^123 — ^l / 2'3' 


TT 4s — jr 

;i 234 — Ji 2'3'4' 


V 4s 
' ^2'3'4 


Figure 5.43. The rotations of tt 4 s about the line u. 

This is a projection on a plane perpendicular to u , and so projections of the 3-flats tt 4 ^, 71 234 are 
lines. 
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Xy one unit to the right of X 4 with the resulting axis spacing d 1 = (4, 1, 2, 3), 
yielding 


7t 


4 S . 

V ■ 


it s V23 : x\ + 2^2 — 3x3 — 


^234 * — 2 x 3 + X 4 = 0 . 


(5.57) 


The angle of rotation between 7r^| 3 and tt^ computed via (5.29) is 

cos“ 1 (-V3/7) = 180° — 0, 0 = cos -1 (V3/7) ~ 49.1°. Note that since 
71234 remains unchanged, this is not a complete rotation of 71^34 a b° ut the line u. 
Proceeding with the translation of X 2 t0 position X ' 2 one unit to the right of Xy 
provides the axis spacing d 2 = (4, 5, 2, 3) and the sp 



v 



: 3 xi " 2x2 — V3 = 0, 
: X2 + 2x3 — 3 x 4 — 0. 


(5.58) 


The angle between 77^, 23 and ^yy 3 is cos -1 (—1/7) = 20, while the angle 
between 77^34 and ^34 180° — 0- With the translation of X3 to position Xy one 

unit to the right of X' 2 , d 3 = (4, 5, 6, 3) and 



7 r 


< 


1 ' 2 ' 3 ' 



: xi — 2x2 + X3 = 0, 

: 3 x 2 — 2x3 — X4 = 0, 


(5.59) 


returning fty^y 1° its original position n ^ 22 while bringing 71*2/3/4 to an angle 20 
from Again this is not a complete rotation of the whole sp about the line u. The 

final translation of X 4 to X 4 / one unit to the right of X3 provides d 4 = (4, 5, 6, 7) 
and 


4 s 

*4? • 


7 r 


yyy I X\ ~ 2 x 2 + X 3 = 0 , 


Fl'3'4' : X2 — 2x3 + X4 = 0, 


( 5 . 60 ) 


which is identical to ^1234- Unlike the case in R 3 , here the rotations’ angles are 
not all equal, though the sum is a full circle. The “anomaly” suggests that 0(A) 
is a function of the dimensionality N with 0(3) = 60° and 0(4) ~ 49.1°, and it 
is interesting to investigate further. For R^, 77^3 is the sp for the standard axes 

spacing d° = (0, 1, 2, . . . , N — 2, N — 1). The sp, after the translation of X\ to 
position Xy with axis spacing d 1 = (TV, 1, 2, . . . , N - 2, N - 1), is 7 rjg. The 
equations derived from (5.51) are: 
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< 



: x\ — 2 x 2 + x^ = 0, 

! x\ + (N — 2)x2 + (1 


N)x3 = 0. 


The angle function is 


<p(N) = cos 1 


V3(N-2) \ 

2\/3—3N+N 2 J 


(5.61) 


(5.62) 


some of whose values are 0(5) ~ 47.88°, 0(6) = 45°, and the lim^-MX) 0(AO = 
30°. 

Next let us compute the 1-flat (line) intersection t n = n^ s fl n where the plane 
7 r C M 4 to find the index-points representation for 7T , first for a general axis spacing 
d = (d\, d 2 , d?,, d/[) described by 


TV ! C\X\ + C2X2 + C 3 X 3 + C4V4 — Cq, 

71 123 * (^3 — ^2)^1 + ( d \ — d ?>) x 2 + (fi?2 — ^1)^3 — 0, 

77*234 : (^4 — d^)X2 + (fi?2 — ^4)-^3 + (^?3 — ^2)^4 = 0. 


With the notation 


a = c\ (<02 — d\) + < 73(^2 — d$) + q(^2 — d\), 
b = C 2 (d 2 ~ d\) + C3(^3 — d\) + 04^4 — d \ ), 
the line intersection is given by 

a (^2 — d\) 

£ n :x 2 = --xi H co, 

b b 


(5.63) 


(5.64) 


(5.65) 


since t n C ^ 1234 ^ ^ij ~ kr > f° r distinct indices i, j , k, r e (1, 2, 3, 4), so that 
in homogeneous coordinates, we obtain 


0 — 

^7Ti2 — 



d\)b + d\ J 2 c i ,(d 2 -d l )c 0 ,J 2 


i = 1 


i — 1 



/ 4 4 

V=1 /=l 



(5.66) 


Substituting the axis spacing in the above, the indexed points for the 
representation of n are obtained below, where S = c i : 
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7T(y — Tt 1234 — (c 2 + 2c3 + 3c4, Cp, S ), 

— ^1'234 — (4ci + C2 + 2c3 + 3c4, Co, *S) 

< 7T2' = 7Tp2 / 34 — (4ci + 5c2 + 2c3 + 3c4, cq, S), (5.67) 

Tty = 7tV2'3'4 — (4ci + 5C2 + 6C3 + 3c4 , Cq, S ), 

Tty — 7Ti/ 2'3'4' — (4ci + 5C2 H - 6C3 7c4, Cq, 5*). 

L. 

We wrote this out in full detail to show that again, the distance between adja- 
cently indexed points, appearing on the left above in simplified notation, is as 
for R 3 proportional (equal to the dimension) to the corresponding coefficient. 
Specifically, 

ft v - % = (4c 1, 0, 0), 

Tty - ft V — (4 C 2 , 0, 0), 

jty - jf 2 , = (4 c 3 , 0, 0), 

7*4' — Tty = (4c4, 0, 0). 

From this the relations analogous to (8.60) are immediately found, i.e., 

x(ny) = 12 — [x{fty) + x(ftp) + x(ny)], x(fty) — 4 + x{fty). 

To reduce the cumbersome notation, the sp equations (5.56), (5.57), (5.58), (5.59), 
(5.60) are referred to by , 7T^f, 7r 3 ; v , Tty , tt^; v respectively. Next we show that 
the indexed points can be easily obtained in general and the property in (5.68) holds 
for all N . 


(5.68) 


(5.69) 


Exercises 

1 . State explicitly the equations for the first sp in R 5 . 

2. Perform the standard translations of the five coordinate axes in R 5 to obtain 
explicitly the corresponding rotated five sp. 

3. Obtain the coordinates of the six points arising in the representation of a 4-flat 
in R 5 . This is the generalization of (5.67). 

5.4.2 Indexed Points in R N 

Remarkably, the collinearity property (as in Theorem 5.2.1) generalizes to higher 
dimensions, enabling the recursive (on the dimensionality) construction of the 
representation of p-flats for 2 < p < N— 1. To achieve this, some intermediate steps 
are needed. The indexed point corresponding to the axis spacing (i.e., obtained 
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from the translation of the axes X\, . . . , X/, to the positions Xy , . . . , Xy, see 
(9.1), is denoted by if//. 

Theorem 5.4.1 (B. Dimsdale) 77ze 1-fla it Pi it^ s , where i = 0, 1, . . . , iV 

TV 

ft : 2_j C k x k = c o* (5.70) 

k = 1 


fs (2 hyperplane in R^; (2 /? (tV — 1 ) : /fe fs represented by the point 


it a 


N N 

— ( ^ ] dikCk, cq, 'y ' Ck 
y=\ k=\ 


(5.71) 


where the dip are the interaxis distances for the spacing as given in (9.1). 
Explicitly, using (9.3), 

( N N 

- 1 + NSi(k))c k , c 0 , y2 c k i • ( 5 - 72 ) 

k= 1 &=1 


Proof. To determine the 1-flat and obtain its representation, it suffices to find two 
points in the intersection it D it (} s . 

Step 1. Points Pj = (p\j, P2j> • • • , PNj) ^ 71 y S are such that 

3m j, bj G R 3 pkj = tnjdk + bj . (5.73) 

Step 2. So for Py e it Pi it^ s , in addition to (5.73), the coordinates of Py must also 
satisfy (5.70), i.e., 

N 

y^c k (nijd k + bj) = c 0 . 

k = 1 


Step 3. By Step 1, Py is the straight line y — mjx + bj in the vy plane, and together 
with Step 2 we have 

N 

E c k{m jdk + (y -m jx)} = c 0 , 
k= 1 


or 


TV \ /TV \ / TV 

_m 7 ( XI Ck ) x + ( X! ) y = ~ m J (X! dkCk ) + c ° ; 

1=1 / U=1 / \fc=l 


(5.74) 


this is an alternative form of the equation for the line Pj . 
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Step 4. Since vy is the projective plane P 2 , for any two distinct points P\, P 2 the 
corresponding lines P\ and P 2 intersect at 


( — in 1 + m 2 ) 



x = (—mi + m2) 



N \ / N 

Sl ck \ x = (X! dk ° k 

Ji = 1 / V=1 


Substitution in (5.74) provides the remaining coordinate: 



The point (x, y ) is independent of the particular lines P\ and P 2 used, so all 
the lines Pj for the Pj in Step 2 must intersect at the same (x, y ). Converting to 
homogeneous coordinates yields (5.71). ■ 

Corollary 5.4.2 (Hyperplane Representation; J. Eickemeyer) The hyper- 
plane 1 x given by (5.70) is represented by the TV — 1 points Tty with N indices 
given by (5.72), for i = 0, 1, 2, . . . , (N — 2). 

Specifically, 

7 T(y = 7T 12. ..N — ( C 2 + 2^3 + • • • + (k — 1 )c k + • - • + (N — l)c^, Co, S ), 

if F — (2/ ci + C 2 + • • • + (k — \)c k + • • • + (N — 1 )cy , co, S ), 

if — (27ci + (2/ + l) c 2 + * * * + (k — \)c k + • • • + (N — 1 )cp, co, S ), 


W 


(A/ci + • • • + (A/" + i — 1 )c/ + /c/_|_i + • • • + (27— l)c^y, cq, S'), i > 1, 


rt(JSf—2y — (N C 1 + * ' ' + (2Af — 3)Cj/y — 2 + (Af — 2)c^v_i + (Af — l)c^v, c 0 , 5), 

— l) 7 — (Nc\ + • • • + (2N — 3)c^y — 2 + (2Af — 2)c^y_i + (N — l)c^y, cq, S ), 

i^/V 7 = (Nc\ + • • • + (2N — 3)c j /y_2 + (2N — 2)c^y_i + (2N — l)c^y, cq, <5), 

(5.75) 

where S = Y ^ k = 1 c k- The first A — 1 points suffice for the representation. As was 
done for R 3 and R 4 , it is useful to generate the two additional points ifjy_ 1? tt' n , 
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which here, based on the axis spacing d^j -1 , d^, with the their v coordinates 
(analogous to (5.69)) given by 

N—2 

X(N-\y = N(N - 1) - ^2 x i ' ’ x n ~ N + x f 0 , (5.76) 

i=0 

with the compact notation xg — x(x rg). 

A p-fi at in R N is specified by N — p linearly independent linear equations, 
which, without loss of generality, can be of the form 

^12-*-(p+l) * c ll^l c (p—l)l x p “I” c p\ x p+\ — c l0i 

^23--(p+2) ’ c 22 x 2 + * * * + c p2 x p+\ "f" c (p -\-\)2 x p +2 — c 2Ch 


7t 



] ^j-.^p+j) : c jj x j •“ c (p+j-l)j x p+j-l + c (p+j)j x p+j ~ c j 0’ 


n (N-p)---N : c (N-p)(N-p) x N-p H 

5~C(N—l)(N—p) x N—l + CN(N-p) x N = C(N-p)0> 


and is rewritten compactly as 


7t 



P+j 

' n j...(p+j) : H C J kXk = C j (h j = !’ 2 ’ • • • ’ (N ~ p) ' ■ 


(5.77) 


A /7-flat 7t p c R^ is the intersection of N — p hyperplanes, and (5.4.2) is 
the analogue of the “adjacent- variable” description for lines in Chapter 4 with 
analogous indexing. Unless otherwise specified, a /7-flat is described by (5.4.2) 
with the standard spacing d^. 

Theorem 5.4.3 (J. Eickemeyer) A p-fla in R^ given by (5.77) is represented 

by the (N — p)p points with p + 1 indices 


- P 

7t {j--dp+j)}i r 



(5.78) 


where j = 1,2,... , N — p,i = 1,2,... , p, and the d^ are the distances specific 
by the axis spacing dj^. 
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Proof. Each 7t j...( p +j) i n (5-77) can be considered as a hyperplane in R^ +1 ) : 
xj . . i, whose representation, according to Corollary 5.4.2, consists of the 

p points TTjj ( p +j)} f , i = 1, . . . , p. They are prescribed by the axis spacing 

= (dt i. . . . , di( p +\p ... , N) as Theorem 5.4.1. There are (N — p) hyperplanes 
described by (5.77); therefore there are (N — p)p such points altogether. ■ 

To clarify, a hyperplane tt in R 4 n (i.e., 3-flat) can be represented by 
the three points 




^1234> TC P234> TC P2 / 34’ (5.79) 

while for a 2-flat 7T 2 , p = 2, N = 4, /?(Af — /?) = 4, and it is represented by the 
four points 


. —2 


-2 


. ^2 -2 


^123 : 7r 123’ ^l^’ ^234 : ^234 ’ 7r 2 / 34 


(5.80) 


Similarly in R 5 , a hyperplane 7T is represented by four points, a 3-flat 7T 3 and a 
2-flat n 2 by six points each as, indicated below: 


n : ^ 12345? 7Tl'2345> 7r l / 2 / 345^ ^1'2'3'45> 


JT 


3 


7T 


2 


; 


3 


-3 


-3 


-3 

7r 1234 • ^1234’ n V234' 7r l / 2 / 34’ 


3 


; 


^3 


^3 


-3 

7r 2345 • 7r 2345’ 7r 2'345’ 


2.-2 -2 
^123 ! 7r 123’ It Y2V 


2.-2 -2 
234 • ^234’ 7r 2 / 34’ 


2.-2 -2 
345 : ^345 » n y 45 • 


(5.81) 


In many instances it is possible to use simplified notation by just retain- 
ing the subscripts so that the three points in (5.79) are referred to by 
1234, C234, l / 2 / 34. The dimensionality is one less than the number of indices. 
Continuing, the points representing pi 3 in (5.81) are denoted simply by 
1234, C234, l / 2 / 34; 2345, 2 ; 345, 2 / 3 / 45. Since there two sets of three points with 
five different indices altogether, we can conclude that this is a 2-flat in R 5 . The 
simplified and the more formal notation are used interchangeably as in Section 5.5. 
This theorem unifies all previous results for /7-flats n p with 0 < p < N. 


A FT-6e 
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5.4.3 Collinearity Property 

The underpinning of the construction algorithm for the point representation of a 
2-flat 7 r 2 C R 3 , as we saw, is the collinearity property. Namely, for any 7 T 1 C 7 T 2 , 
the points ft\ 2 , tt^, 71^3 are collinear with 71123 . For the generalization to /7-flats, 
let 


L Pk = 7 f Pk • 7 r Pk 

; n j-(p+j) 7 r O'+l)-”(p+j'+ 1 ) 


(5.82) 


denote the line L Pk on the indicated two points. The topic of this section is the proof 


that7T^ ^ l ,lt^ P ^ 2 Cit p C 


N 


7t p ( . n = l (/7_1)i nZ (rl)2 . 

j-(p+j+ i ) 7 7 


(5.83) 


As an example, for j = 1, /> = 2, Af = 3, our old friend from Section 5.2.2 is 
recast as 


L\ k = 7Tj2 • 7^3 


-2 


- 7T 


h — 7T 


tt 0 ^, k = 1 , 2 , 71^23 = Ti DL| . 


The pair (5.82) and (5.83) state the basic recursive construction implied in 
the representation mapping stated formally below. The recursion is on the dimen- 
sionality, increased by one at each stage, of the flat whose representative points are 
constructed. Though the notation may seem intimidating, the idea is straightforward, 
and to clarify it we illustrate it for a hyperplane it 3 c M 4 in Figs. 5.44 and 5.46 
starting from the four points 7 r 0l , 7 r ° 2 , 7 r ° 3 , 7 r ° 4 with -> pointing to the construction 
result. Diagrammatically, the sequence of steps is 


7r Gl , 7T° 2 

7 r° 2 , 7 r° 3 


7 r° 2 , 7 r° 3 

7T° 3 , 7T° 4 


It 

It 


ll 


7x21 ( n \23 ’ 71 P 23 ) 


It 

It 


13 


o / - 22 - 22 \ 

7122 (^234 ’ 7 ^2 / 34^ 


It {it 1 , It 


^ 7T 3 ) 


1234 ’ "F234 ’ "F2'34 


(5.84) 


For the construction of a regular (i.e., not ideal) flat, the flats it p C 7 r 3 with 
dimensionality 3 > p > 1 in the construction must have a nonempty intersec- 
tion. From the polygonal lines representing 7 r 0l , 7 T° 2 , 7 T° 3 , the two 1-flats 7 r 1 1 , 7 r 12 


are constructed with 7 T 11 Pi 7 T l2 = 7 T° 2 , yielding the points Trji, ith, it\\. 


12’ 23 ’ "34 


as 


shown in Fig. 5.44 (left). The portion of the construction involving x\, X 2 , V 3 is 
shown in Cartesian coordinates in Fig. 5.45. The three representing points for each 
1 -flat are joined by two lines to form polygonal lines having three vertices (the 
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y 



A pair of points 7r 01 , 7r° 2 determines a line (1-flat) it 11 represented by the three constructed points 
n}\ • , i =2,3,4 (left). Another 1-flat it 12 is determined by one of these points jr° 2 and an additional 
point 7r° 3 as represented by the three black points. Since n 11 Hi n 12 = jr° 2 , the two 1 -flats determine 

a 2-flat 7r 21 , and two of its representing points 7 ^ 3 , ^234 are seen on right- They are the 
intersections of the two polygonal lines joining the points previously obtained representing the two 
1 -flats. 


points). From the intersection of these new polygonal lines the points ^234 9 

representing a 2-flat contained on 7 T 3 , are constructed as shown on the right of 
Fig. 5.44. Similarly, it 22 is constructed from the three points 7 T° 2 , 7 T° 3 , 7 T ° 4 in the 
same way. 

At any stage, a point representing 7T r , where the superscript is the flat’s dimen- 
sion, is obtained by the intersection of any pair of lines joining points representing 
flats of dimension r — 1 contained in 7r r . 

The axes X\, X2 are each translated four units to the right, and construction 

proceeds until all three representing points ^ 2 34 ’ 77 y 234’ 7 ^H2 / 34 are Gained. The 
first translation is shown in Fig. 5.46 on the right. As a reminder, these points 
represent the lines that are the intersections of 7i 3 with the first superplane, due to 
the standard spacing with d\ = 0, <i 2 = 1, ^3 = 2, J 4 = 3, followed by the second 
sp with t/j = 4 and then the third sp with d 2 — 5 in R 4 . 


Theorem 5.4.4 (Collinearity Construction Algorithm) For any 

(p- 1) ^ HD A ~(P~ 2 ) ~(P~ 2) ~{p~ 1) 


JT 


(P~ 2) 


7 r 


C 


the points 7 zy ( p -\y 71 2 ( - 1 ) ’ 71 1 (p-l)p are co ^ near 
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Figure 5.45. 


The construction of the x 1 x 2 x 3 part of the 3 -flat 7r 3 from four points (0-flats). 


Proof. Step 1. Let the ( p — 1)- and ( p — 2)-flats be given by 


7t !) 

7T { P-V 


(/7 1) v-^/7+i - 1 

n i...{ P +i - D : £*=» c ik x k — c Qi, 

p+ j—2 

k=j a jk x k = a 0j , 


n (p ~ 2) 
n j--(P+j~ 2 ) 


E 


i = 1,... , N — p + l, 

j = 1, . . . , N — p + 2. 

(5.85) 


Step 2. Consider two distinct points A r = (a[, . . . , a r N ), r = 1, 2 e 7T^ 2 \ and 
substitute their first /7-components in the equation for i n (5.85) to obtain 

H b = c 0 i. (5.86) 

Substitution in the first two equations for i.e., ^-2)’ ^ 2 ^ (p-2)(p-iy 

yields 

7r 12...(p-2) : a ll a l + 1“ a (p-2)l^(^_2) + a (p-l)l a (^_i) — a 0L 

n 2...{p-2)(p- 1) ’ a 22 a 2 ”1 + a 0>-l)2 a (p_i) + a p2 a p = a 02> 
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Two 2-flats 7 r 2x , previously constructed, and another n 21 represented by the two black points (left), 
determine a 3-flat 7r 3 . Pairs of points representing the same 2-flat are joined, and their intersection 
is the point 7f 3 234 . This is one of the three points representing the 3-flat. The “debris” from the 
previous constructions, points with fewer than four indices, can now be discarded. A new axis (right) 
Xy is placed one unit to the right of X3, and the x\ values are transferred to it from the X\ axis. 
Points are now represented by new polygonal lines between the X2 and Xy axes, and one of the 
points ir^y, representing the 1-flat 7r 11 on the new triple of || -coordinate axes, is constructed as in the 
first step. 


A FT- 7 e 


whose sum is 

a n a[ + (a 2 \ + a 22 )a r 2 H b (a (p _i)i + a( / ,_i) 2 )a'( p _ 1) + a p2 a p 

= aoi+« 02 - (5.87) 

Step 3. Equations (5.86) and (5.87) are the same, since subtracting one from the 
other yields 

oc[(c u - an) + ot 2 {c 2 i - (a 2 \ +a 2 2 )} 5 \-a r p {c p \ - a p2 ) 

= coi - (a 0 i +a 02 ). (5.88) 

Letting r — 1,2 successively in (5.88) provides two equations whose difference is 

[aj — ot^\b\ + \a\ — a 2 ] + + • • • + [ctp — oi^]b p = 0, (5.89) 

the b[ being the coefficients of (5.88). This is effectively an identity for every pair 

of distinct points in Hence the coefficients and hence the right-hand- side 

of (5.88) must vanish: 
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coi = («01 + a 02). cn=an, c p i=a p 2, Ck\ = {ap\ + a^), 

k = 2, . . . , p — 1. 


(5.90) 


Step 4. The homogeneous coordinates of the three points in question as obtained 
from Theorem 5.4.3 are 


-(P-2) 
n i-(p- 1) 


( P~ 1 P ~ 1 

R d\pa\k, <3oi > 'Sh 

k = 1 £=1 


«l)t > 


( P P \ 

a 02> S2 a2k ) ’ 

k= 2 k= 2 / 


and 


n \2...{p-l)p 


- E d\k c 2ki C 0H ^1H- 


£=1 


£=1 


Note that for this portion of the construction, the axis spacing, is d\k — d^k, 
k = 1,2,... , p. Forming the determinant from these homogeneous coordinates 
yields 


P~ 1 


p - 1 


^2k=l d\k a \k a 0\ ^2k = 1 ^lk 

J2k= 2 d 2k^2k a 02 J2k= 2 a 2 k 

XLl d]_k c 2k C 01 J2k=l c 2k | b 

From Step 3 and the observation on the axis spacing, the last row is the sum of the 
first and second rows; thus the value of the determinant is zero, showing that the 
three points are collinear. ■ 

Corollary 5.4.5. For any C C R^, the points 

jr^P ^ 7 t^ p ^ nye ml tin ear 

7r {(7 + l)...(p+7-l)} / / ’ 7t l(J..-(j>+j-l)} i ' couinear 


The proof is the same, taking proper care to keep track of the indices and the 
corresponding axis spacing. The recursive construction is illustrated for a 5-flat in 
R 6 from Figs. 5.47 through 5.49. 


1 . What points represent the sp in R^ ? 
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2. State the coordinates of the five points representing a 5-flat jr cR 6 . 

3. State the points representing a 4-flat 7T 4 , 3-flat 7T 3 , and 2-flat n 2 in R 6 as in 
(5.81). 

4. Prove (5.76) for R N . 

5.5 ** Construction Algorithms in R 4 

The generalization of the 3-D construction algorithms to 4-D is direct and is an 
opportune time to introduce simplified notation, which is used when the context is 
clear. 

5.5.1 The Five Indexed Points 

The first example is the equivalent of the four-indexed-point algorithm in 
Section 5.3.2 for 4-D. That is, given three points 711234 , 774 / 234 , 774/^34 specifying 
a 3-flat 7 r 3 : c\x\ + C2-*2 + C 3 V 3 + C4X4 = cq in P 4 , we wish to construct the 
other two, Jti ^ 3/4 and tti' 2 ' 3 ' 4 '- We start by revisiting the last step in the recursive 
construction Fig. 5.46 and show it again in Fig. 5.50 (left). This is the stage where 
two lines Pi , P 2 each on the 123 and 234 points of a 2-flat determine the first point 
7Ti234 representing a 3-flat tt 3 , a situation completely analogous to that in Fig. 5.10, 
where here the dimensionality of the objects involved is raised by one. Of course, 
the lines represent points P\ e tt 4 s\ Pi 7i 21 and P 2 e n 4 si Pi it 22 for two 2-flats 
n 2{ , 7 r 22 contained in 7T 3 . As a reminder, containment is seen by the on relation. 
For example, line P is on point 7T 2 23 4^ P e 7T 2 , and here in particular the point 

P is on the line 7T 2 23 = 7T 2 Pi 7t[. As for the 3-D case, the point 711234 represents a 

line on an sp. Specifically, 711234 = 7T 4 ^ Pi 7T 3 . From a line P\ on the points 7T234 1 
(which we assume has been previously constructed) and ny2?> v the second point 
774/234 is determined, as shown on the right of Fig. 5.50. 

_ O _ Q _ O 

The algorithm’s input consists of three points 77q 234 , 7rj> 234 , ^'i/ 2 / 34’ s h° wn 
in simplified notation 1234, 1 ; 234, l / 2 / 34 on the left of Fig. 5.51. Four points 
determine a hyperplane it 3 c R 4 . On the right, three lines P, P r , P" are chosen on 
the points 1234, F234, l / 2 / 34 respectively. Clearly Pen 2 Pi7r 45 , P' e n 3 Pitt 4 /, 

P " e 7r 3 Pi 7r 4 f , and these three points determine a 2-flat n 2 c 7r 3 , which can be 
described by 


7T 


2 . 


2 


7r^ 23 : a\x\ + 02x2 + ^3^3 = a 0 


7T 234 : b2X2 + b^X2 + b4X4 = bQ. 


(5.91) 
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As for a 1-flat in a 2-flat, see Fig. 5.20; also, for a 2-flat in a 3-flat P Cl P ' , 7 r | 34 is 

one of the points representing tt 2 . It is denoted by 234 and is on the the horizontal 
line 234 , so that 2 r 34 is 234 D P ff . These two points represent 7 r | 34 given by 

(5.91), a 2-flat in the * 2 * 3*4 subspace of R 4 . The points tt 2 ^, Tt^yy* denoted by 
2 / 3 / 4, 2 / 3 / 4 / , are needed next and are determined from 234, 2 f 34 via the construction 
algorithm in Section 5.3.2. For the representation of the 2-flat as i n (5.91), any 

point 71^23 can be chosen on P, such as the one denoted by 123 in Fig. 5.52. The 
intersections of the horizontal line 123 on 123 and P ' , P" determine the points 


F23, V2 f 3. Four points determine a hyperplane 7T 3 C R 4 , and so far we have used 
three. Proceeding as shown in Fig. 5.52, the line P'" is drawn on the point 2 / 3 / 4 and 
parallel to P; the point P" f is the point P in the Xy, Xy, Xy, Xy axes, just as for 
the 3-D case but here P'" e 7T 3 Pi it \fyyy with n^yy coinciding with ^^234* The 

intersections of P ,n with the lines 123 , 1234 determine the points 1 / 2 / 3 / and \'2'3'4. 
The construction is completed by drawing the line P lv on the points 2 / 3 / 4 / , 1 / 2 / 3 / 
whose intersection with 1234 provides the the fifth point of the representation of 
7 r 3 . The four independent points P, P ' , P ff , P iv determine 7T 3 . The algorithm’s 
output is invariant with respect to the choice of points as well as the selection of 7T 2 
(see Exercise 3). Other equivalent determinations for the 3-flat are one point P and 
a 2-flat 7T 2 , or three lines, which are the 3-flat’s intersection with the sp providing 
the three indexed points’ representation. 

By the way, it is immediately clear that a 2-flat 7T 2 C 7T 3 4^ tt 2 123> 7r2 234> 
7T 3 1234 are collinear and equivalently for the remaining points representing 7T 3 . 
This is the generalization of the t C 7T 2 condition shown in Fig. 5.20 and of 
course a particular instance of the recursion on the dimensionality collinearity 
construction. 


5.5.2 Intersecting Hyperplanes in R 4 

Next we provide an algorithm that constructs the intersection of two 3 -flats 7 T 3l , 7 T 32 , 
the result being a 2-flat 7T 2 like the one given in (5.91). The algorithm’s input 
is shown on the left of Fig. 5.53, consisting of three points in || -coords each 
representing the two 3-flats. On the right, the lines P, P r , P" joining the pairs 
1234, F234, l / 2 / 34 represent three points that specify the 2-flat 7T 2 = 7T 31 Pi 7T 32 
whose representation is constructed in the next steps. As seen, the point 7 r | 34 = 

P Pi 234 also establishes the 234 horizontal line with 7r 2 / 34 = P n fl 234 marked 
by 2 ; 34. The points 2 / 3 / 4, 2 / 3 / 4 / and, using the previous algorithm, also V2'3 f 4 are 
constructed and for easy reference are marked by dotted circles. 
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The remaining steps are illustrated in Fig. 5.54: 

1. Draw the line P lv on the point 2 / 3 / 4 / parallel to P, as in the 3-D con- 
struction, since the point P lv is the point P but in the rotated coordinates 
designated by V, 2\ 3\ 4' in the simplifed notation. Necessarily, P lv is on the 
l / 2 / 3 / 4 / coordinate system and on the two horizontal lines 1234/, i = 1,2. 
The point 2 / 3 / 4 / was constructed previously for this purpose. Alternatively, 
any of the two points l f 2'3'4' can be used, but its construction is more 
laborious. 

2. The line P f " on the points 2 / 3 / 4, l / 2 / 3 / 4i is constructed, providing \'2!3' 4^ = 
P ,n fl 12342 and \'2'3' — P" D P iv , which establishes the 123 horizontal 
line. 

3. The points 123 = P n 123, 1'23 = P’ n 123, F2 r 3 = P” n 123 are now 
available. The coincidence of the points 123 and F23 here is due to the second 
coefficient — 0 of 7rf 2 3’ see (5.91), and is not true in general. 

Note that n 1 2 2 ^ is a 3-flat in R 4 parallel to the X 4 axis, and hence its equation has 
zero coefficient for X4. The locations of the points 123, F23, l / 2 / 3, l l 2 l 3 l , which 
are now available together with the first equation of (5.67) and equation (5.68) 
enable us to obtain the values of the n 2 22 coefficients. Similarly, the coefficients of 

the equation of 7 t| 34 , a 3-flat parallel to the x\ axis (hence zero coefficient of x\ is 

zero), are found. The two equations describe explicitly the algorithm’s output n 2 . 

Further higher-dimensional constructions are not presented. They offer 
wonderful opportunities for exercises (below), projects, and research topics. 


1. Simplify the above constructions using the relations in (5.69). 

2. Given four points each in a successive sp , provide an algorithm to construct the 

3- flat containing them. 

3 . For the algorithm in Section 5.5.1, show that the result is invariant for any choice 
of points Pen 2 Fur 45 , P f e n 2 Fur 4 /, P" e n 2 C\n^?,P iv e n 2 Ftt 4 ^,^, 

and 71^23- 

4. Generalize the algorithm in Section 5.3.6 for a point P and 3-flat n 2 in R 4 . 

5. For a given 3 -flat n 2 and a 1-flat (line) l, provide conditions for containment 
i C n 2 and l fl n 2 — 0. What is l fl 7T 3 ? 

6. Generalize the algorithm of Section 5.5.1 to R 5 6 7 and construct the six points 
arising in the representation of a 4-flat given the first four points. 

7. Generalize the algorithm of Section 5.5.2 to construct the intersection of two 

4- flats in R 5 . 
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X! X, X 3 X 4 X 5 X 6 X x , X 2 , X 3 / X 4 , X 5 ,X« X x X 2 X 3 


Figure 5.47. Randomly selected points on a hyperplane in R 6 . 

Polygonal lines (left) on the X\, . . . , X$ axes representing randomly selected points on a 5-flat 

n 5 C R 6 . The tt\ 1 2 , tt ^ portions of the 1 -flats C n 5 constructed (right) from the polygonal lines 
lines. No pattern is evident. 



Xi x 2 x 3 x A 



Figure 5.48. The 7rf 23 , ?r 234 (left) points for the 2-flats C tt 5 . 

They are constructed from the polygonal lines joining tt X2 , 7f 23 , 7r 34 . The 7 f^ 3 , ^ 234 
of the 2-flats C tt 5 constructed from the polygonal lines joining 7f 12 , 7f 23 , 7f 34 . 


(right) portions 


8 . Generalize the rotation of a 2-flat in R 3 to display in || -coords the rotation of 
a 3-flat in R 4 about an axis (i.e., a 1-flat). If it is not possible to perform this 
rotation, show graphically the constraints involved; hard. 
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^5 61 ' 2 ' 3 ' 4 ' 
^123456 ^ 234561 ' ^ 61 ' 2 ' 3 ' 4 ' 

...... — ml. - i~ 






X , X 2 X 3 X 4 X 5 X 6 X V Xv X! X 4 , Xy Xy 


Figure 5.49. This is it! 

On the left are the 7^345 , ^23456 °f 4-flats C n 5 constructed from the polygonal lines joining 

7T^234 , ^2345 ’ ^3456* This s fl° ws that the original points whose representation is in Fig. 5.47 (left) 
are on a 5-flat in M 6 . The remaining points of the representation are obtained in the same way, and 
all seven points of the representation of 7r 5 are seen on the right. The coefficients of its equation are 
equal to six times the distance between sequentially indexed points as in Fig. 5.18 for 3 


y y 



Figure 5.50. Continuing the construction of indexed points for a 3-flat 7r 3 in 4D. 

On the left is the point 711234 previously constructed in Fig. 5.46. Using simplified notation, the 
construction is continued on the right to obtain the point jfi/234, marked by F234. The points 
123 1 , l r 23i , 234 1 are points of the representation of a 2-flat 7r^ contained in 7r 3 . The lines P\ , P[ on 
1234 and F234 share the indices 234 and necessarily intersect at the point 234 1. 


5.6 Detecting Near Coplanarity 
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2'3'4 


Figure 5.51. On the left are the initial data for a 3-flat 7r 3 in M 4 . 

Three points (right) P e tt 3 , P' e 7r 3 Hi7r 4 L P" g 7t 3 D7t 4s are chosen. In the V2-X3-X4 subspace 
of M 4 they determine a 2-flat 7r| 34 . 



Figure 5.52. Completing the construction of the five points representing a hyperplane in M 4 . 


5.6 Detecting Near Coplanarity 

The coplanarity of a set of points Sen can be visually verified. If the points are 
perturbed, staying close to but no longer being on the plane n , can “near coplanarity” 
still be detected? Let us formulate this question more specifically by perturbing the 
coefficients c; of a plane’s equation by a small amount 6;. This generates a family 
of “proximate” planes forming a surface resembling a “multiply twisted slab.” Now 
the experiment is performed by selecting a random set of points from such a twisted 


180 


5. Planes, /?-Flats, and Hyperplanes 


7 


1234 


— o 


2 


i-2 


1234 ! 


l'234 


34] 


+ ■- 


2 


/~/ 


123 


/ ^ 


AT 

4 


123l4 


7 1234,i'934 a /l'2'34 2 


-123 


4! 


X 



1 2 3 4 l' 2 r 3" 

Figure 5.53. On the left are the initial data specifying two 3-flats 7r 31 , 7r 32 in M 4 . 

On the right, the lines P, P ' , P" are drawn on the pair of points 1234, F234, t'2'34 respectively, 
providing the 234 and 2 r 34 points for the 2-flat n 1 — 7r 31 n 7r 32 . Then the points 2 / 3 / 4, 2 / 3 / 4 / for 
7 r| 34 and l / 2 / 3 / 4i , shown within the dotted circles, are constructed. 


slab, and repeating the construction for the representation of planes. As shown 
in Figs. 5.55, 5.56, there is a remarkable resemblance to the coplanarity pattern. 
The construction also works for any N. It is also possible to obtain error bounds 
measuring the “near coplanarity” [131]. This topic is covered in Chapter 8 on 
proximity. 

Experiments performing similar constructions with points selected from several 
twisted slabs simultaneously showed that it is possible to determine the slabs 
from which the points were obtained or conversely can be fitted to. All this has 
important and interesting applications (USA patent # 5,631,982). Given a set of 
points composed of point clusters each from a different plane (or hyperplane), 
the determination of these planes can be made with very high accuracy and low 
computational complexity, as shown in the appendix on recent results. 


5.7 Representation Mapping, Version II 


Let us revisit and update the representation mapping 

J : 2 pN -* 2 P \ 2 V’ 2 ’~’ N \ 


(5.92) 


in view of this chapter’s results. The recursive construction starts with the non- 
recursive step for the representation of a point P e , a 0-flat 7r°, in terms of N 
points each with one index, the values of the coordinates pi,i e [1, . . . , N], of P 
on the X[ axes. For consistency, a point is also specified by the N equations 

x/ = pi, i = 1, . . . , N. 


(5.93) 


5.7 Representation Mapping, Version II 
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Figure 5.54. Intersection of two 3-flats in 4-D. 

The result is the 2-flat n 2 given by the points 123, l / 2 / 3 / , etc. representing tc 2 23 , and 234, 2 r 34, etc. 
for 7 t| 34 . 


The construction of a /7-flat from its points (0-flats) to lines (1 -flats) and so on 
proceeds according to Theorem 5.4.4, the dimensionality being raised by 1 until it 
reaches p , providing the indexed points needed for the representation. 

Let N r be the number of points and n r the number of indices appearing in the 
representation of a flat in R N . Then for a /7-flat, N r = (N — p)p, n r = p + 1, so 
that 

N r + n r = (N - p)p + (p + 1) = -p 2 + p(N + 1) + 1. (5.94) 


In R^ some examples are 

1. p = 0: points 7T° : iV r + n r = N + 1 , 

2. p — 1: lines 7T 1 \ N r -\- n r — (N — 1) + 2 = N + 1 , 

3. p = 2: 2-flats (2-planes) tt 2 : N r + n r = (N — 2)2 + 3 = 2N — 1 , 

4. p — N — 1 : hyperplanes iV r = N — l,n r — N : N r +n r — N -\-\-N — 2N — 1. 
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Figure 5.55. Polygonal lines representing a randomly selected set of “nearly” coplanar points. 
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Figure 5.56. The “near-coplanarity” pattern. 

The picture on the left is very similar to that obtained for coplanarity, with the points of intersection 
forming two clusters (right). 


Note that (5.94) does not include the case for p = 0 (points). In summary, the 
representation by points reveals that the object being represented is a p - flat whose 
dimensionality is one less than the number of indices used. The dimensionality of 
the space where the /7-flat resides is, of course, equal to the number of parallel axes, 
or it can also be found from the number of points (N — p)p if one knows the value 
of p . 


5.7 Representation Mapping, Version II 
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We have seen that the image T(U) = U of a U C consists of several points 
each indexed by a subset of [1, 2, . . . , N], the indexing being an essential part of 
the representation. The mapping I provides a unique representation, since it is one- 
to-one with U\ = H 2 ^ U\ — C / 2 - By representation is meant a minimal subset of 
points that uniquely identify the object in question, for as we have seen, there are 
many redundant points. The final version of the J is given in the conclusion after 
the representation of surfaces. 
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** Envelopes 


Note: Reading of this chapter is discretionary. It provides foundational background 
for the chapters on curves and surfaces. 


6.1 The Basic Idea 


Envelopes are encountered in many areas 
of mathematics as well as in several appli- 
cations. Also, they are useful background 
for the construction of representations in 
parallel coordinates. In our era, envelopes 
are no longer a “fashionable” subject and 
are often not covered in coursework. For 
good references one needs to look at 
older sources. For these reasons, a quick 
overview is included here. An extensive 
treatise is available in [17], while good 
shorter sections can be found in [35], [73], 
and [143]. 

First let us build some intuition. Con- 
sider a line t (x, y, a) = 0 in the xy plane, 



^x 




C 




\ 


1/ < ( V, V. a) 

/ 


*****%.._. : 




Figure 6.1. Envelope is a circle. 

The circle C is tangent at each point 
to a specific line l(x,y,a), which is 
rotated at a constant distance r from the 
point O . 


as shown in Fig. 6.1, rotated at a constant 

distance r from a point O. Its position is specified by the angle a. This rotation 
traces a circle C of radius r and centered at O . At each point of C there is exactly 
one line, as specified by a , that is tangent to C at that point. We say that C is the 


A. Inselberg, Parallel Coordinates, DOI 10.1007/978-0-387-68628-8_6, 
© Springer Science+Business Media, LLC 2009 
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envelope of the family of curves l (x, y, a) =0. 
For another example, consider a rod with length 
d constrained in the vertical plane xy sliding 
so that it always touches the wall and floor as 
shown in Fig. 6.2. Formally, we have a family of 
segments d (x , y , a) all having constant length d 
whose position can be prescribed by the angle a 
between the floor and the segment. These rods 
are tangent to a curve called A, which is one of 
the four arcs of an astroid given by 


y 



x 


2/3 + j2/3 = ^ 


Figure 6.2. Envelope is one 
quarter of an astroid. 

A rod d constrained to slide in 
the vertical plane while touch- 
ing both the vertical wall and 
the floor traces (i.e., is always 
tangent to) a curve called an 
astroid. 


This, of course, needs to be shown. 

In each example there is a one-parameter 
family , T , of curves F(x, y, a) = 0, each curve 
being specified by a value of the parameter a. 

Also, in each case we saw that there is yet 

another curve £ that is tangent at each point to a curve in the family T . In the 
first case this was the circle C, and in the second, the astroid A. It happened that the 
families of curves in both cases were linear in x and y , but this does not detract from 
the generality. For example, the astroid, with all four arcs, turns out to be tangent 
at each one of its points to a curve of the family 




2 


F(x, y, a) = — + 


y 


2 


a 


2 (1 — a ) 2 


-1=0, 


as shown in Fig. 6.3. These are the ellipses centered at the origin with semiaxes of 
length a and a — 1. That is, the sum of the length of the semiaxes is always 1; so 
the circle with diameter 1 is included in this family. 


6.2 Formulation 

A one-parameter family of curves in the xy plane can be described by a function 

F(x, y, a) = 0, (6.1) 

where a e R. There may exist a curve £ that touches 28 at each of its points a member 
of (6.1). The curve £ is called the envelope of the family T . There remains to see 

28 In the ensuing it will become clear why the word “touches” rather than “tangent” is used here. 
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y 



Figure 6.3. Envelope is a full astroid. 

The envelope of the family of ellipses with sum of their semiaxes constant. 



Figure 6.4. The envelope £ and two intersecting neighboring curves of F. 


how £, when it exists, can be found. Keeping with the mantra “let intuition guide the 
formalism,” we will add the conditions as the need is encountered and explained. 
At first we assume that the curves of T are tangent to £, and that neighboring 
curves of the family intersect at points “close” to £ and lie on the same side. This 
is the purpose of the illustration in Fig. 6.4, where the curves F(x, y, a) =0 and 
F(x, y, a + h) = 0 are shown intersecting at P. The idea is to find the point of 
intersection P of these two curves and let /z — ^ 0. Then, given sufficient smoothness 
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conditions, P must approach the point of contact of F(x, y, a) = 0 with £, since 
at P, 


F(x , y, a) = F(x, y, a + h) = 0, 


and therefore 


F(x, y, a + h) - F(x, y,a ) 

Ti _ 

When the function F ( a . y, a) = 0 is differentiable with respect to a Wa e R 
and h —> 0 above, we obtain that the point of contact with £ has coordinates (x, _y), 
which are found by eliminating the parameter a from the two equations: 


Fix, y, a) = 0, 
f(x,y,a) =0. 


( 6 . 2 ) 


6.3 Necessary and Sufficient Conditions 


Under what conditions does (6.2) yield the envelope, and what other possibilities 
may exist? Let us assume that £ is parametrizable and can be given in terms of two 
continuously differentiable functions 


with 



y = y(a ), 



(6.3) 


(6.4) 


and is tangent to the curve F(x, y, a) = 0 with the same value of the parameter 
a at the point of contact, as shown in Fig. 6.5. The underlying reason why such a 
parametrization is possible here is that at each point (x, y) of £ there exists an a 
specifying F(x , y, a) at that point. Hence it is possible to parametrize £ in terms 
of a with 


F(x(a ), y(a ), a) = 0 


(6.5) 


valid at the point of contact. Differentiating (6.5) with respect to a , we obtain 



( 6 . 6 ) 
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Figure 6.5. 


Point of contact between the envelope £ and a curve in F. 


The derivatives ^ are proportional to the direction cosines of the tangent 
t of £, while the quantities F x , F y are proportional to the direction cosines of the 
normal n to the curve F(x, y, a) = 0 of the family. These two vectors t, n must be 
orthogonal to each other. Therefore, the inner product of the corresponding direction 
cosines satisfies 



so that (6.6) and (6.7) together imply 


Fa (x, y, a) = 0. 


(6.7) 


Hence the conditions of (6.2), which were previously found sufficien , have now 
been shown to be necessary for the existence of £. 


6.3.1 Singular Points 

When 


F x (x, y, a) = F y (x , y, a) = 0, 

the curve F(x, y, a) = 0 of the family may have singular points (where F is not 
continuously differentiable there), and no conlusions can be drawn about the contact 
of the curves. For algebraic curves (i.e., polynomials), the singular points may be 

• points of self-inter section: points where the curve crosses itself, 

• points of self-tangency : where the derivative is continuous but the curve has 
portions above and below the tangent at each point, 

• cusps : where the derivative is not continuous, 

• isolated points : points disjoint from the curve. 
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An algebraic curve can have only a finite number of singular points, and when 
it has none, it is called smooth. When the envelope is found using (6.2), £ may also 
contain singular points. 

6.4 Examples: Envelopes of Families of Curves 

The following examples are intended to clarify the method and indicate various 
possibilities. 

1 . The family 

2 2 

F(x,y,a)=x +y — 2x cos a — 2y sin a = 0 (6.8) 

describes a family of circles that have unit radius and pass through the origin. 
This becomes a bit clearer when (6.8) is rewritten as 

2 . 2 

(x — cos a) + (y — sin a) = 1, 

indicating that the circles are centered on the circumference of the circle 

C\ : x — cos a, y — sin a, 

which has unit radius and center at the origin, as shown in Fig. 6.6. 

To find the envelope, we differentiate to obtain 

F a = 0 =>► x sin a — y cos a = 0. (6.9) 

y 



Figure 6.6. Family of circles centered on the unit circle C \ . 

Note the envelope consiting of the outer circle and the isolated point at the origin. 
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Figure 6.7. Family of self-tangent curves and their envelope. 


The two equations (6.8) and (6.9) are satisfied by x = 0 and y = 0. 
Hence (0, 0) e £. Further, when x 2 + y 2 f 0, the solution (do this as an 
exercise) is 


y x 

sin a = — , cos a — — , 

2 2 

and eliminating a yields 

x 2 + y 2 = 4. 

That is, using (6.2), we found that £ consists of 

(a) the circle of radius 2 centered at the origin, and 

(b) the isolated point at the origin. 

2. Now we consider the family of curves 

F(x, y, a) = y 2 — (x — a) 4 = 0. (6.10) 

Each curve in this family consists of a parabola and its reflection about the x 
axis, so there is a point of self-tangency at (a, 0). Using (6.2), the envelope 
is found to consist of all the points (called the locus) of self-tangency, as 
illustrated in Fig. 6.7. This example shows that it is not essential, as assumed 
in the formulation, for the curves to be on one side of £, and it suffices that 
there be sets of points of intersection of neighboring curves on either side that 
enable the limit as h -> 0 in the derivation of (6.2) to exist. 

3. Applying (6.2) to the family of cubical parabolas 

F(x, y, a) = (x - a) 2 - y 3 = 0 


( 6 . 11 ) 
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y 



gives the x axis, which is the locus of the cusps , as a result. From Fig. 6.8 it is 
clear, however, that this is not the envelope, since it is not tangent to the curves 
of the family at the point of contact. It is instructive to review the derivation 
of (6.2) and find which of the assumptions failed to be true here. 

4. The next example illustrates that the points of the envelope need not be the 
limit of neighboring intersecting points of the curves in the family. Consider 
the family of cubical parabolas 

F(x, y, a) = y — (x — a ) 3 = 0, (6.12) 

which are identical except for the translation by a and do not intersect each 
other. Applying (6.2) provides the condition F a — 3(x — a) 2 = 0, which in 
turn shows that £ is the x axis. We accept this as the envelope of the family, 
since each F is tangent to it, as shown in Fig. 6.9. 

5. For our last example we consider the family of strophoids 

F(x , y, a) = [(y — a) 2 + x 2 ](x — 2) + x = 0, (6.13) 




► x 


Figure 6.9. Family of curves with inflection points. 
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Figure 6.10. Family of self-intersecting curves. 


which as Fig. 6.10 shows are self-intersecting (the point of intersection is also 
called a double point). Each curve can be translated to any other curve. We find 
that 


F a — —2 (y — a)(x — 2) = 0 =4> x = 2 or y = a. 

Since no finite finite value of y corresponds to x = 2, we take y = a, so that 
x 1 2 (x — 2) + 2 = 0. This suggests that £ consists of the two vertical lines x = 0 
and x — \. Yet it is clear from the figure that only x = 0 can be considered as 
the envelope, while the line x = 1 is the locus of the self-inter sections. Again 
it is a good idea to run through the derivation to see which assumptions failed 
to be true. 


1 . Prove that one arc of the astroid is the envelope of the falling stick as described 
at the beginning of this section. 

2. Prove that all four arcs of the astroid are the envelopes of the ellipses whose 
semiaxes have a constant sum. 
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3. Find the envelope of the family of ellipses whose semiaxes are collinear and 
whose areas are constant. Hint: Area of ellipse = nab , where a , b are the 
lengths of the semiaxes. 

In connection with parallel coordinates, 

4. Prove the basic point line duality using envelopes. 

5. Derive the vertical-line representation of planes using envelopes. 

6. Derive the 2-point representation of planes in R 3 using envelopes. 

7. Show using envelopes that in P 2 , conics are mapped into conics. This is an 
excellent but challenging project topic. 



7 


Curves 


7.1 


We revisit the fundamental duality in the plane, Chapter 3, starting with the point- 
to-line correspondence 

p : (Pi, P2, P3) — > P ■ [(p 1 - P2), dP3, -dpi], (7.1) 

where d is the distance between the X\ and X 2 axes and the triples within [• • • ] and 
(• • • ) are the line and point homogeneous coordinates respectively. Unless otherwise 
stated, P is a regular (i.e., Euclidean) point, so without loss of generality, 773 = 1, 
whence 


jftFT-i Point-Curves and Line-Curves 


p ■ (pu P2 , 1) — > P ■ [(p 1 - P2),d, -dp 1 ]. (7.2) 

The line-to-point correspondence is 

l : \a\, <22 , < 33 ] — > f : (d< 32 , ~ < 33 , ^1 + 02 ) > (7.3) 

for l : ai vi + < 22 V 2 + <33 = 0. When <32 7 ^ 0, the slope of t is m — — f 1 , the 
intercept is b — — and 

l : [m, —1, /?] — > l : (d,b, 1 — m). (7.4) 

The image of each point P on a curve c is a line obtained from (7.1), as shown in 
Fig. 7.1 (left), and the envelope of all such lines, when it exists, is the curve c, the 
image of c. So we need to consider two types of curves: the point-curves we have 
known and loved all our lives, and which are made up of points, and line-curves , 


A. Inselberg, Parallel Coordinates, DOI 10.1007/978-0-387-68628-8_7, 
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Figure 7.1. 


Point c and line curves c. 


(Right) Vertex in r maps into a straight line in r . 


which are formed by the envelope of a family of lines, usually but not always their 
tangents. 

The point ** line duality in the projective plane P 2 causes the duality 

point-curve line-curve. 

In fact, l , the point image of the line (curve) of t given by (7.3), is the envelope of the 
lines P for P e l . In this chapter we learn to construct the representation of curves 
in || -coords efficiently and study properties of the image curves. In the ensuing, we 
consider piecewise differentiable curves r, i.e., r = r\ U U • • • U r; U r/ + i • • • U 
r n , where the r; are differentiable. The endpoints of r may be ideal. At a vertex 
Vi = r/ D r r+ 1 where there are two tangents, f will contain a straight-line segment 
Vi separating the two line-curves r\, r/ + 1 ; see Fig. 7.1 (right). 

7.1.1 Separation in the xy Plane 

Recall the basic idea of sepa- 
rating points by a line. In the 
Euclidean x\X 2 plane, a point 
P : (p 1> Pi) is said to be on, 
above, or below the line l : 

X 2 = mx i + b if the expres- 
sion (p2—pim) =, <> > b\ see 
the right-hand part of Fig. 7.2. 

This is equivalent to placing 
a normal vector n on the line 
l, providing two half-planes on 
either side of the line as well as 
a direction (that of the normal). 

The above or below relation of 


Y x 2 



Figure 7.2. The “above” and “below” relations 
between points and lines switch at m = 1 . 
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a point P with respect to I is then specified in terms of the half-plane on which P 
lies. For a vertical line, say x\ = c , the direction still determines unambiguously 
the half-spaces and hence the above/below relation, which would otherwise be 
ambiguous. 

Alternatively, we can revert to the line (7.3) with a\ — 0 and the convention 
that the direction of increasing x\ specifies the “above” half-plane. Since we are 
working in the projective plane P 2 , we consider any regular (i.e., Euclidean) point 
as being below the ideal line foo- As indicated on the left-hand side of Fig. 7.2, this 
situation is more fun in || -coords, for there the separation criterion “flips” at m — 1 . 
Correspondingly, P is the line y — ( p 2 — p\)x + p\, where to simplify matters 
we set d = 1 from now on. The various cases for I f are summarized 29 in the 
following lemma. 

Lemma 7.1.1. 1. P is on , below (above) a line I whose slope m < 1 <<=>► P is 
on, below (above) L 

2. P is on, below (above) a line I whose slope m > 1 P is on, above 

(below) L 

Let 


M C (I) — max{m c (P)|P(xi) e c, x \ e /}, (7.5) 

where m c (P ) is the slope of the tangent of the curve c : x^ — r(x\) at the point 
P . Further, by considering at each vertex the supporting line with maximum slope 
instead of the tangent in the above definition, M C (I ) can be defined for a complete 
piecewise smooth curve. Clearly, then, tracing the above/below relation in the 
image c of a curve c depends on whether M C (I) goes through the value 1. There 
are some straight forward consequences of the lemma, which for convenience are 
listed separately. They are true because the statements are true pointwise. 

Corollary 7.1.2. 1. For M c < 1 , c is below (above) a point P c is below 
(above) P. 

2. For M c > 1 , c is below (above) a point P c is above (below) P. 

Definitio 7.1.3. A curvesegmentr is convex downward (cd) (also sometimes called 
“concave”) if it is on or below any one of its tangents (or more generally, supporting 
lines). It is convex upward (cu) if it is on or above any one of its tangents; see Fig. 7.3. 

When for the curve r : X 2 = r(x\), r' and r " exist in the interval of interest, 
then where r is cd, r f is monotone increasing; hence r" > 0. Further, where r is cu, 


29 Fortunately, consideration of the “slope subcases” is not required for higher dimensions; see 
section 5.3.5 in chapter 5 on planes. 
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Figure 7.3. Curves r flip cu cd for M r < 1 and do not flip for M r > 1; Corollary 7.1.4. 

r f is monotone decreasing, so r " < 0. If there is a transition from cu to cd (or vice 
versa), then necessarily r n — 0 there; more on this shortly. 

Corollary 7.1.4. 1. If r is a cd (cu) curve segment with M r < 1, then r is cu 
(cd). 

2. Ifr is a cd (cu) curve segment with M r > l, then r is cd (cu). 

Proof. Since f is on or above any of its tangents, it follows that r cu, as shown in 
Fig. 7.3. Pay attention that even though the above/below relation between l, P, l, 
and P is preserved, the cu/cd property between r and r “flips,” since r is a point- 
curve and r is a line-curve. The proof for the remaining cases (two of which are 
illustrated in Fig. 7.3) is completely analogous. ■ 

Certain properties are not intrinsic to a curve. Rather, they are incidental to 
the curve’s position or orientation with respect to a specific coordinate system. For 
example, vertical or horizontal tangents do not persist under a rotation, and for 
that matter, cu cd with appropriate rotations. Properties such as shape (circle, 
triangle) that are unaltered by rotations, translations, and scaling are geometrical. 
The properties of curves and surfaces varying pointwise are studied in differential 
geometry using the techniques of calculus and vector analysis for the more elemen- 
tary aspects, and tensor methods for the more advanced. In keeping with our aim of 
making this text widely accessible, only the essentials of this subject are employed. 
For a more rigorous and thorough background there are excellent references such 
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as [166], [75], [183], [48], with [121] recommended for a most enjoyable overview 
interlaced with the historical development of differential geometry (Chapters 23 
and 37). 


7.2 Duality between Cusps and Inflection Points 

The description of inflectio 
points (ip) turns out to be a bit 
stickier than that given at the ele- 
mentary calculus level (see, for 
example, [55] and [180]). The 
tangent to a curve c touches it 
at the point of contact P = 

Where r"(x\) f 0, 
the circle with the largest radius 
7?(vi) having the same tangent 
at P as c is found, and it mea- 
sures the local curvature = 1/R 
of c (though “circularity” would 
be a more accurate term). The 
circle’s arc is the best “circular” 
approximation of the curve at P . 

Clearly this circle’s center, called 
the center of curvature, lies on the 
concave side of c. The directed line perpendicular to the tangent at P and pointing 
toward the center of curvature is the normal. Directing the tangent so that together 
with the normal as axes they form a right-handed orthogonal coordinate system 
provides a convenient frame of reference for the study of the curve’s behavior and 
characterization of various types of points, described next and illustrated in Fig. 7.4. 

1. Regular 30 : where the normal but not the tangent crosses the curve. A line 
crosses a curve when parts of the curve (consisting of more than a point) lie 
on both sides of the curve as in (a) of Fig. 7.4. 

2. Inflectio point (ip): where both the tangent and the normal cross the curve as 
in (b) of Fig. 7.4. 

3. Cusp of the first kind: where the tangent but not the normal crosses the curve 
as in (d) of Fig. 7.4. 






Figure 7.4. Types of points on a curve. 

The coordinate system here is the tangent and 
normal at the point. 


30 


This name here is not to be confused with a regular (i.e., Euclidean) point of the projective plane. 
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4. Cusp of the second kind: where neither the tangent nor the normal crosses the 
curve as in (c) of Fig. 7.4. 


This by no means exhausts the possibilities. We will not deal with other kinds 
of singularities, which have more complicated rigorous descriptions, though some 
are easy enough to illustrate. Points that are not regular are called singular. In fact, 
we will consider only cusps of the first kind and refer to them simply as cusps. 
It is important to note that curves having cusps and inflection points have both 
a cu and cd portion in a neighborhood of these points. Strikingly, our point-line 
duality induces an ip-cusp duality. This result, which we obtain next with straight 
forward geometric argument, is more general than that shown in algebraic geometry 
specifically for algebraic (polynomial) curves [61, p. 88]. 


Theorem 7.2.1 


(ip cusp duality) 


*FT-2 


1. I ip of a point-curve r with tangent i i cusp of the line-curve r with tan- 
gent I. 

2. C cusp of a point-curve r with tangent c o c ip of the line-curve r with tan- 
gent C. 


Proof Step 1 . Consider a curve r having an inflection point / with tangent i in the 
tangent (xi)-normal (^ 2 ) coordinate system shown in Fig. 7.5. Since the slope of 
the tangent i at I is zero, 3 an interval S on the x\ (tangent) axis containing I and 
where M r < 1 . It is easy to see that in a neighborhood S of an inflection point the 
curve is necessarily monotone (increasing or decreasing). Further, with 5, r has a 


y 



Figure 7.5. Inflection point (ip) to cusp. 
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cu part r u and a cd part rj with the transition occurring at the inflection point 1 (see 
exercises below). 

Step 2. By Step 1, for each a e I 3 also e S such that r\a) — r\a / 1 ). 

Step 3. By Step 2 and (7.3) for the tangents t , t f to r at the points P = r(a), 
P = (<s/| ) respectively, t,t f the corresponding points on r occur at the same 

x = m being the common slope of t and t\ of the vy plane. Hence the 

curve r is double-valued. 

Step A. By Step 1 and Corollary 7.1.4, r must consist of a cu and cd portion. 
Specifically, since M r < 1 on /, r u is cd and rj is cu, and I is the tangent separating 
them at i . 

Step 5. Now let us consider the case that the tangent at the point of inflection has 
slope other than 0. Specifically, as shown in Fig. 7.6, r has inflection point I\ 
with tangent i \ having slope less than 1 and not necessarily 0. By exactly the same 
argument as above, r has a cusp at i \ with tangent I \ . The portions r u and rj become 
cd F u and cu f c \ respectively. 



Figure 7.6. The duality inflection points cusps is slope-independent /n/1. 
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Figure 7.7. The image of a cusp is an inflection point. 


Step 6. The counterpart for a curve s with M s > 1 having an inflection point (see 
Fig. 7.6) is still the same kind of argument, where now the cu and cd parts stay cu 
and cd in the image r. 

Step 7. The proof of the second assertion for cusps is similar. Again we start with a 
point-curve r shown in Fig. 7.7 with the normal-tangent coordinate system, having 
a cusp C with slope c. It is clear that the image c equals x D Since C is a cusp, 
3 an interval S on the x\ (tangent) axis with C e S, and on this interval, M r < 1. 
Further, WaS3a f e S such that the derivatives r\a ), — r\a f ) are equal, with t and t f 
being the tangents to r at a and a r respectively. This is due to the double-valuedness 
of r in some neighborhood. 

Step 8. Step 7 implies that t and t will be on opposite sides of the X 2 axis where c 
resides. Hence r u and rj will be on opposite sides of the X 2 axis, since this is true 
Wa e S. Since M r < 1 there, f u is cd and rj is cu. 

Step 9. The image r = f u U f d by Step 8 has an inflection point at c with 
tangent C . 

Step 10. The proof when the tangent at the cusp is not horizontal is the exact 
counterpart of the proof for the inflection given above and illustrated in Fig. 7.8. 

Step 11. Finally a word about the slope of the curve going through 1. The case for 
inflection points is illustrated in Fig. 7.9. The case for cusps involves a subtlety, and 
the reader is encouraged to work it out in detail (see exercises below). ■ 
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Figure 7.8. The duality cusp inflection point is independent of slope. 



Figure 7.9. Inflection points to cusps when the curve goes through m = 1. 


1. Show that in a neighborhood of an inflection point I of a curve r: 

(a) the curve r has a cu portion r u and cd portion r c separated by /, and 

(b) the curve r is monotone there. 

2. Show that in a neighborhood of a cusp C of a curve r: 

(a) the curve r has a cu and cd portion separated by the tangent at C, and 

(b) the curve r has a monotone increasing and monotone decreasing portion 
also separated by the tangent at C. 
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3. Find the envelope of each of the following curves in a neighborhood of its 
singular points (most of them at (0, 0)) and identify the kind of singularity: 

(a) y = x 3 . 

(b) (. x 2 + y 2 ) 2 — 2 a 2 (x 2 — y 2 ) = 0. 

(c) the astroid : x 2//3 + y 2//3 = a 2 / 3 . 

(d) y = x 1/3 . 

(e) y 3 — x 2 = 0. 

(f) the cissoid : x 3 + xy 2 — 2ay 2 = 0. 

(g) y = x 3 , x < 0 and = x 2 , x > 0. 

(h) the arclight curve : x 2 y 2 + a 2 x 2 — a 2 y 2 = 0. 

(i) y = x 2//3 . 

0) y 3 -x 4 = 0. 

(k) the trisectrix : x 3 + xy 2 + ay 2 — 3ax 2 = 0. 

4. Carefully study the image of cusps whose tangent has slope 1. 

5. What happens when a point-curve has vertical slope at its cusp, and what is the 
point-curve whose line-curve image has a cusp with vertical slope? 


7.3 


As posed, the construction of a curve’s image involves the sequence of operations 

{ point-curve } — [line-curve] — [point-curve — envelope of line-curve]. 

Unlike the example shown earlier in Fig. 7.1, where the line-curve image (i.e., the 
underlying envelope) is clear, in general the overlapping lines obscure portions of the 
resulting line-curve (see Exercise 1 below). In what follows, the intermediate steps 
are eliminated, resulting in a one-step equivalent [point-curve] -> [point-curve)] 
transformation having a natural generalization, as we see later on, to surfaces in 

r n . 

Consider a planar curve c, which for the sake of generality is given implicitly 
by 


+ FT-3 Point-Curves Point-Curves 


c : F(x i, X 2 ) = 0. (7.6) 

Rather than plot lines for the images of its points, the better way is to deal directly 
with the tangents at each point and convert them via (7.4) to points. Then, as 
illustrated on the right part of Fig. 7.10, determine the relation c : f(x, y) = 0. This 
is not only a tremendous labor-saving device, but it also avoids completely plotting 
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Figure 7.10. Obtaining the point-curve c directly from the point-curve c. 


and working with the line-curves. Proceeding, we obtain the total differential of F 
and the slope, i.e., 


dx ? F x , 

dF = F Xl dx\ + F X2 dx 2 = 0 - — = — — . 

dx i F X2 


For a point (x\, x 2 ) on the the tangent £ 0 at the point P Q = {x°, x%) c c, its slope 
is given by 



(x 2 - xp 

(xi - x° x ) ’ 


and the intercept is found by setting x\ = 0 above, with the x 2 axis 



o 

'2 


x^F 


o 

%2 


O rpO 


+ x l F x x 


F° 

F X2 


Substituting in (7.3) yields the point coordinates 

dF/dx 2 {x\dF /dx\ + x 2 dF/dx 2 ) 

X _d (3F/3xi +~dF/dx 2 )’ ^ _ (dF/dxi + 3F/3x 2 ) 


(7.7) 


where d is the interaxis distance and the superscript 0 is dropped, since the result is 
true for any point (x\, x 2 ). Ideal points of c occur at the zeros of the denominator. 
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The smoothness of c ensures the continuity of c. The result, (7.7), is known as the 
“Inselberg transformation” [41], [42]. 

Tracing the analogous steps for the transformation in the reverse direction 
f(x,y ) = 0 F(x i, xf) — 0, we start with 

dy f x 

df = f x dx + fydy = 0 — = - — . 

dy fy 


The line P Q that is tangent to the curve c (see the left part of Fig. 7.10) at the point 
l = (x Q , y 0 ) has the equation 



Since it represents the point P Q = (x°, xf), the intersections with the X\, X 2 axes 
are at x° and x^ respectively. In turn, these are obtained from the equation at x = 0 
and x = d, providing 

xfx + yfy (x - d) f x + yf x rn 

x\ = 1 X 2 = ? (7.8) 

Jy Jy 

where again, reference to the original point {x°, x?f) is dropped. In this way we have 
obtained the transformation: 


c : point-curve(x\X2 plane) <-> c : point-curve(xy plane), 


where we have forsaken the messy intermediate step of having to deal with the 
line-curve. When the original point-curve is given explicitly by X 2 = g(x\), then 
(7.7) reduces to 



d 

1 - g'(,x l)’ 


*2 +*lg / (*l) 
1 - g'(x 1 ) 


(7.9) 


The value d — 1 is used throughout this chapter. The significance of varying d is 
better appreciated in Chapter 9, on surfaces. From now on, the images are shown 
as point-curve images, and occasionally, when there are no overlapping problems, 
as line-curves. 


1. Plot the line-curve corresponding to X 2 — sin;q. Hint: the inflection-point 
cusp duality is helpful in understanding the curve. 

2. Find and plot the image of X 2 — sinxi directly as a point-curve using (7.9). 
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3. Derive the analogue of (7.8) for x^ — g(x\). 

4. From (7.9), find the image of gOq) = a$x \ n + x\. 

5. Derive equations (7.7) and (7.8) directly as the envelope of the family of lines 
corresponding to the points of the curve c given by (7.6). 

6. Write a program that uses the above results to plot the point-curves c for both 
implicitly and explicitly defined point-curves c using the above results. This 
can be a nice project topic. 


Curve Plotting 

The image of a piecewise smooth curve can be computed and plotted via (7.7). 
Qualitatively, we can learn quite a bit from some elementary considerations of the 
duality by reviewing Fig. 7.11, which we saw earlier in Chapter 3, helping us sketch 
the curve’s image. The portofolio of accompanying curves and their images, chosen 
to hone our experience, is drawn using a “curve-plotter” based on MATLAB. 31 
Due to the notational limitations of MATLAB, the bars “ “ ” are not included in the 
figures. 


A FT-4 


y 



Figure 7.11. Horizontal position of i depends only on the slope m of t . 


31 This beautiful curve-plotter (Exercise 6) was written by Tal Tzur and Gilat Schwartz for their course 
project in 2004. 
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Figure 7.12. The algebraic curve c : X 2 = x\ + x\ — x\ — 1 (left) has image (right) of degree 6. 


In Section 7.6 it is pointed out that the image c of an algebraic (i.e., described 
by a polynomial) curve c of degree n is also algebraic with degree n* as given by 
the Pliicker class formula (7.40), where v, d are the number of cusps and double- 
crossing points respectively. For the curve c on the left of Fig. 7.12, n — 3, 
d — 0, v = 0, hence for the image curve (right), we have = 6. The analysis 
is facilitated by Fig. 7.13. The curve c has slope m = 1 at the points A i and A/?, 
causing the image curve c to split; the points of tangency there are mapped to ideal 
points. The portion cj of c between A ^ and A r has the the right branch of c as its 
image. According to Theorem 7.2.1, the inflection point I is mapped into the cusp i 
of c in between the two axes, since its slope m / is negative. On c/, the curve’s slope 
m satisfies m/ < m < 1, and for this reason, cj opens to the right, intersecting 
X 2 at two points: the images of the tangents at the extrema where m = 0. The 
curve’s intersection with the X\ axis at two points is due to the zero points at the 
extrema; the higher intersection corresponds to M a . By Corollary 7.1.4, the left 
portion of c/, being cd, maps into the upper portion of the of c/, which is cu and 
approaches A^ asymptotically. Similarly, the right portion of cj , being cu, maps 
into the lower portion, which is cd, approaching A ^ asymptotically. The left portion 
of c approaches the X\ axis asymptotically as \x\ \ — > 00 , and the curve’s slope m 
goes to 00 . The upper portion of the left branch is cu, being the image of the portion 
—00 < x\ < x\ (A^), which is also cu. Note that the symmetry of c with respect 
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Figure 7.13. Analysis of the image curve. 

The portions of the original curve c above are specified in terms of the slope (left) at the cubic curves’ 
important points. 


to the tangent i at I is transformed to symmetry with respect to the line I through 
the cusp /, the point image of the tangent i (see exercises below). 

The curve c shown in Fig. 7.14 is prescribed by an implicit polynomial with 
n — 3, v = d — 0. Again c has degree n* = 6 but with two cusps stemming 
from the 2 ip of c. The image of the right branch cr of c is the portion containing 
the cusps. The slope m goes to oo as x\ -> oo with cr approaching the X\ axis 
asymptotically. The (two) points of c where the slope m is equal to 1 are on the oval, 
splitting its image to the hyperbola-like part. Proceeding with another curve c (left) 
(Fig. 7.15) also prescribed by an implicit polynomial, again n — 3, v = d — 0, 
and the image curve c has degree n* = 6. There are two points of c where m = 1 
responsible for the split of c. The cusp to the right of the X 2 ax i s i s the image of the 
lower ip of c where the 0 cm < 1, and also, since m — > 00 as x\ — > 00 , this part 
of c approaches the X\ axis asymptotically. In the next example, shown in Fig. 7.16, 
the image curve has degree n* = 4, since n = 3, d = 1,5 = 0. Both points of 
c where m = 1 are to the right of the double-crossing point, with the part cr to 
the right of these points mapped into the upper portion of c. The remaining part cr 
of c containing the double point is mapped into two branches, each approaching 
asymptotically the negative X\ axis. The two tangents at the double point map into 
two points: the one on X 2 is the image of the horizontal tangent. These two points 
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Figure 7.14. The image of the curve c : F(x \ , % 2 ) = x\ — x\ — x\ — 0 has degree 6. 




Figure 7.15. The image of the curve c : F(x \ , X 2 ) = x\ + x\ — x\ — — 0 also has degree 6. 

have the same tangent , the x axis. A tangent at two points of a curve is called a 
bitangent. The algebraic curve c shown in Fig. 7.17 is specified parametrically, and 
has n — 3, s = 1, d — 0, so that c has degree /i* = 3. The two branches of c are 
tangent to the x\ axis at the cusp, and therefore, it maps to the inflection point where 
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Figure 7.16. The image of the curve c : F(x i, * 2 ) = + x\ — 3viV2 = 0 has degree 4. 



Figure 7.17. The image of the parametric polynomial x(t) = t 2 ,X2(t) = t 3 has degree 3. 


c crosses the X2 axis. As in the previous examples, due to m — > 00 as x\ — > 00, 
c approaches the positive Xi axis asymptotically on either side. It is very easy to 
sketch the image of the exponential curve seen in Fig. 7 . 18 . There is one point with 
slope m — 1 spliting the image curve c into a part left of X\, corresponding to the 
part on the right, where 1 < m < 00, and the left part of c, where 0 < m < 1 , whose 
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Figure 7.18. The image of the exponential curve c : x 2 = e Xl . 

The image does not have a portion between the axes, since the curve does not have negative slopes. 



Figure 7.19. The image of c : X2 = sin(vi) in the interval [ 0 , 27 r] is a nonoscillating curve. 


image is to the right of the X 2 axis. In the absence of negative slopes of c, c does not 
have a portion between the ||-axes. It is interesting to trace the image of oscillatory 
curves starting with the trigonometric function X 2 = sin(xi) plotted in Fig. 7.19 for 
the interval x\ e [—tv, 0]. The ip at x\ = n maps into the cusp that is in between 
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Figure 7.20. The image of c : X 2 = sin(vi) for x\ e [—2 tt, 2tt]. 

It is symmetric about the v axis. The ip at x\ = ±tz are mapped into the two cusps, and the ip at the 
origin having slope m = 1 is mapped to the ideal point along the v axis. 


the axes, since the tangents’ slopes m are negative in its vicinity. In the remainder, 
the slope satisfies 0 < m(x\) — cos(xi) < 1, and hence c opens to the right, the 
upper portion approaching the x axis asymptotically due to the ideal point from 
x\ — 0 where the slope is 1. The graph for the interval x\ e [0, 2n] is the mirror 
image of the curve above (Fig. 7.20), since the slopes satisfy m(x\) — cos(— x\). 
Altogether, then, the ip at x\ = ±n with m = 1 are mapped into the two cusps 
with x = 1/2 and the ip at the origin, having slope m — 1, is mapped to the ideal 
point along the x axis. The mirror symmetry is preserved in the image of the curve 
c : x 2 — x\ cos(xi) in Fig. 7.21 and for analogous reasons. 


7.4.1 Space-Curves 

Curves and their images are an essential component in the representation of surfaces 
(Chapter 9) in terms of planar regions whose boundaries are the images of certain 
space-curves. It will be seen that via the wonderful properties of the superplanes, the 
boundaries can be obtained from images of plane - curves as studied in this chapter. 
Still, a few words about space-curves are obligatory. Let us start with a convenient 
parametric definition with sc denoting a space-curve: 
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Figure 7.21. The image of the oscillatory curve X2 = x\ cos(vi). 
It is a nonoscillating curve symmetric with respect to the v axis. 


sc : X[ — Xf(s ), s e I cK, / = 1,2,3, (7.10) 

where I is an interval and the parameter s is often taken as the arc length. As for 
plane-curves, the tangent t at a point P is found as the limiting chord joining P to 
an adjoining point. Two other adjoining points Q , R together with P form a plane, 
which in the limit as (Q, R) -> P is the osculating plane — a rather endearing 
appellation — containing the tangent t. Within the osculating plane, the local center 
of curvature of sc at P is found as for plane-curves and the principal normal n at P 
directed towards the center is chosen. It is called principal to distinguish it from the 
infinity of normals on the plane orthogonal to t at P, or just normal when the context 
is clear. The directed tangent t is chosen so that together with n as axes they form a 
right-handed system. Next, the binormal b is included orthogonal to the osculating 
plane and directed so that t -> n -> b has the same sense as x\ ^^2^x3, i.e., 

b = t x n, (7.11) 

the three usually taken as unit vectors. The rate of change 

db 

— = -rn (7.12) 

ds 

introduces the torsion r, which measures the “nonplanarity,” that is, the change of 
the osculating plane along the curve with r = 0 for plane curves. The derivatives 
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of b, t, n provide the important equations of Frenet relating the three unit vectors 
to the two fundamental properties: torsion and curvature. Prescribing the curvature 
and torsion as functions of the arc length completely determines a space-curve up 
to its position and orientation. We leave (see Exercise 13) this interesting topic after 
this very short introduction in order to return to plane curves for the remainder of 
the chapter. 


1. Prove that the symmetry about the tangent i of the ip I corresponds to the 
symmetry about the line I through i , or find portions of c where the symmetry 
fails. 

2. What points correspond to the max and min of the left-hand branch in Fig. 7.12? 

3. Is the double-point bitangent duality seen in Fig. 7.14 true in general? 
Prove or give a counterexample. 

4. For the curve in Fig. 7.14, provide an analysis of its image and draw a figure 
of the important points with the tangents similar to Fig. 7.13. 

5. What portions of c in Fig. 7.14 are symmetric about a line and why? 

6. Analyze the image of the curve in Fig. 7.15, sketching a figure similar to 
Fig. 7.13. 

7. Is there an algebraic curve of degree 3 whose image has degree 5? Give an 
example of an algebraic curve of any degree having image with degree 5 . 

8. Rotate the exponential curve in Fig. 7.18 to obtain an image having points for 
all values of x . 

9. In Fig. 7.21, mark the portions of c and their corresponding parts in the image 
c. 

10. Prove that the image c in Fig. 7.19 consists of monotone increasing and 
monotone decreasing portions, and find the portions of c corresponding to 
each. 

11. Fete : X 2 = f(x\) be an odd function (i.e., f(x\) — —f(x\)). Is c necessarily 
symmetric about the x-axis? 

12. For a general curve c given by (7.6), the image of the tangent at each point 
Pec is the point given by (7.7). Find 

(a) the image of the normal at P. 

(b) the formula for the curvature of the image curve c\ hard. 

13. Space curves 

(a) Find the image cs of a smooth space-curve cs : X[ — xi(s) C M 3 , 
i = 1, 2, 3. Hint: recall from Fig. 7.10 that the image of a curve is 
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Table 7.1. Equalities between invariants of Pliicker curves and their duals. 


Point(s) on curve c — ► 

map into points of the curve c =>► 

relation 

The two points of c on a bitangent 

map into a double point of c 

b = d * 

A double point of c 

maps into two points on a bitangent of c 

d = b * 

An inflection point of c 

maps into a cusp of c 

ip = s* 

A cusp of c 

maps into an inflection point of c 

s = ip* 


constructed from the tangents at each point. For a space-curve the tangent 
at each point is a line l in R 3 and is represented by two points 1 12, ^23 ? 
rather than one point as for R 2 . Hence the image cs consists of two curves, 
say cs 12 and cs 23, in the xy plane. 

(b) For the space-curve c above, using the property that the three points 
1 12 , ^23 > ^13 are collinear, how can the curve cs 12 be determined from 
the other two curves? 

(c) Obtain generalizations of the dualities listed in Table 7 . 1 . 

(d) Find the image cs of a smooth space-curve cs : X{ — x;(v) C R 2 ^, 
i — 1 , . . . , N, consisting of N — 1 curves in the xy plane and generalize 
the dualities in Table 7 . 1 . 

This is an excellent project topic. 


7.5 

The conic sections are described by the quadratic function 

X 2 ) — A\x^ + 2A\x\%2 H - A 2 X 2 + 2,A^x\ H - 2A^X2 H - ^3 ~ 0 

/ Ai A\ A$ \ / x\ \ 

= (xi,X2,l)[ M A 2 A 6 I I x 2 I , ( 7 . 13 ) 

\ A 5 a 6 A 3 / \ 1 / 

where the type of conic is determined by the sign of the discriminant 
A = (A 2 — A\ A2). The coefficient matrix is denoted by A, and its determinant, 
which plays an important role in the development, is 

det A = A 3 (AiA 2 - A4) - AiA\ - A 2 a] + 2 A 4 A 5 A 6 . ( 7 . 14 ) 

In this section it is first shown that conics conics, and then criteria for the 
determination of specific conic images are developed. 
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.1 ** Proving the Duality Conics <-> Conics 

For conics, using the identity that for a polynomial F of degree n , F(x) = 0 =>► 
VF*x = VF*x — nF, the second expression being linear, (7.7) becomes 


^ A\x\ + A2X2 + A5 

[(Ai + A4 )xi + (A2 + A4)X2 + (A5 + Aft)] 

A5X1 + Aft %2 + A3 

[(A 1 + A/\)x\ + (A2 + A4)x 2 + (A5 + Aft)] 


(7.15) 


Note that the interaxis distance d enters as a multiplier only in the x coordinate 
due to the line -> point mapping. These are Mobius 32 transformations, which form 
a group (see any good book in modern algebra or [10]). This observation enables 
substantial simplifications of the earlier treatment of conics and their transforms 
(see [41] and [42]). 33 The inverse , expressing x\ and x 2 in terms of x and y, is a 
Mobius transformation of the form 

a\\x + a\ 2 y + <213 
M = , 

03 \x + a 32 y + «33 

which can also be written as 

( an a\2 a\3 \ 

a 2 \ a 22 023 I • 

031 a 32 033 ) 

(7.17) 



*2 = 


< 221 * + 022 y + 023 
03 1* + o 32 y + O33 


(7.16) 


It is also known that the Mobius transformations are homomorphic to the group of 
nonsingular matrices of appropriate size. Without entering into unnecessary details, 
the Mobius transformation 

bnx + b l2 y + b l3 b 2 ix + b 22 y + b 2 3 1C , 

u = , v = , (7.18) 

b'ixx + b 32 y + &33 b 3 ix + b 32 y + b 33 

corresponds to the matrix M\ = [ bij ], where it is required that det(Mi) = 1, 
normalizing if necessary. That does not pose a problem if M\ is nonsingular, since 
the numerators and denominators of the fractions in (7.18) can be multiplied by 
the same constant without altering the transformation. In our case, the matrix 
corresponding to the Mobius transformation (7.15) is 


32 Also called linear rational transformations. 

33 The result conics conics was first proved by B. Dimsdale. 
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dA\ 

-A 5 

(A\ + A4) 


dA2 dAfr 

~ a 6 ~ a 3 

(A 2 + A4) (A5 + A5) 


0 rf 0 

0 0-1 

1 1 0 


A = 7? A. 
(7.19) 


The matrix R is obtained by applying row operations on C' to achieve the 
indicated reduction. Noting that det (C 7 ) = — det(A) = H , we normalize by 
C = C' /H = RA/H to obtain det(C) = 1 so as to satisfy the requirement of 
the aforementioned homomorphism. This corresponds to multiplying both numer- 
ator and denominator of the Mobius transformation (7.15), or equivalently the 
elements of the corresponding matrix, by —(det A) -1 / 3 . The coefficients, and 
in turn the corresponding matrix a = [atj], in (7.16), which is the inverse Mobius 

transformation of (7.15), are simply the elements of C -1 . In terms of the original 
coefficients, 

(C'r 1 = HC~ l = HA~ l R~ l = -adj(A)/? -1 = a, (7.20) 

where adj(A) = [ A;; ]' is the adjoint, with the A,-,- being the cofactors of the matrix 
A. Proceeding with the evaluation, 

/ An A21 A31 \ / -l/d 0 1 \ 

(c'r 1 = - An a 22 a 32 1/^ 00 

V A13 A23 A33 / \ 0 -10/ 

/ (An — Ai\)ld A31 -An \ 

= I (A12 - A22 )/d A 32 — A12 I . 

\ (A13 — A23 )/ d A33 -A13 / 

The individual a.[ ; are 

^11 = (An — A21)/ = [A3(A2 + A4) — (Ag 2 + A^A(,)]/d, 
a \2 = A31 = A4A6 — A2A5, 

«13 = -An = A 6 2 - A 2 A 3 , 

<321 = (A12 — A22)/d = [(A^ + A5A5) — A3(Ai + A^)]/d, 
an = A32 = A4A5 - Ai Ag, 

«23 = — A12 = A3A4 - A 5 Ag, 

«31 = (A13 - A 23 )/' d = [Ag(Ai + A4) - A 5 (A2 + A^)]/d, 

<332 = A33 = A1A2 - A 2 , 

«33 = — A13 = A2A5 - A4A6. 


(7.21) 


(7.22) 
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Recapitulating, 

*2 

1 




T 


= (x y l)a Aa | y 

1 


2 


(as \x + as 2 y + ass) = 0, (7.23) 


for (as \x + as2y + ass) 2 + 0. Or 




fix, y) - H(X y l)a I y 


Further, 


1 


T 


= 0, a = —(a 7 Aa) 


<21 

<24 

<25 


<22 

<26 

<25 

<26 

<23 


where (A *)^ = (A 7 ) 1 = A x , since A is symmetric. Therefore, 


a = (7? _1 )^(A _1 )^AA _1 7? _1 // = (7? _1 ) r a, 


7\-l _ a -1 


(7.24) 


(7.25) 


a = 


<2j <24 <23 

a/\ a2 a^ 

«5 as 

-l/d l/d 0 

0 0-1 

1 0 0 , 

(2A 12 - A 22 ~ A n )/d 2 
(A 2 3 - A\s)/d 
(An - A\ 2 )/d 


(An - A 2 \) / d 

A31 

-An 

(A 12 - A 22 )/d 

A32 

— A12 

(A 13 - A 22 )/d 

A33 

— A13 


(A 2 s - A\s)/d 
-A 33 

A13 


(An - A\ 2 )/d 
A 13 
-An 


(7.26) 


The reduction is due to the symmetry of A and hence of its cofactors, i.e., A ,-y = A ,7 , 
confirming that a is symmetric. The individual ai are 
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ai = [A 3 (Ai + A 2 + 2A 4 ) - (A S + A 6 ) 2 \/d 2 , 

<32 = A\A 2 - A 4 2 , 
a 3 = A 2 A 3 - A 6 2 , 

a/[ — [A13 - A 23]/ d — [A6(Ai + A4) - A5(A2 + A<\)\/d, 
a 5 — [^6 2 + ^5^6 — ^3(^2 + A4 )\/d, 

a 6 = ^ 2^5 “ ^ 4 ^ 6 - 

The corresponding results for the inverse transform, i.e., 

conics in the xy plane i-> conics in the x \%2 plane 


0 7.27 ) 


are left as an exercise. The general results obtained here enable the study and 
complete classification of the conic transforms. The transforms of specific conics 
are obtained from the criteria developed next. 


7.5.2 
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Projectively, conics are ellipses having 0 (ellipse), 1 (parabola), or 2 (hyperbola) 
ideal points. The conic’s ideal point(s) can be found by taking lim^^oofe/xi) = 
m, where m is a constant (i.e., the direction of the ideal point), from (7.13), yielding 
the relation 


A 2 W 1 2 + lA/^m + A\ — 0. (7.28) 

To include the vertical direction (i.e., where the slope is ± = 00 ), evaluating the 
reciprocal \im X2 ^ OQ (x\/x 2 ) — M provides 

A 1 M 2 + 2A 4 M + A 2 = 0. (7.29) 

The conic’s indicator /is defined as the sum of the coefficients 

/ = Ai + A 2 + 2A 4 . (7.30) 

The conic transforms are given by 

f(x , y) = a\x + 2a\xy + a 2 y + la^x + 2a^y + <23 — 0, (7.31) 

the conic type being determined from the sign of 

<5 — a ^ — a\a2 — //(Aj A2 H - 2A4) — — HI. 


(7.32) 



*FT-5 


Transforms of Conics 


221 



Figure 7.22. Ellipses always map into hyperbolas. 

Each assymptote is the image of a point where the tangent has slope 1 . 


When H < 0, the conic has no real points . 34 When H — 0, the conic is a point. 
The other two degenerate cases occur for conics consisting either of a single line 
or a pair of intersecting lines. In the ensuing it is assumed that H > 0, which fixes 
the signs of the quadratic’s coefficients. In view of (7.32), the indicator I together 
with the sign of A tells the story. For a particular conic c, only the coefficients 
A \ , A 2 , and A\ determine the type of conic c. So rotations of c , as reflecte by A\, 
may change the type of its transform, while translations, which are specific by the 
linear and constant terms cannot. The analysis below is listed by conic types. 

Ellipse, A < 0. Then A\ A 2 > A% > 0; hence A\ and A 2 have the same sign. 
If they are positive, then A\ > A 4 /A 2 and 

I = (A l +A 2 + 2A 4 ) > (Aj + A 2 + 2 A 4 A 2 )/A 2 = (A 2 + A 4 ) 2 /A 2 > 0, 

so the transform is a hyperbola (Fig. 7.22), since 8 > 0. The same inequality 
holds if A i and A 2 are both negative. For an ellipse, of course, the m; are complex 
conjugates. 


34 The quadratic (7.13) may be solved for X 2 in terms of and the coefficients A t . There are no real values 
of V 2 if the discriminant is negative. This provides a quadratic inequality in x\ whose discriminant 
turns out to be H. 
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Figure 7.23. A parabola whose ideal point does not have direction with slope 1 . 

It always transforms to a hyperbola with a vertical asymptote. The other asymptote is the image of 
the point where the parabola has tangent with slope 1 . 


Parabola, A = 0. If any one of A i, A 2 , A 4 is 0, then all three are 0, and (7.13) 
does not describe a quadratic function. So A 2 f 0 and A\ = A 4 /A 2 . Then 


(Aj + A 2 + 2 A 4 ) = (A 2 + A 4 ) 2 /A 2 , 

(Ai + A4) = (A2 + AZOA4/ A2, 

H = A X A\ + A 2 A 2 - 2 A 4 A 5 A 6 = (A 4 A 6 - A 2 A 5 ) 2 /A 2 , 
a 4 = (A 2 + A4XA4A6 - A 2 A 5 )/A 2 , 
a\ = [A 3 (A 2 + A4) 2 - A 2 (A 5 + A 6 ) 2 ]/A 2 . 


(7.33) 


Hence if I ^ 0, then A 2 7 ^ — A 4 , S = HI > 0, and the transform is a hyperbola , 
as shown in Fig. 7.23. Otherwise, when 7 = 0, from (7.34), the parabola’s ideal 
point has slope 1, and the transform is a parabola. This self-dual case is shown in 
Fig. 7.24. 

Hyperbola, A > 0. If I < 0, then the transform is an ellipse , as shown in 
Fig. 7.25. This is the dual of the ellipse \-> hyperbola transform. 

Otherwise, if I — 0 (see (7.28)), then one of the hyperbola’s ideal points has 
slope 1 and the transform is a parabola (Fig. 7.26). This is the dual of the 
parabola \-> hyperbola transform. 

Lastly, if / > 0 , the transform is a hyperbola. This self-dual case is shown in 
Fig. 7.27. 
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Figure 7.24. 


A parabola whose ideal point has slope 1 transforms to a parabola; self-dual. 



Figure 7.25. Hyperbola to ellipse; dual of the case shown in Fig. 7.22. 
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Figure 7.26. If the asympote has slope 1, then the hyperbola —> parabola; dual of Fig. 7.23. 



Figure 7.27. Hyperbola to hyperpola; self-dual case. 


Recasting the indicator I in terms of the conic’s ideal points provides not only an 
intuitive way of understanding the transforms but also, as shown in the next section, 
a pointer to generalizations. For A 2^0 let m ; , i — 1 , 2, be the roots of (7.28) with 
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m\ < m 2 when they are real. From the coefficients expressed in terms of the roots 
by A\ — A 2 in 1 in 2 , 2 A 4 = — A 2 (m 1 + m 2 ), 

I = A 2 ( 1 - mi)(l - m 2 ), (7.34) 

with one of the m; equal to 0 when A\ — 0. For A 2 = 0 the roots of (7.29) are 
M 1 = 1/mi = A 4 /A 1 , the only one also obtained from (7.28), and M 2 = 0 (i.e., 
m 2 = zb 00 ). Finally, when both A\ — A 2 are zero, the two roots, obtained one 
from each of the equations, are mi =0 and M 2 = 0 (m 2 = ± 00 ). 

Whence Come the Hyperbolas? 

We have seen that hyperbolas occur as images of ellipses, parabolas, and also 
hyperbolas. Is there a way to decide from the hyperbola what kind of conic it is the 
image of? To clarify this, it is necessary to trace the image of interior points. The 
interior points of an ellipse are mapped via the 2-D point < — > line into lines that 
are between the hyperbola’s two branches. This is also true for the two cases (see 
exercises below). Even without this observation, the easiest case is for a hyperbola 
that has a vertical asymptote. From the foregoing analysis, this can only be the 
image of a parabola, where the vertical asymptote represents the parabola’s ideal 
point. This is seen well in Fig. 7.23, where the parabola opens in the direction with 
slope m = — 1 and the vertical asymptote is at jc = 1 /2. The other asymptote is, of 
course, determined by the point where the parabola has a tangent with slope m = 1 
and is discussed below, providing (7.38). 

To distinguish the remaining two cases, it is worth scrutinizing the left portions 
of Figures 7.22 and 7.27. The essential difference and clue is the horizontal sepa- 
ration along the v axis of the two left and right branches in Fig. 7.27, as contrasted 
with the vertical separation, along the y axis, of the top and bottom branches. Note 
that the hyperbola on the right side of Fig. 7.27 contains the ideal points whose 
directions are between the upper left asymptote and the upper right asymptote. 
That is all the directions of the lines that cannot be tangents to the hyperbola. All 
these ideal points are mapped into the vertical lines between the two branches and 
hence the horizontal separation. Of course, there are also regular points between 
the branches of the original hyperbola, and these are mapped into nonvertical lines 
between the branches of the image hyperbola. By contrast, the ellipse has no ideal 
points, and hence there cannot be any horizontal separation between the branches 
of its image. Rather, all interior points appear as lines between the two branches. 
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Alternative Analysis Based on the Indicator 

Now let us revisit the results above in view of (7.34). 

• When the m / are complex conjugates, the conic is an ellipse with I > 0. 

• Otherwise, when there is a single real root m \ , the conic is a parabola, and the 
transform is 

- a hyperbola with one vertical asymptote when m; / 1, and 

- a parabola when m; = 1. 

• Finally, when there are two distinct real roots, the conic is a hyperbola whose 
asymptotes have slopes m / . There are two such hyperbolas: one whose tangents 
have slope m e [m \ , m 2 ] and the other with slope m ^ [m \ , m 2 ] . For easy refer- 
ence we refer to the two hyperbolas having the same asymptotes as conjugate. 
The conic’s transform is determined by whether 1 e \m \ , m 2 ]. Recalling (7.4): 

- when m\ < 1 < m 2 , the points of the conic’s transform have x = 
d/{ 1 — m), whose range is the finit interval [1/(1 — m 2 ), 1/(1 — mi)], 
hence the transform must be an ellipse, I < 0. 

- For the conjugate hyperbola whose tangents have slopes m / (mi, m 2 ) (i.e., 
two semi-infinite intervals), the transform must be a hyperbola, I > 0. 

- For mi < 1 = m 2 , one hyperbola has tangents with slope m e (mi, 1). 
The conjugate hyperbola’s tangents have slope m ^ (mi, 1) as shown in 
Fig. 7.26. Since 1 = 0, the images of both hyperbolas are parabolas tangent 
at their vertices and the reflection of each other. 


7.5.3 ** The Conic Transform’s Ideal Points 

It is instructive to investigate the conic transforms from their ideal points. Again 
we have to consider two limits to obtain the corresponding equations. To wit, 
lim^^oo y/x in (9.21) yields 

9 — a/\ d= V HI 

a2R z + 2 a 4 R + a\ = 0 =>► R — , (7.35) 

a 2 

and linVy^ooOc/y) = r for 

9 — a 4 d= VHI 

a\r z + 2 a 4 r + a 2 = 0 r = . (7.36) 

a\ 

Let us now investigate the conic transform’s ideal points methodically. 
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• When I < 0, the conic is a hyperbola with m\ < 1 < m 2 , whose transform, 
being an ellipse , has no ideal points. 

• For I = 0, we have A\ + A\ — — (A 2 + A 4 ), and the conic’s transform is a 
parabola. If the original conic is a parabola , then — A = <22 = 0, r = — 04 / 01 , 
and from (7.33), A 2 + A 4 = 0, 04 = 0 r — 0. Hence the transform’s ideal 
point is in the vertical direction as seen in Fig. 7.24. Otherwise, the original 
conic is a hyperbola. Then 


A 2 + A\ 

A5 + As’ 


(7.37) 


and the transform’s ideal point has slope l/r = R. Note that this is due to 
8 = 0 =>- 04/01 = 02 / 04 . 

• Finally, for I > 0, r has two real values, and the transform is a hyperbola. If the 
original conic is an ellipse , the transform has asymptotes with finite slopes l/r, 
as shown in Fig. 7.22. 

If it is a parabola , then the roots are r = 0, which accounts for the vertical 
asymptote, and 



(7.38) 


which provides the other asymptote shown in Fig. 7.23. 

If it is a hyperbola, this is self-dual, and the transform has asymptotes with finite 
slopes l/r, as seen in Fig. 7.27. 


Observe that the transforms of a parabola always have an ideal point in the vertical 
direction (r = 0). In turn, this is because each parabola’s ideal points are mapped 
into a vertical line by the basic point line. A hyperbola’s two ideal points are also 
mapped to vertical lines, which turn out to be vertical tangents of the corresponding 
transform, i.e., the vertical tangents at the ellipses’ endpoints in Fig. 7.25, the 
parabola’s vertex in Fig. 7.26, and the two vertices of the hyperbola in Fig. 7.27. 

To summarize, the transform’s ideal points are either 


• the images of the conic’s ideal points r = 0 for parabolas as shown in Fig. 7.24 
and 7.27, or 

• the images of points where the conic has tangents with slope 1 . They correspond 
to the real nonzero roots of (7.28). 


** Eliminating the Conics ’ Linear Terms by Translation 

The conic transform’s ideal points are very sensitive to changes in the original 
conic’s orientation. It is worthwhile to study the effects of translation. For this 
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reason, the linear terms in (7.13) are omitted (i.e., A 5 = = 0), since they can 

be eliminated with a translation. Then 


a\ — A^(Ai + A 2 + 2A4), 
a 2 = A\A 2 - 
«3 = A 2 A 2 , 

<24 = 0, 

a 5 — ^ 3(^2 + 
a 6 = 0, 


(7.39) 


with 8 = HI and H = A3 A. It is striking that the cross term vanishes (<24 = 0). 
The resulting conic transforms are in standard position with their symmetry axes 
parallel to either the x or y axis. For illustration, the parabola in Fig. 7.23 is not 
centered, and its transform is not in standard position. The reason for the parabola’s 
horizontal ideal point (i.e., l/r = 0) in Fig. 7.26 is seen from (7.37). This is due to 
the duality 


{ translation of a 
point along a line 

This observation deserves further analysis, since there is a translation in the x but 
not in the y direction. 

Note that all the transforms in the figures, except Fig. 7.23, are translated in the 
x direction. Further, the original conic is centered, and the resulting conic transform 
is not rotated from the standard position. A surprising observation is that only five of 
the six cases are found from the results above when the linear terms are eliminated. 
This is because when A5 and A§ are zero, a parabola’s H vanishes and the two roots 
of (7.28) collapse to M = 0 (see (7.38)). For this reason, the parabola in Fig. 7.23 
is carefully not centered in order to avoid this. Recall that the normalization of the 
determinant matrix’s C ' , (7.19), involved division by H , and hence the method 
breaks down for H — 0 (see exercises below). 


{ rotation of a 
line about a point 


1. Using the theory of envelopes, find the transforms of the three different kinds 
of conics in 

(a) standard position, 

(b) translated in the x and separately in the y direction, 

(c) with the cross term not zero. 
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2. What is the conic transform of the hyperbola xg = 1 /x\ and its conjugate? 

3. Find the points of a conic having tangents with slope 1 and the corresponding 
ideal points on their transform. 

4. Find the conic transform for the case A 5 = = 0 directly to avoid the 

problem with H = 0. Is there a parabola i-> hyperbola transformation in this 
case? 

5. Using (7.34), construct a table listing the conditions for the Aj when I > 0. 
For example, I > 0 and A 2 > 0 =>► 1 > 77 , or 1 < r/ , i = 1,2, and proceed 
as for 1 > r; > 0 =>► A 2 > A\ > 0 > A 4 , etc. 

6 . Find the conic transform of the conjugate hyperpola of that shown in 

(a) Fig. 7.25. 

(b) Fig. 7.26. 

(c) Fig. 7.27. 

7. Which conic has as transform the conjugate of the hyperbola shown in the xy 
plane in Fig. 7.27? 

8 . What is the image of a hyperbola having a vertical asymptote like the one shown 
on the left part of Fig. 7.23? 

9. Prove that interior points of the conics mapped into hyperbolas are mapped 
into lines between the two branches. Here the “interior” points of a hyperbola 
are those between the two branches. 

10. Consider hyperbolas having the property that if two lines are completely 
between the two branches, then the point on the two lines is also between 
the two branches. Delimit the class of hyperbolas having this property and 
provide a counterexample of a hyperbola without this property. 

1 1 . Obtain the main result in the reverse direction, that is, show that 

line-conics in the xy plane f-> point-conics in the x \%2 plane 
and delimit the various cases. 


7.6 


Conic transforms are studied for two reasons. One is the ease of use of the Mobius 
transformations, which is completely general for quadrics , the surfaces prescribed 
by quadratic equations, in any dimension. The other is that their detailed analysis 
serves as a model and guide in the study of the related images of far more complex 
curves, regions, and their ramifications in the next section. 
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The class of algebraic curves, those described by polynomial equations, is 
studied in the field of algebraic geometry ([37], [78], [179], and [86]). An algebraic 
curve c has many invariants that are properties independent of the particular coor- 
dinate system used. Examples are the number of components in its graph, degree 
n , number of double points d (points where the curve crosses itself once), cusps s , 
inflectio points ip , and bitangents b (i.e., tangents at two points). The results here 
apply to any curve c and its dual curve c* for any point line duality. The same 
symbols with the * superscript denote the dual’s invariants. Algebraic curves and 
their duals have been studied extensively, starting in 1830 by the mathematician 
and physicist Julius Plucker, who also made other important contributions to the 
field. His results apply to the class of Plucker curves [61, pp. 73-94] having the 
following properties: 

1 . c is irreducible and of degree n > 2, and 

2. the singularities of c, c are at most simple double points (i.e., points where the 

curve crosses itself once) and cusps. 

Whereas all irreducible quadratics and cubics are Plucker curves, there exist 
quartics, n = 4, that are not. 

Of interest here are the relations between a curve’s invariants and those of its 
dual. As indicated in the equalities tabulated below, in addition to the ip cusp 
duality, there is a bitangent double point duality, which we already met in 
Fig. 7.15. This is reasonable, for the two tangents at a double point map into the 
two points on a bitangent, which is the double point’s image, and in fact, it is true 
for general and not just algebraic curves. The dual of c is an algebraic curve whose 
degree /i* depends on n and the invariants d, s as given by the Plucker class formula 

n * = n(n — 1) — 2 d — 3s. (7.40) 

For n = 2 the Plucker class formula yields n* = 2 and v* = 0, confirming the 
conclusions in Section 7.5. 

The polynomial describing the dual c* can be found for any point line 
duality by two different methods [61, p. 74]. However, with n * = 0(n 2 ) and 
the complexity increasing rapidly with the number of nonzero coefficients of the 
polynomial specifying c, the process is very tedious. All this applies to c, which 
is the image under the particular || -coords duality, when c is an algebraic curve c. 
As pointed out in Section 7.4, the properties of c are immediately available from 
PliickeP s results. Together with the qualitative considerations discussed and a good 
curve plotter, a complete grasp of c and its properties can be obtained. This avoids the 
laborious process of obtaining the polynomial for c and its subsequent computation 
for plotting. There are numerous generalizations of the Plucker formulas. 
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Consider a double cone, as shown in Fig. 7.28, whose base is a bounded convex 
set rather than a circle. The three type of sections shown are generalizations of the 
conics and are conveniently called gconics. They are one of the following: 

a bounded convex set is abbreviated by be , 

an unbounded convex set, denoted by uc , containing a nonempty set of ideal 
points whose slope m is in an interval m e [m\, m 2 ], or 

a generalized hyperbola, denoted by gh, consisting of two full (not segments) 
lines l u ,th called asymptotes, and two infinite chains: one convex-upward chain 
c u above both asymptotes and another convex-downward chain q below both 
asymptotes. 

In the past, the corresponding regions were also referred to as estars , pstars , and 
hstars [99], [110]. Here the be or uc are considered as consisting of their interior 
points and boundaries. A gh consists of the points between the upper and lower 
chains and the boundaries. As for the hyperbola, this is best understood in the 
setting of the projective plane, where the gh is a “be” intersecting the ideal line 
at two points, the asymptotes. In the event that the upper and lower chains have 
straight-line edges at the endpoints, then these two infinite lines are the asymptotes: 
i u joins the leftmost point (i.e., with minimum x ) of the upper chain c u to the 
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Figure 7.28. Gconics: three types of sections. 

Bounded convex be (left), unbounded convex uc (right), gh regions (two ideal points) (middle). 
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rightmost point (i.e., with maximum x) of the lower chain q and, lg joins the 
leftmost point of q to the rightmost point of c u . 

It turns out that the conic transforms are special cases of the more general and 
completely analogous results for gconics [99], [110]. In order to study the gconic 
transforms, it is assumed that their boundaries are point-curves that transform nicely 
to line-curves, as discussed at the beginning of this chapter. Since the treatment is in 
p 2 , the understanding is that convexity is interpreted completely as in the Euclidean 
R 2 plane with the line segment (not including the ideal point) joining a pair of points 
in the set also contained in the convex set. 

7.7.1 Gconics and Their Transforms 

The insight obtained from the indicator in Section 7.5.2 points the way to the 
corresponding analysis for the gconics, though there is no explicit relation like 
(7.34). The discussion pertains to the supporting lines of a set’s boundary at points 
where the tangent is not defined. The key convexity property used here is that for 
any given slope m, a convex set has a unique pair of supporting lines with that slope. 
As for the conics, finite and infinite line segments are the degenerate cases of a be 
and uc respectively, while a pair of intersecting lines is a degenerate gh. These are 
easily handled directly, so they are excluded from the ensuing treatment. Unless 
otherwise stated, a gconic is the set consisting of the boundary and its interior. 

Theorem 7.7.1. The images of gconics are gconics. 

1 . BC is a be =>► BC is a gh. 

** Proof. The boundary 3 (BC) of a bounded convex BC has precisely two 
points A u , Ai with supporting lines a u above ai having slope m — 1. The line 
w on A u , Ai divides the boundary into two chains c u above and q below it 
respectively. The image 3 (BC) is split by the two “asymptotes” Ai and A u into 
two chains. There exists a point V on 3 (BC) such that c u = c\ U q, where 
c\ = AfV is a cu chain with M\ > 1 and C 2 — V A u a cd chain with M 2 < 1. 
Hence, by Corollary 7.1.4, of = ~c\ U C 2 is a cu chain. Similarly, it can be 
shown that q is a cd chain. Therefore 3 (BC) is the boundary of a gh. ■ 

An example is shown in Fig. 7.29. Further, as seen in Fig. 7.34, details of the 
mapping of the be into a gh can be easily tracked. That is, Ag D A u = w, ~c\ 
and C 2 are the parts of ~cf from the left (which corresponds to m > 1) and the 
right of the x axis (for m > — 00 ) respectively. Similarly for q. As for ellipses, 
interior points of the be are mapped into lines between the two branches of 
the gh. This observation has useful consequences discussed at the end of this 
section. 
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Figure 7.29. A bounded convex set be always transforms to a gh (generalized hyperbola). 
This is the generalization of the ellipse — > hyperbola transform of Fig. 7.22. 


2. UC is a uc ^ 

(a) UC is a gh if UC does not have an ideal point with slope m — 1, i.e., 
1 g: Ni,m 2 ]. 

(b) £/C is a t/c if t/C has an ideal point with slope m — l,i.e., 1 G [mi, m 2 ]. 

** Proof, (a) UC has one supporting line with slope m = 1 at a point B g 
d(UC). If m 1 < 0, 3V g 3 (UC) with a vertical supporting line l v there , 35 and if 
m 2 < 0, 3H g d{UC) with a horizontal supporting line £// there. Let c\ be 
the boundary portions from V upward, c 2 from V to B, C 3 from B to //, and 
C 4 the remainder from // onward. Note that c\ is cu , and ^ 2 ,^ 3 , C 4 are cd with 
M\ < 0, M 2 > 1, M 3 < 1, and M 4 < 1. Therefore, by Corollary 7.1.4, c\ U C 2 is 
a cd above B and the vertical line P f f 2 forming the upper branch of a gh in the xy 

plane, while C 3 U C 4 is a cu providing the lower branch of the gh below B and P^ . 
The argument still holds if some of the c/ are not empty, that is, when there does 
not exist B or H. It is easy to prove that the image of an interior point A of UC 
is a line A between the two branches. Hence the strip with endpoints 1/(1 — m 2 ), 
1/(1 — mi) contains the vertical lines that are the images of the ideal points in UC\ 
this strip is also between the upper and lower branches. ■ 

In the example shown in Fig. 7.30 there is only one ideal point. 


35 Note that m\ here corresponds to the upper portion of 3 (UC). 
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Figure 7.30. An unbounded convex set uc with ideal point slope m f 1 transforms to a gh. 
This is the generalization of the conic case in Fig. 7.23. 



Figure 7.31. A uc with ideal point slope m = 1 transforms to awe; self-dual case. 
This is the generalization of the conics case in Fig. 7.24. 


** Proof (b) UC has supporting lines with slope m e [mi, m 2 ], where mi < 1 < 
m 2 . Hence 3V e 3 (UC) with a vertical supporting line i v there. The portion c\ of 
3 (UC) from V downward has M\ < 1 and is cd, while the portion C 2 upward from 
V has M 2 > 1 and is cu. Again appealing to the corollary, 3 (UC) — c\ U C 2 is 
cu. It is formed among other things by the collection of all supporting lines having 
slopes m ^ [mp m 2 ]. So as shown in Fig. 7.31, the transform contains at least one 
ideal point, corresponding to (7.37) for conic parabolas, and is therefore a uc. 
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Figure 7.32. A gh -> to a be. 

Here the asymptotes slopes are mi < 1 < m 2 , with the supporting line’s slope m e [mi, m 2 ]. This 
is the generalization of the conic case in Fig. 7.25. 


** Proof, (a) Since m\ < 1 < m 2 , the slope m of the supporting lines of GH is 
not equal to 1. Hence GH is not split and does not have any ideal points =Mt is a 
be whose x ranges in an interval having endpoints ^ and ^ , the order, of 

course, being determined by the signs of the m; . ■ 

It is worth studying the example shown in Fig. 7.32 below, tracking the images 
of the various portions of the gh. 

** Proof, (b) GH has at least one ideal point, which is the image of the point of 
GH where the supporting line has slope m = 1, and since GH cannot have any other 
supporting lines with m = 1, it has only one component =>► GH is a uc. ■ 

** Proof, (c) As for the conics, when a hyperbola i-> ellipse , its conjugate 
hyperbola i-> hyperbola. This case corresponds to a gh “conjugate” to that 
considered in case (a) as shown in Fig. 7.33. ■ 

Referring again to Fig. 7.34, consider the be set shown; let us call it SC , and 
distinguish it from its subset NSC, where edges AC andZ)Fof SC have been replaced 
by AB, BC and DE, EF respectively. The gh we see in || -coords is SC. It is also the 
image of the convex hull C(NSC) of the nonconvex set NSC. The images of the 
points B , E and edges AB , BC , ED, EF are lines and points, respectively, and are 
between the upper and lower branches SC. This is the smallest gh that contains 
NDS. In effect, one gets the image of the convex hull of a nonconvex set “for free” 
in || -coords. The precise statement for this result is the following: 

Corollary 7.7.2. If NSC is a nonconvex set and gh with OSC D NSC, then OSC 5 
ON SC). 
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Figure 7.33. & FT-8e A gh ^ gh; self dual. 

Here 1 ^ [mi, m 2 ], m; are the asymptotes’ slopes. Generalization of Fig. 7.27. 




Figure 7.34. 


Interior points of be — > lines between two brances of the corresponding gh. 


This result has been used in convex hull construction algorithms [1 10]. 36 Here 
the edges of the be may be curves, and hence this approach lends itself to the 
construction of convex hulls where some of the “edges” are curved arches (see [92]). 


36 The algorithm was improved by Nitzan Giles in 2004 in his course project. 
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Indications are presented in the next chapter on the feasibility of generalizations 
to higher dimensions of the result on the appearance of bounded convex sets in 
|| -coords as generalized hyperbolas. 

The generalization of the remarks in Section 7.5.2 as they pertain to ghs is fairly 
direct. We have seen that the interior points of a be are mapped into lines that are 
between the two branches of its image, whereas a gh having vertical asymptotes can 
only be the image of a uc , as seen in Fig. 7.30. As for the conics, ghs that represent 
bes have branches that can be separated by horizontal lines and ghs that represent 
ghs have branches that can be separated by vertical lines. 

The proof of the converse result, GC is a gconic =>► GC is a gconic, is left as 
an exercise. 


1 . Prove that an unbounded convex set having more than one ideal point has ideal 
points with direction having slope m e \m\, m 2 ]. That is, either m has a single 
value or it ranges over a complete interval. 

2. What is the image of a square centered at the origin with 

(a) axis-parallel sides, 

(b) rotated by 45° ? 

3. What is the image of the region in the second quadrant above the line t\ : x 2 = 
—3/4xi and below the line i 2 : x 2 — — 1 /4jci? 

4. What is the image of the region in the fourth quadrant below the line t\ : X 2 — 
—3/4xi and above the line 1 2 : X 2 = — l/4xi? 

5. What is the image of the regions in the second and fourth quadrants between 
the two lines 1 1 , £ 2 ? 

6. Study the images of the gconics obtained from a double tetrahedron. 

7. Examine the images GC of a gconic GC and match the corresponding chains 
C{ with the corresponding chains cj in GC for the case: 

(a) GC is a gh. Distinguish the three cases. 

(b) GC is a uc. How can the image of a uc and a gh be distinguished? 

(c) GC is a be. 

8. Delimit the class of ghs with the property that if two lines are completely 
between the two branches, then the point on the two lines is also between the 
two branches. Give a counterexample of a gh without this property. 

9. Prove that GC is a gconic =>► GC is a gconic. 
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7.7.2 ** Operational Dualities with Gconics 

While studying the image of a be as in Fig. 7.34 and experimenting with set 
operations involving gconics and their images, some interesting De Morgan-like 
dualities emerged, motivating the following definitions of set operation on two 
ghs GHj, j = 1,2, whose two branches have vertical separation and no vertical 
asymptotes, i.e., they can only be images of bcs. Such ghs can be thought of as 
consisting of complete lines between their two branches. 

Definitio 7.7.3. The gh such that GH 5 GH\ U GH2 and such that for any other 
gh, GH' , where GH' 5 GH\ U GH2 = 4 > GH' 5 GH, is called the outer union 37 of 
the two ghs. The operation is denoted by GH\ u GH2. 

An example is shown on the left part of Fig. 7.35. Note that the upper branch 
of the outer union consists of all arches (i.e., lines or curves) belonging to the upper 
branches of the GHj on or above all points of the GHj . Likewise, the lower branch 
consists of all arches belonging to the lower branches that are on or below all points 
of the GHj . Where the endpoints are not ideal, the corresponding asymptote is the 
line joining the diametrically opposite endpoints of the upper and lower branches. 
Note that the “innermost” asymptotes of the ghs become the asymptotes of the outer 
union. In general, GH\ u GH2 f GH\ U GH2 , the outer union being the smallest 
gh containing the union of the two ghs. 



Figure 7.35. The convex union (also called “convex merge”) of bcs. 
It corresponds to the outer union of their images (ghs). 


37 This differs from the nomeclature in [110]. 
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Figure 7.36. Inner intersection and intersections are dual. 


Definitio 7.7 .4. The gh such that GH C GH\ D GH2 and such that for any other 
gh, GH' , where GH' C GH\ D GH2 => GH' C GH, is called the inner intersection 
of the two ghs. The operation is denoted by GH\ n GH2. 

An example is shown on the left part of Fig. 7.36. The inner intersection is the 
gh whose upper branch is the cd curve consisting of all vertices of the ghs and the 
arches (i.e., lines or curves) joining them on either of the upper branches. Likewise, 
the lower branch is the cu curve consisting of all vertices and arches joining them 
that are above all points of the lower branches. The asymptotes are the ideal points, 
if any. Otherwise, they are the lines joining the diametrically opposite endpoints of 
the upper and lower chains. Here the asymptotes may not belong to any of the ghs. 
In general, GH\ n GH2 7^ GH\ Cl GH2. It is clear from the definition that the inner 
intersection is the largest gh contained in the intersection of the two ghs. Further, 
whereas all vertices of the inner intersection are vertices of the GHj , some of the 
edges joining such vertices are not edges of the GHj. Roughly speaking, the outer 
union of two ghs yields a gh whose branches contain the outermost portions of the 
two ghs and any additional edges needed to form the gh, whose significance will 
be shortly understood. This is also the reason why it does not always coincide with 
the set union of the ghs. The inner intersection , by contrast, contains the innermost 
portions of the two ghs. The results below, stated in terms of two bcs BCi , i = 1 , 2, 
where C(S ) denotes the convex hull of the set S , clarify the motivation for these 
definitions. 
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Theorem 7.7.5. C(BC\ U BC 2 ) = BC\ u £C 2 . 38 

Proof. The proof is immediate. The convex merge C(BC\ U BC 2 ) is the smallest 
convex set containing BC\ U BC 2 => C(BC\ U BC 2 ) is the smallest gh containing 
BC\ U BC 2 , whence the result. ■ 

Notice in Fig. 7.35 that all lines in d(BC\ u BC 2 ) represent vertices of the ghs, 
whereas any additional vertices represent the additional edges needed to form the 
convex merge. As expected, the asymptotes represent the vertices of C(BC\ UBC 2 ) 
where there are supporting lines with slope m = 1 . 

Theorem 7.7.6. BC\ Cl BC 2 = BC\ n BC 2 . 

Proof. By definition, the inner intersection is the largest gh contained ini?Ci U BC 2 . 
Hence BC\ n BC 2 is the largest convex set contained in the inverse image of 
BC\ D BC 2 , which is also convex. So the two convex sets must be equal and 
therefore their images are equal. ■ 

As seen in Fig. 7.36, the edges of BC\ n BC 2 that are not edges of any of the 
ghs represent the new vertices formed by the intersection of the corresponding bcs. 
Note that the asymptotes here represent the two new vertices of the convex merge 
and where the supporting lines have slope m — 1. An easy induction proves the 
following theorem. 

Theorem 7.7.7. CiufZ^BQ) = u ? =1 2?Q. 

Since the union of a countable collection of bcs may not be a be , this theorem 
is in general true for finite collections. The corresponding result for outer unions is 
true for countable collections of bcs. 

Theorem 7.7.8. nff^BQ = rP 1 5Q. 

These interesting operational dualities have some algorithmic applications 

[ 110 ]. 


1 . 

2 . 

3. 

4. 


Give an example where the outer union of two ghs is not the union of the ghs. 
Give an example where the inner intersection is not the intersection of the ghs. 
Find the image of the intersection of the two ellipses ^ = 1 and 


XI I *2 _ 1 

b 2 ^ 0 ~ i< 


a- 


Find the image of the convex merge of the two ellipses above. 


38 This operation is also called the convex merge of the two sets BCt. 
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5. Find the image of the convex merge of two disjoint squares. Investigate various 
options concerning position and orientation and the effects on the images. 

6. Prove 

(a) Theorem 7.7.7. 

(b) Theorem 7.7.8. 

Q • j 

7. Consider the general third-degree curve F(x i, x 2 ) — JA+/— o a ij x \ x 2 an d 
(a) show that it can be written in matrix form as 


x 2 \ 


X\X 2 



(7.41) 


x 2 

X\ 


1 / 


where A is a symmetric 6x6 nonsingular matrix. 

(b) Deduce the degree of the image curve from this equation. 

(c) ( Hard) Apply the transformations of (7.7) to (7.41) to obtain the image 


curve. 
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Proximity of Lines, Planes, and Flats 


8.1 


In order to apply the results of the representation of flats by indexed points, their 
behavior in the presence of errors needs to be understood. This was briefly touched 
on in Chapter 5, where we saw that small variations in the coefficients of a plane’s 
equation yield a pair of closely spaced point clusters representing the corresponding 
“close” planes. The encouraging message is that “closeness” is visually evident. 
To pursue this in depth, we need some concepts discussed in Chapter 7. For this 
reason, we did not continue with this treatment earlier. While there are many 
sources of errors in the applications, from our viewpoint it suffices to consider 
the accumulated errors in terms of the resulting variations q e [cT, c+] in the 
coefficients q of the plane’s equations. This in turn generates a whole family T 
of “close” flats. Even in B ? , the direct visualization of such a family of planes is 
difficult. The challenge is not only the visualization but also the construction of 
tools for appraising the proximity, referred to as “error tolerancing,” of the flats in 
terms of the errors’ ranges \c~ — c+\. 

I l 

Let us repeat the earlier experiment more systematically and examine the family 
of “close” planes 

{tt : C\x\ + C2X2 + C 3 X 3 = co, Ci € [c~ , c+], cj < c+}. 

Computing the two-point representation in || -coords of some of these planes, we 
see in Fig. 10.43 the corresponding pair of point clusters. Closeness is apparent, and 
more significantly, the distribution of the points is not “chaotic.” The outline of two 
polygonal patterns can be discerned. Not only is the family of planes “visualizable,” 


A ft-1 Motivation and a Topology for Proximity 


A. Inselberg, Parallel Coordinates, DOI 10.1007/978-0-387-68628-8_8, 
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244 


8. Proximity of Lines, Planes, and Flats 



Figure 8.1. 


Pair of point clusters representing close planes. Note the hexagonal patterns. 


but also the variations in several directions. Might it be possible to see, estimate, 
and compare errors? 

The proper setting for treating the proximity of objects in a family T is by 
means of a topology [138]. Every object / e T is endowed with a collection of 
subsets A f f = {N\N C fF), called neighborhoods , such that 

1 . each fed 7 has an Aff , 

2. f e NWN e J\ff , 

3. if N\ e Aff and N D N\, then N e A />, 

4. if Ni,N 2 e Aff , then N\ n N 2 e Aff. 

Then proximity is gauged with respect to the topology in the sense that f\ and f 2 
are “close” if 3N e TVy, such that f 2 £ N and hence also N e N f 2 . Intuitively, we 
would like a neighborhood of a flat / to be like a “template,” a region covered by all 
flats close to /. In dealing with such regions, the results on gconics from Chapter 7 
turn to be helpful, and for this reason this subject is not included, in Chapter 5 on 
planes. 

8.2 Proximity of Lines and Line Neighborhoods 

We start the development by looking into families of lines. Is it reasonable to 
consider lines in being “close” if the coefficients of their equations are close? 39 
In R 2 consider the collection of lines 

39 This differs from the proximity studied in Chapter 4 in terms of the minimum distance between pairs 
of lines. 
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T = [l\l : c\x\ + C2%2 — I? c\, C 2 G R}. 


The value of the constant cq on the right-hand side here is taken as 1 but is allowed 
to vary later. Of interest is the collection of subsets Mi — {NL\NL C J 7 }, where 

NL = {l\l : c\x\ + C 2 X 2 — 1, C[ g [c~, c + ] i = 1, 2}. (8.1) 

It is convenient to denote the endpoints of the interval [c~ <?+] by sigrij, the sign 

of the superscript of c±\ that is, sigUj = — and sigrij = + stand for the lower and 
upper bounds respectively of Cj . The extreme lines obtained by the four different 
combinations of (sign i, sigri2 ) are 


(-, -) : c^x i + c^X2 = 1, 

(-, +) : = 1 , 

(+, -) : c^x\ + c^X2 = 1, 
(+, +) : — 1 . 


( 8 . 2 ) 


These lines bound the region R^l cR 2 covered by all the lines of NL, a “template” 
referred to earlier. An example is shown on the left part of Fig. 8.2, where the extreme 
lines in (8.2) are constructed from the points 



The region resembles a hyperbola and is in fact a generalized hyperbola, a gh 
in the terminology of Chapter 7. All lines in NL are enclosed between two opposite 
convex unbounded regions with two “asymptotes,” the lines (+, — ), (— , +), joining 
them at two ideal points. 

Clearly, as | cj — cf \ -> 0 the corresponding lines become more coincident, 
and it is fair to consider them as “close.” It is legitimate, then, to consider the Rnl 
as candidates for “line-neighborhoods” of close lines. Yet no matter how small 
the | Ci~ — + 1 are, the region R^i is unbounded and becomes wider as the v; 

increase. Perhaps it is more manageable to study the situation in the parametric 
“dual” space with the point (c i, C 2 ) — > t : c\x\ + C 2 X 2 — 1 line correspondence. 
Then the rectangles [ c ^ , c+] x [c^, c^] C M 2 are alternative candidates for “line- 
neighborhoods.” Pursuing the idea further, in some applications, points are given, 
together with some lines. The task includes the construction of the “best” (accord- 
ing to some criterion) line from these points. Skipping the details, the important 
observation here is that we need to work with and view both points and lines. This 
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Figure 8.2. A Line neighborhood. 

On the left is a region covered by lines “close” to i, and on the right are the points in || -coords 
representing the lines in this region. With reference to the nomenclature and results in Chapter 7, 
this is an instance of a gh (a “generalized hyperbola”) on the left that is mapped into a be , here a 
bounded convex quadrilateral (right) 


can be accomplished using %cK 2 but is not possible using the parameter space 
in which only the lines, represented by points, are available. Checking the situation 
in ||-coords, shown on the right part of Fig. 8.2, the unbounded region Ryg is 
transformed into a simple convex quadrilateral; let us call it NL. From the point 
line duality, both points and lines are available to work with. 

The intention is to form a topology; therefore the possible intersections between 
different quadrilaterals NL need to be examined. Let 

NLj = {i\i : cijxi + c 2 jx 2 = 1, Cjj e [cJ~j, cV ] i = 1, 2 j = 1, 2}, 

(8.3) 


and the intersection operation = A^i n A^2 is defined by 


NL — {l\l : c\x\ + c 2 x 2 = 1, ci e [c { , cf] = \c i V cjy n [c i 2 , cj 2 \ i — 1, 2}. 

(8.4) 


- „+ 


- „+ 
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The different intersection outcomes are these: 

1. if [c“ c + ] = 0 for any i, then NL = 0, 

2. if [cL , c^~] = c; for i = 1,2, then 7VL = {£} for £ : + C2-*2 = 1; 

3. if [cj“, c^] = c\ and c 2 < c 2 , then NL is a “fan” of lines on the point 

Pi = <1, 0) => NL is a segment on P \ . Similarly, if \c 2 , c 2 ] = C 2 and 
c NL is a segment on P 2 where P 2 — 0); or 

4. 7VZ is a quadrilateral contained in both NL\ and ZVZ^- 

Though the set intersection of two quadrilaterals may be a triangle, the intersection 
operation defined by (8.4) excludes that possibility (see the exercises below). With 
each of these cases a legitimate NL , it is clear that the family ML a — {NL\NL c J 7 } 
is a topology of line-neighborhoods. 

By contrast, the intersection of two R^l is not in general such a region. Four 
distinct are shown in Fig. 8.3, and though some pairs have a nonempty 
intersection, it does not contain any complete lines. This is clearly seen from the 
corresponding NL , which are disjoint. So the regions R^l considered as point sets 
cannot serve as neighborhoods for a topology for lines. The alternative is to consider 



Figure 8.3. Several line neighborhoods. 

The regions Rnl i = 1, 2, 3, 4, covered by four families of lines in orthogonal coordinates and 
their images NLi in 1 1 coordinates. 
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Rnl as consisting of the complete lines covering it, greatly complicating matters. 
Instead, we choose to work with their images NL, which satisfy all the requirements 
for a useful topology of lines. Additionally, with || -coords we are not limited by 
the dimensionality of the space either for lines or more general flats. This leads to 
some surprising, elegant, and very useful generalizations. 

Before getting to that, we enlarge the class of lines in N replacing the 1 by cq 
and allowing it to vary within an interval 

NL = {£\£ : c\x\ + c 2 v 2 — co, Q £ [c~, cf] i = 0, 1, 2}. (8.5) 

L V 

Each such line £ is represented by the point 



^2 


c 0 


ci + c 2 c i + c 2 


( 8 . 6 ) 


In order to study the resulting neighborhood NL, first we take cq = Cq . This is 
basically the case already studied, and the corresponding neighborhood, whose 
construction is shown in the lower part of Fig. 8.4, is formed using the points 
with values of Cq in the numerator. The vertices of the quadrilateral are labeled by 
(sign i, sign 2 , — ), since they are the points representing the four extreme lines as 
before. Next the value cq = c^ is chosen and the corresponding quadrilateral is 

constructed now using the points with values of cj" in the numerator with vertices 
(sign\ , sign 2 , +). Inspecting the y-coordinate of the point given by (8.6), it is clear 
that for the intermediate values cq = [cq~, c^~] between the two endpoints, 

C 0 < c 0 < C Q~ 

C\ + c 2 “ Cl + C 2 “ Cl + c 2 ’ 

the vertices of the quadrilaterals are translated upward from the quadrilateral 
obtained from c^ until the vertices for c^~ with the same x-coordinate. The 

resulting NL is now a hexagon with the leftmost and rightmost edges verti- 
cal. The vertices going counterclockwise are (— , +, — ), (+, +, — ), (+, — , — ), 
(+, — , +), (— , — , +), (— , +, +). For clarity the three quadrilaterals corresponding 
to cq , c^, and cq e [c^, c^~] are also shown separately in the upper portion of 
Fig. 8.5 with fewer details. 

We reexamine the prospects for a topology using the hexagons as line- 
neighborhoods, starting with 


NL ji0 = { £\£ : c\jxi + C2jX2 = cq, 



i = 0, 1, 2, j = 1, 2}, 

(8.7) 
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Figure 8.4. Construction of a neighborhood NL for NL = {i\i : c\x\ + C 2 X 2 = co, c z - e 
[cC, c+] i = 0, 1, 2}. The “exploded” view also shows the quadrilaterals 7VX_ for co = and 

and co = c^, whose vertices are marked with black and blank oval vertices respectively. The 

complete NL is a hexagon having two vertical edges, three vertices from 7VX_, the lowest ones, and 
three vertices from NL+. 


( _ » +) 



Figure 8.5. The hexagon of the previous figure without the construction details. 
The arrow shows that the three diagonals intersect at a point (Exercise 6). 
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for the intersection NL — NL\ H NL2 defined by 


NLo = {l\l : c\x\ + C 2 X 2 = co, c ; - G [c, , c+] 


l 7 l 


= L,i> c u ] n [c i, 2’ c h 1 ’ 1 = °* '■ 2 1- 


- „+ 


( 8 . 8 ) 


» FT-le_ 

The different outcomes of the intersection are then: 

1. If [c7, c +] = 0 for any i, then NL = 0. 

2. If [c^~, c^~] = 0 and [cF, c+] = 0 for either i — 1 or i — 2, then £ is on the 

^2-axis if i — 1 and on the xi-axis if i = 2. 

3. If [c^, C(j~] = 0 and [cF, c^] 7^ 0 for both i = 1,2, then consists 

of two overlapping “fans” of lines at the origin (0, 0), so NL consists of two 

overlapping intervals on the v-axis. In effect, this is the case where the hexagon 
(see Fig. 8.5) collapses to a horizontal line. 

4. If [ Cq" , cj~] = cq 7^ 0, then this yields a quadrilateral NL with the cases 
enumerated earlier. 

5. If Cq" < cj" and c\ is constant for either i = 1,2, then NL is a quadrilateral with 
two vertical sides and consists of two strips each having constant width. 

6. NL is a hexagon contained in both NL\ 0 and M,2,o- 

Again we can conclude that the family of hexagons TVLq constitutes a topology 
of line-neighborhoods, since all the enumerated situations are also specific instances 
of NLj q. Allowing the variation of cq e [cq", cj"] is the most general case for a 
family of lines. To complete the study there still remains to examine the situation in 
which the sum c\ + C2 = 0 with some of the corresponding lines, having slope 1, 
is represented by ideal points. 

The generalization to is direct, a family of close lines is represented by N — 1 
regions, and it comes out as a special case in what follows (see also Exercise 8 
below). For earlier treatments of line-neighborhoods and topologies for flats in 
||-coords see [107] and [23]. The exposition here is adapted from [131]. 


1. Show that the intersection, as defined by (8.4), of two quadrilaterals NLj 
cannot be a triangle. Draw the R^l corresponding to a triangular NL contained 
between the X\ and X2 axes and describe the family of lines NL. 

2. Draw examples of the quadrilaterals NLj for j = 1, 2 and the R^Lj f° r the 

different cases of the intersections NL — NL\ fl NL2. 

Show that when NL, as given by (8.1), is a quadrilateral, it is also convex. 


3. 


8.2 
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4. Construct an example in which NL is not convex and describe the region and 
that of Rnl- 

5. Show that when NLq , as given by (8.7), is a hexagon, it is also convex. 

6. Show that the three diagonals of the hexagon having exactly opposite signs 
(i.e., (-,+,+) is joined to (+,-,-)) intersect at the same point; see also Fig. 8.5. 

7. Draw examples of the hexagons NLj q, for j = 1, 2 and the RnLj 0 f° r a U the 

different cases of the intersections NLq = NL\ q fl iVL2,o- 

8. Generalize to the representation of a family of close lines and provide an 
algorithm for constructing the line neighborhoods; this is a good topic for a 
course project. 
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8.3.1 Formulation of the Problem in R N 

In R 3 , for the plane 


7 X ! C\X\ + C 2^2 + C 3 V 3 — Co, 


(8.9) 


= JTl '23 = 


C2 + 2C3 + 3 ci 


c 0 


Cl + C 2 + c 3 Cl + c 2 + c 3 


— ( 1 , 0 ) + 


C3 + 2ci 


c 0 


Cl + C 2 + c 3 Cl + c 2 + c 3 


an observation showing that ny — 71^23 can be obtained from 


ttq' = ^123 = 


C 2 + 2 c 3 


c 0 


ci + c 2 + c 3 ci + c 2 + c 3 


( 8 . 10 ) 


by a shift and the counterclockwise cyclic permutation ci — > C 3 , C 3 -> C 2 , C 2 — > ci. 
This combinatorial relation allows for a reduction in the number of indexed points 
that need to be considered. As a reminder, any two points in the vy plane labeled 
7Ti23, tti' 23 w ilh the same y-coordinate are required for a valid representation of 
7 r, the horizontal distance between them being proportional to ci. Tracing the 
permutation between the c^ also clarifies that the value of if ^23 can not be obtained 
from 7fi23 without additionally specifying a value for ci. Continuing, 




Tty — TTl'2'3 — (2, 0) + 


5 


( 8 . 11 ) 
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as obtained from 7T(y = 71123 via a shift and the clockwise cyclic permutation 
ci — > c 2 , c 2 — > C 3 , C 3 — > c\. Finally, 


Tty = JT 1 ' 2 ' 3 ' = ( 3 , 0 ) + 


C\ + c 2 + C 3 Cl 


(3,0) + %. (8.12) 


The analogous relations hold for R . For a hyperplane tt : c\x\ + C 2 X 2 + • • • + 
c n x n = co let c = (ci, C 2 , . . . , cy) be the A+tuple of the coefficients and for an 
//-tuple Z = (z\, Z2, ■ ■ ■ , zn), denote the sum by S(Z ) = Zj. According 

to Corollary 5.4.2, the first and second points representing tt are 


Xl 2 ...N = *0' = 


c 2 + • • ■ + (k — \)c k + • • • + ( N — 1 )cy/ cq 


S 


’S ’ 


(8.13) 


7 T\r — 


Nc\ + C2 + • • • + (k — 1 )cj c + • • • + (N — 1 )cn cq 


s 


’s’ 


(8.14) 


where S = 5(c) = ^]Li c j • Here 


7 


7rp = (1, 0) 


+ 


c 3 + 204 + • • • + (k — T)c k —\ + • • • + ( N — 2)civ + (N — l)ci cq 


5 


’ 5 
(8.15) 


is obtained from ttq/ by a shift and the counterclockwise cyclic permutation ci — ► 
c N C N _ 1 c k C k _ 1 -* • • • -» c 2 -* Cl generalizing (8.10), a 

process that can be continued inductively for the remaining 


ZT 1 ! 


Nc\ + (N + l)c 2 -t \-(N+i-l)ci + ic(,_|_i)4 \-(N — 1)cn cq 


5 


5 

(8.16) 


obtained from %/ by a shift of ( i . 0) and an appropriate permutation of the c k . This 
is applied, amplified, and better understood in Section 8.3.6. 

We proceed now with the study of the class of all hyperplanes 


T = [jt \jt : c\x\ + c 2 x 2 + • • • + c^x/v = 1 , Ci € R for i = 1,2,... , N}, 
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and the collection of neighborhoods A f n — [NH\NH c 2F), where 

NH={jt\n : c\x\ + c^X 2 + • • • + cjgxjg — 1, Q G [c~, c^~] i = 1, 2, . . . , Af}. 

(8.17) 

Note that for convenience, the value of cq = 1 is used and is adjusted later to arbitrary 
values as for line neighborhoods. In the study of the N — 1 regions composing NH , 
in view of the previous reduction, it suffices to investigate the region £2 = NH(y 
containing the points ttq'. These are the function values of 

f N :R N M 2 


in x, y coordinates, 


f N (c) = (x(c), y(c)) 



Xj = l 





(8.18) 


reverting to homogeneous coordinates to accommodate ideal points. The subscript 
“O'” is dropped when the context is clear. The c; range over the N -dimensional 
“box” is 


B = [c l , c+] x • • • x [c N , c+] C R n . 

The stage is now set for the task ahead: to understand the properties of fy, its action 
on B , 


bAa = f N ( B) C P 2 , 


and the structure of Q representing the family of hyperplanes in N . 

The previously studied line neighborhoods serve as a guide and prototype. The 
region of “close” lines, Fig. 8.2, is a gh (generalized hyperbola), and from the 
previous chapter we know that its || -coords image can be any be (bounded convex 
set), the case covered so far, uc (unbounded convex set), or gh. The region in R N 
covered by “close” hyperplanes is a complex -dimensional gh whose image in 
|| -coords consists of N — 1 regions in R 2 . As will be seen, these are also be , uc , gh. 
From these regions the properties of “close” hyperplanes can be ascertained and 
visualized without loss of information. 

8.3.2 Outline of the Development 

The key steps in the ensuing are outlined here so that the development will not be 
obscured by the details. 
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1 . At first, only the region £2 containing the points need be considered with 
the constant on the right-hand side cq = 1 . 

2. Analysis of the function fy in Section 8.3.3 enables the construction of £2 as 
the intersection of N “fan” regions shown in Fig. 8.10. The result is a polygonal 
region whose vertices are the values of fy at 2N key vertices of the hyperbox 
B given by (8.45) and traversed along the path (8.46). 

3. The polygonal regions are either convex bounded or unbounded or gh with 
2N vertices depending on the intersection of B with the hyperplane 7t c : ci + 
C 2 + • • • + cjg =0 shown in Fig. 8.24. The computational complexity of the 
construction is 0(N ). 

4. The remaining N — 2 regions are then easily obtained by variations in the 
traversal of the path in (8.46). 

5. Allowing cq 7 ^ 1 is dealt with following (8.55), adding two vertical edges to 
the previous polygonal region. 

6 . In the last section, points within the regions are matched, so that together they 
represent a valid element (i.e., plane or hyperplane) of the family. This serves 
as a prototype for the equivalent problem in the surface representation. 

A FT-2e 


8.3.3 Properties of /# 

The coordinate v of fy can be found in terms of the second coordinate y = 1/S 
via the decomposition below, for k = 1,2,... , N, as 



X/=i 


U - 1 )Cj 



(k-i)s a-k)s + Y:j = iU-i)cj 




(k — l) + 


X/= i 


(j — k)c j 



5 


yielding the linear relation 

P k : x = C k y + (k - 1), (8.19) 


with coefficient 


k - 1 N 

c k = C k (c\,c 2 , ... ,c k -i,c k+ i, ... ,c N ) = -k)cj + 0 —k)cj, 

)=c <0 ~" j=k+ 1^77^ 


( 8 . 20 ) 
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and 




C 1 = C\c 2 , C 3 , . . . , c N ) = Ef=2 O' - 

= C^(ci, C2, Cff-l) = Efj/O' - AO Cj. 


( 8 . 21 ) 


In the above decomposition, the first sum has negative terms and the second 
positive terms. Further, it is clear that C k is independent of q. The line P k 
having slope 1 / C k is on the point ( k — 1,0). Each point on P k is the ttq/ for a 
hyperplane tt . 

The properties and crucial role of the P k in the development are better under- 
stood in terms of the underlying geometry. For a plane n C M 3 as in Fig. 8.6, note 
that P 1 , P 2 , P 3 e l 7 1 = 7t n 7t^ with x\(P^) = 0, x^ (P 2 ) = 0, V 3 (P 3 ) = 0, 

and Ijt = 7 T 123 - Recall that the coefficient vector c = (c\, C2, C3) is normal to the 
plane 7T. Translation of l n along P 1 corresponds to a rotation that leaves C 2 and 
C 3 invariant, since C 1 is a constant, while c 1 varies. The situation is illustrated in 
Fig. 8 . 7 . On Pi, the normal vector ranges from c = (c^ , C2, C3) to c = (cj 1- , ^2,^3), 
tracing a plane 7t Cl orthogonal to all the planes with such c. These planes jt rotate 
about the axis n\ through Pi and normal to tt Ci with jt intersecting the superplane 




Figure 8.6. A plane tx and its intersection i n = 71123 with the first superplane 
The points P k = i n Fi XiXj plane for k f /, j . 
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Figure 8.7. The vector c = (c i, C2, c 3 ) is normal to n. 

On Pi, varying just ci e [c 1 , ] generates the plane tt Ci where c ranges. The translation of 

t n = 7Ti23 £ P 1 (right) corresponds to the rotation of tt about the axis n\ _L 7r Cl through Pi. The 
translations along P 2 , P 3 leaving C2, c 3 invariant respectively correspond to similar rotations about 
lines on P 2 and P 3 . 


7 at different lines l n corresponding to different points i n — 71123 translated 
along Pi; clearly n\ <£ The same considerations apply for P2 and P3. The 

generalization to R N is direct, with the translation of i n along P k corresponding 
to an equivalent rotation with C k , which determines P k (and hence P k ), being 
independent of q . 

Let 



( 8 . 22 ) 
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Since c • 

t J 


< Cj < c+ 


ZjZlu-QcJ > > E*=iO'- Wc+ 

E}Ljk+i O' - ^)s + ^ EU+i (i ~ k)c J - EjU+i O’ - *)*J 






(8.23) 


That is, C^ 7 and are the minimum and maximum values of C k . 

The multivariate function fy can be analyzed one variable at a time. Specifi- 
cally, for q, the region of interest is swept by the rotation of the line P k about the 
point (k — 1,0) between the lines 

f pk. x = C k m y + {k- 1), 

- _ (8.24) 

. Pm-x = C k M y + (k- 1), 

from the minimum 1 / C k M to maximum 1 / C /77 slopes. Caution: the slopes are the 

reciprocals of the C k . The variation of c^ is due to this rotation, whose dual is a 
translation of P k but within the superplane it [ , so that its representation P k remains 
a line (rather than a polygonal line). 

For R 3 , translations of the three P k within the segments [P k , P k } \ C 7r[ are 
indicated on the left part of Fig. 8.8. The subscripts l, h are used for the endpoints 
P k } or P ^ instead of m, M, since their relative positions depend on the signs of 

C k n , C k M , and this is irrelevant to the discussion now. In || -coords (see the right part 
of Fig. 8.8) the intersection of the three sectorial regions swept by the dual rotations 
about the points ( k — 1,0) contains the points 7T(y corresponding to the planes 
generated by the simultaneous translations of the P k , giving us a first glimpse 
at a region £2 and explaining the hexagonal patterns seen in Fig. 10.43. All this 
begs the question: are there equivalences between translations - rotations? This is 
answered with Fig. 8.9 showing translation - rotation duals. Starting then from a 
plane it , a family of “close” planes in a neighborhood Af(y can be generated from 
it by the aforementioned rotations and/or the translations of the P k shown in the 
picture. In due course, vertical translations for an arbitrary cq in it's equation will 
be added. The technical details that follow do not obscure our understanding when 
the underlying geometry is kept clearly mind. 


8.3.4 The Region Q 

Components and Structure of £2 

After the short and incomplete preview in R 3 , we proceed with the generalization 
to R^. Let us denote the “fan” regions swept between P^ and P‘ \ by Now 
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Figure 8.8. Rotation of P k about (£ — 1,0). 

It is dual to the translation of P k within a segment [P k , Pfi] C so that P k remains a straight 
(rather than polygonal) line. The intersection of the three sectorial regions on the right is the 
region £2. 


it is imperative, in order to cover all possibilities, to examine the positions of P t k 
relative to P . 

Case 1. 0 < C^; then 1/C^ > 1/C k > 1 / C k M , and P k ranges between 

the lines P ^ with minimum and P k n maximum slopes respectively; first part of 
Fig. 8.10. 

Case 2. C k n < 0 < C k M \ then 1 / C k n < 0 < \/C k M , and P k ranges between the 

lines P k j with minimum and P ^ maximum slopes respectively. Due to the sign 

change, C k goes through zero when P is vertical at (£ — 1,0), corresponding to 
P being an ideal point and therefore n being parallel to the axis; second part of 
Fig. 8.10. 

Case 3. Finally, when C k M < 0, 0 > 1 /C^ > l/C k > \/C k M , and P k ranges 

between P with the minimum and P k } with maximum slopes respectively; third 
part of Fig. 8.10. 
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Figure 8.9. Within El a translation along P 2 of ny to a new position. 

It can also be achieved by two translations, first along a P f then along a or equivalently by two 
rotations Pj i-> Pj followed by P 2 i-> P 2 . 


For the case 5(c) = 0, this analysis breaks down, since y = 1/5 is no 
longer defined, necessitating the consideration of fy (8.49) in homogeneous 
coordinates. 


Lemma 8.3.9. & FT-3 


° = n f=i 


El^. Either 


(a) El is a convex set strictly above or below the x axis, or 

(b) El consists of a gh region, the upper branch above and lower branch below 
the x axis. 


** Proof Each i l £ consists of two sectorial (and of course convex) regions sym- 
metric about the point (/c — 1,0). When the intersection of the portions below the 
x axis is empty (as in Fig. 8.8, for example), then El is above the x axis and is 
convex, since it is the intersection of convex regions. Similarly, it may happen that 
all the intersect below the x axis. Otherwise, some of the £2/, have a nonempty 
intersection that is convex above, and others may have a convex intersection below 
the x axis. ■ 

In the second case, it will be seen that there exists a combination of the cj for 
which 5(c) = 0, resulting in El being a gh. For the construction of El we take our 
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Figure 8.10. “Fan” regions £2k swept by the rotations of P k about the point (k — 1,0). 


cue from Fig. 8.8 and investigate the intersections n P k+l and P k M n P k + X 
starting with the relations between the successive C k n and c \, : 


r (k~ 1 ) 


k—2 


J2 ( j - k + 

7 = 1 



k + 1 )c j 


k—2 N 

= ^(j - k)c+ + - k)cj + 

7=1 j=k 



N 


+ E 


C 


J 


k - 1 W 

= + X! _ ^ c 7 + 

7=1 7=fc+l 




8.3 
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Carrying out similarly for and rewriting, 

1) _ I ( Y^k— 1 + , 

^ m ~ ' l Z^y — 1 L j ' Z^/ = 

^(H) _ pk i ( \^k-\ — | y^/V 

— "T" \2^y = l C ; ^ ^j = 

which points out the key vertices on the boundary 3 B : 


k C j 


k c -■ 


+ 

7 


( C 1 ’ c 2 ’ ' ' ' ’ c k— 1’ c k ’ C &+1’ • • • ’ c yv^’ 


.+ 


Bk — j ^2 » • • • ’ , c 


+ c + ) 

£+1’ ’ ’ ’ ’ N h 


with 


(8.25) 


^1 (^ 5 • • • ? C y) ^yy, 


^1 (^h » • • • ? c yy) ^yv> 


+ 


so that (8.25) becomes 


C% 1} = C™ + S(A k ), 


C M !) = cj, + S(5*). 


(8.26) 


(8.27) 


These 2 jV vertices are characterized by a single change of sign in the superscripts 

at the /cth position. Pursuing the cue in Fig. 8.8, we obtain the successive line 

k 


intersections Pf n fl P) k 1 f by 


C k n y + (k - 1) = c£ 1} y + (k - 2) 


=► J = 


1 


VAO’ 


(8.28) 


and correspondingly for P \, , so that for k = 2, . . . , N — l. 


a k m = P k D P hi 1} = f N (A k ) = (x(A k ),y(A k )) = 


C k 

m +(k- 1 ), 


1 




5(AO 
(8.29) 


al = PI n P, ( * !) = fy(B k ) = (x(B k ), y(B k )) 


C 


k 

m 


M 


M 


M 


S(B k ) 


+ (£ — 1), 


1 


S(fl*) 
(830) 


For k = 1 and k = N, 


PlnP" = f(A0 = f(B N ), PIP n p 1 


m 


M 


= f(B i) = /(Ajv). (8.31) 
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Other nice and useful relations for 1 < r < k are 


C r — C K 


r _ ^(r+1) | ^(r+1) 
^ m i 


+ C% X) ~C k m = S(Aj), 

j=r + 1 

(8.32) 


/^r 


f-,(r+l) . (~,{r+\) 


+ C 


(*-l) 


c«= E 


;'=r+l 


From these we can find the intersection points 


n rk - pr n P^- 1 ) 

— 1 m 1 1 7 m > X v a m / 


-rfc _ pk n n(fc-l) 

W M — 1 1 r M > y\ u M> 


0 k-r ) 

E‘„ + i so;) 

(fc - 0 

£?_r+i S(B;) 


and specifically for r = 


-i£ _ pi p| p(^ i) 
a m — r m 1 1 


y(a}n) 


U rk — p k n v(h rk \ 

°m — r M 1 1 r M ’ yy°M) 


(t-D 

£5,2 SO;) ' 

(*- 1) 

£ 5=2 S(fl;> 


There are also some important monotonicities with S(£i) > S(Ai) and 


son = Et ! 4 + EiU 


SOt- 1 )=£5=?c| + E" ,CT 


showing that 


(8.33) 


(8.34) 


(8.35) 


(8.36) 


(8.37) 


S(A k _i) < S(A k ), (8.38) 


S(A N ) 


= y(A N ) < y(Ayv-i) < < y(AO = 


Similarly, S(B k _ i) > S(B k ) 


S(Ai) 


1 1 

— — - = y(B N ) > y(B N - 1 ) > > y(#i) = — — 

o(P7v) 5 (pi) 



8.3.5 
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If there is a combination of the coefficients c such that S(c) = c\+C 2 ~\ \~c ^ — 0, 

while these q are in [c^, c^L then y(A and y(A^\) have different signs, so 
that the above monotonicities become 

y(A k ) < y(A k _ i) < < y(A 2 ) < y(Ai) < 0 < y(A N ) 


< j(Aa?_i) < ••• < y(A k+ i)-, (8.39) 

showing that at most only one change of sign in the sequence of the y(A^) can 
occur. Similarly, at most one change of sign can occur in the sequence of the y(Bfr), 

y(B r ) < y(B r+ 1 ) < < y(B N ) = y(Ai) < 0 < y(Bi ) 

= y(A N ) < • • • < y(B r _i). (8.40) 




Construction of Q 


Consider the first part of the lemma and specifically when £2 is above the v-axis. 
All values of y(B ) are greater than 0 for any point Be B, and hence y(A^) > 0, 

y(Bx) > 0, so that ^ > C k n and ^ > C k M from (8.25). There are three 
possible variations for the slopes of P k n , Pj^\ 


1 . all slopes positive, 


1 


1 


1 


C 


N 

m 


> 


(N- 1) 


> 


c 


> — r- > 0, 

c 1 


1 


1 


m 


m 


c 


N 

M 


> 


(N—l) 


> 


c 


M 


1 


> 


c 


1 

M 


> 0; 


(8.41) 


2. slopes change sign i.e. C} n > • • • > C^ n > 0 > cf£ 


(*+l) 


> • • • > ; hence 


1 


C 


k 

m 


> • 


> 


c 


1 1 

> 0 > 


1 

m 


c 


N 

m 


> 


1 


> 


1 


^(k-\- 1) ’ 
k'm ^ A 


M 


> . 


> 


c 


1 1 

> 0 > 


1 

M 


c 


N 

M 


> 


1 


> 


r (k+ 1 )’ 


(8.42) 


3. all slopes are negative, 


0 > 


1 


1 


C 


m 


> 


1 


(N—l) 


> 


> 


c 


m 


c 1 ’ 


0 > 


1 


1 


c 


M 


> 


(N-l) 


> 


c 


M 


1 


. > 


c 1 

(8.43) 
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Figure 8.11. Orienting the half- spaces. 

For each side of a line i : ax + by = c for c > 0. Points in the portion : ax + by < c are “below” 
i and “above” with the reverse inequality. For horizontal lines, “+” is the positive y direction, and 
for vertical lines, the positive x direction. 



Figure 8.12. Starting the construction of Q. 

Here the slopes of the lines P are all positive; Q is enclosed within the quadrilateral Q \ Fi 


Figure 8.11 recalls the “above’ ’/“below” relation for a point P and a line l, 
which is helpful in what follows. Recall from Lemma 8.3.9 that £2 C The 
intersection £2 = H £2^ = £2\n, where Q\ is the sectorial region between 
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Figure 8.13. The slopes of the lines Pj ^ , P ^ change sign. 
£2 is enclosed within the quadrilateral 


Pm, Pm, and Sl N between p]*,p£, is a quadrilateral with fjy (A \ ) = 

//y(A n) = hs highest and lowest vertices respectively. For case 1, shown 

in Fig. 8.12, all of £2 is to the right of the X \ axis and is of course contained in 
the quadrilateral For 2, shown in Fig. 8.13, £2 is between the X\ and X n 
axes, the slopes of the lines changing sign at some intermediate index according 
to (8.41). In the third case, (8.43), £2 is on the left of the X\ axis, as seen in 
Fig. 8.14. For £2 below the v axis, all the values of y(B ) are negative for any point 

Be B, and hence y(Ak) < 0, y(Bj^) < 0. Then from (8.25), ^ < C^ n and 

Cl ^ < Cj,, and the three possibilities for the slopes of P ^ n , P l analogous to 
(8.41), (8.42), (8.43) result in £2 being the mirror images, with respect to the v 
axis, of the previous situation, with fy(A i) still higher than /n(An) as in (8.39), 
(8.40). 

It is clear that the vertices fy ( A \ ) , //v ( A at ) together with a segment from each 
of P ) n , P^ belong to 3S2. Therefore, //v(Ai), fj^(A^) e £2^ for any k. Hence, 

as illustrated in Fig. 8.15, neither of the lines Pff T , P l intersects the line joining 
//v(Ai), f n(An ), for if one of them did, then fjy ( A j ) , fj^(A^) would lie on 
opposite sides of that line, so that both of them cannot belong to 3S2. At this stage, 
the order of the P } n , P l is immaterial, but for the sake of the discussion we take the 
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y 



X 


Figure 8.14. The slopes of the lines P^, P ^ are all negative. 
Q is enclosed within the quadrilateral 


arrangement shown with — P ^ fl P} n higher in y than y(A\). Hence n ^ ^ dQ, 

meaning that the segment of P} u belonging to 3 £2 has an enpoint df k — P} n n P* for 
some k. By the same argument, there is an endpoint D P ^ e d£2. From 

(8.36) and (8.39), a comparison of the y coordinates of the points a \2 = /n(A 2 ) 
and a\k yields 


y(a\k) = 


ik- 1) 


E l j =2 s(Aj) 


< 


(k- 1) 


1 


L /= 2 


S(A 2 ) S(A 2 ) 


= y(A 2), 


(8.44) 


illustrated in Fig. 8.16, showing that the point a 12 is //y(A 2 ) e 3£2 with d\k ^ £2 
for k > 3. So it is the segment with endpoints fy(A 1 ), fyA 2 that belongs to 3S2, 
and similarly for the vertices e 3£2 together with the segment 

joining them. 

Let Ak, A^ + i be the endpoints of the edge a^, and Bj^ B^+i the endpoints of 
the edge b^, respectively, on 3 B. Then 


d k (^q ’ C 2 ’ ’ ’ ’ ’ ^k Cf<c , • • • » ^/y)? 

^k (^q 5 c 2 ’ • • • ’ X’ ^k ’ • • • » ^ , 


.+ 


Cfc G [c*. , c+]. 


(8.45) 
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x 

(AT- 1,0) 

X k 


Figure 8.15. The segment connecting fa (A i) and fa (An) is contained in Qk for all Qk- 
The point hik is equal to P} n fl P ^ $ dQ for k > 2, but the point a\k equals fl P ^ e dQ for 
some k. 


Restating, we have established that the image fa(a\) of the edge a\ joining 
Ai,A2, and similarly the edge fa(b i) with endpoints faiB^f), fa(BN-l), 
belongs to £2 (recall that A\ — B #). Inductively, the same argument shows that 
fN( a k)> fN&k) C 3 QVk = 1, . . . , A. We have shown that the construction 
of £2 is accomplished by sweeping along the x axis to the points (0, 0), . . . , 
(£ — 1,0),... , (N — 1, 0) where the sectorial regions £2^ are anchored, intersecting 
them sequentially, (£2\ D ^ 2 ) H • • • D £2^, terminating with £2^ to generate £2, as 
illustrated in Fig. 8.18. 

The three possibilities for the segments forming 3 £2 are shown in Fig. 8.17, 
the third case (on the right) still to be discussed. In due course it will be seen that 
the segments can be either semi-infinite lines or projective complements of finite 
segments. Equivalently, the construction of £2 corresponds to the judicious traversal 
of the portion of dB consisting of the 2N vertices A&, B £, specified in (8.45), on 
the path V along the IN edges <21, < 22 , • • • > <T/v, b\, b2, . . . , At each vertex, 
say Afc, the point fa(Ak) in the xy plane is computed and joined by a straight line 
segment to the previous one fa(Ak- 1 ). To emphasize, out of a total of 2 N vertices 
(and edges) on 3 B, only 2N are needed for the construction of £2. The traversal 
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Figure 8.16. The segment of P} n with endpoints /'y ( A i ) , /,y(Ao). 

It is included in 3f2, with the triangular region shown excluded from £1 


y 


p 


k 

m 


In (Ak) / 



/ f N (A k+l ) 


/ k— 1 


x 


y 


• • • 


: k~ 1 

L *" X 



/n iAk) 


/ In (Ak+ i) 


P 


k 

m 


y 


! JN (Ak+ l) 


• • • 


k- 1 / 

ji— 


X 



Figure 8.17. The segments / a ^(^) c P^. 

This is for the case where £2 is completely above or below the v axis (left and center) and the split on 
the right, which can occur at most for one k. The situation for the edges C 9 £2 is the same. 

The segments in the first two cases can also be semi-infinite lines, as in Fig. 8.22. 
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Figure 8.18. A FT -4 Construction of Q. 

The kth region contributes the vertices /# (A&) , /n (Bk) to d £2, and together with the region Qk+ l , 

the vertices f N (A k + 1), f N (B k + 1) and edges f N (a k ), f N (h), as highlighted. 


direction for a i is c ^ -> c k and c k -> c^", for b shown in Fig. 8.19 for 3-D and 
Fig. 8.20 for ACD: 

^2 — > A3 ^ ^ ^ ^ A^v-i \ 

V : A\ = B n +i Bi = A^v + i 

\ # 7 V -1 #N-2 B r <- • • • <- B2 / 

(8.46) 

The construction of £2 is akin to a central problem in computational geometry: 
the construction of the convex hull of a planar set of N points. This problem is 
equivalent to sorting and can be accomplished with 0(N log N) worst-case com- 
putational complexity [148]. In our case, the sweep shown in Fig. 8.18 provides the 
2N vertices on 3 £2 already sorted according to their connectivity (order in which 
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^3 - ( 5 >+) B 2 — (—,+,+) 



Figure 8.19. 3D-box B in the space of coefficients. 

The vertices and edges, three each Ak , Bk, ak,bk along the path V are shown. The notation ± indicates 
the sign of at the kth component. 



c, c 2 c 3 



Figure 8.20. Image B of domain B . 

This is an ALdimensional box in the coefficient space c\ xc2 x ••• x c^. The dotted lines are the 
polygonal lines representing the box’s vertices. The solid line shows the vertex Ak, and the dashed 
portion (together with the remaining solid line) shows one of the points on the edge dk the arrow 
on the Ck axis is the direction of traversal from c £ — > . Each full traversal of c k e [c k , c+] 

corresponds to an edge ak, one of the N edges on the vertex Ak. The full path V can be traced in this 


manner. 
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c 3 



c 1 



B 2 - (-, +, +) 


Figure 8.21. The box B in the 3-D space of coefficients c i, C 2 , C 3 , (its positions with respect to 
the plane tx c : c\ + C2 + C 3 = 0.) Namely, tx c fl B = 0, or if tx c fl B ^ 0, tx c is a supporting plane at 
either vertex A\ or B\, or tx c intersects two edges of the path V. 


they are joined), that is, the path in (8.46), thus lowering the required complexity 
to <9 (AO. 

We have been carefully skirting the prospect of the sum 5(c) = c j — 0 

for some c e B, and this is dealt with now. In c e the coefficient space tt c : 
Ef=l Cj = 0 is a hyperplane, and its relative position to the box B has important 
ramifications with respect to the corresponding Q. So for the determination of Q, 
the procedure is to first check 


sign(5(A 1 )5(^i)) 


+ => 7t c fl B = 0 or 

— ^ 7 r c fl 5 / 0 with S(A\) < 0, S(B\ ) > 0. 

(8.47) 


Figure 8.21 illustrates these possibilities in R 3 with n c away from B , intersecting 
some edges of B or containing only one of its vertices. With n = (1, 1, . . . , 1) _L 7i c , 
clearly the only vertices for which tt c can be a supporting plane of B are A\ or B\. 
For if tx c intersects the diagonal joining A\ or B\, then it must also intersect some 
edges and hence cannot be a supporting plane. Drawing these three situations in R^ 
with 71 c and the -dimensional box B in Fig. 8.20 is left as an exercise (Exercise 4). 
To treat the case B fl 7T C ^ 0, it is necessary to consider the function fy of (8.49) 
in homogoneous coordinates: 
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f N (c) = (x(c), j(c)) = 


N 


Ey-l)c;.U(c) ) . 

7 = 1 


(8.48) 


Consider the case that tt c H B is either A\ or B\. The image of that vertex is an 
ideal point with slope 1/XlyLiO' — l)c/, an< ^ ^ a uc > an unbounded convex 
set in the nomenclature of Chapter 7. The construction of 3 £2 proceeds exactly as 
outlined above, the exception being that £1 opens in the direction of its one ideal 
point, and the edges on /aK^ 2) and are half-lines. Such an example 

with £2 opening downward and f^{B\) the ideal point is shown in Fig. 8.22. Thus 
far, we have seen that the image of a i is a finite segment C P t \ when 

n c n B = 0 or a semi-infinite line when n c fi B = A\orB\ , and the same holds 
for the images of b^. The remaining possibility is that tt c intersects several edges of 
3S2. There are N edges at each vertex, but inspection of the path V in (8.46) as well 



Figure 8.22. Q can be a uc. Here is an ideal point. 
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Figure 8.23. Q can be a gh. 


as the monotonicities in (8.39), (8.40) shows that at most two edges of that path are 
intersected by it c ; this is also seen in Fig. 8.21. The image of such an edge, as shown 
on the right of Fig. 8.17, is the projective complement of the finite segment with 
//v(A&+i) now higher than fy{Af}. Then £2 is a gh, a generalized hyperbola in 
the nomenclature of Chapter 7 on curves as shown in Fig. 8.23, whose construction 
proceeds according to the order given by (8.39), (8.40). A variation occurs when 
n c intersects dB at one of the vertices V not A\ or B\. Then £2 is a gh with one 
asymptote corresponding to the ideal point V being vertical, as shown in Fig. 7.23 
and Fig. 7.30 (see Exercise 5). 

For easy reference, the construction by which the region £2 is obtained is called 
the “scissors algorithm ,” that is, starting with the “fan” regions as shown in Fig. 8.10, 
their intersection described in Lemma 8.3.9, and the construction as described in 
this section, in particular (8.41), (8.42), (8.43). Clearly this construction algorithm 
outputs specific types of regions, and not any 2A r -gon region can be its output. 
The conditions resulting in the three types of regions are brought “under one roof” 
visually in Fig. 8.24 and formally below. 

Theorem 8.3.10 (T. Matskewich) The region £2 is 2N-gon above or below (but 

not intersecting) the x-axis, which is 


1. be if 7t c f! B = 0, 

2. uc if 7t c Pi B = {A\} or jt c H B = {B\} , 
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Figure 8.24. The intersection of the hyperplane tx c with the path V C B determines the type of 
the region Q. When 7r c Pi B = 0 (top), ^ is a be (bounded convex) 2N-gon as in Fig. 8.18; otherwise, 
a uc (unbounded convex) when tx c is a supporting hyperplane to B at either vertex A\ or B\ (middle) 
(Fig. 8.22), or as in the bottom part a gh (generalized hyperbola) (Fig. 8.23) when tx c intersects more 
than one segment B. In addition, if 7t c cuts through one of the vertices V , then V is an ideal point 
and is a vertical asymptote of Q (Exercise 5). 


3. gh if 7t c intersects B at more than one edge, and has a vertical asymptote if in 

addition, ix c contains a vertex of B. 

The construction of the remaining regions, £2’s companions, forming the image 
of the neighborhood NH given by (8.17) is basically the same and is the next 
section’s topic. Incidentally, NH is a complex hypersurface, the analogue of an 
N - -Dimensional gh, and as we see, it is represented by N — 1 planar regions, 
which in turn are be, uc , or gh. This lays the groundwork for the representa- 
tion of hypersurfaces in the next chapter and shows the generality that has been 
achieved. 
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A - (+5 - ) 


A - (+j +, 


A = 



B\ - (+, +, +) 


Figure 8.25. Pathway for the computation of 3 £2 when N = 3. 

The label c; indicates the only coefficient varying along the edge. Starting from A \ = 

the next vertex A 2 = is found by the variation of c\ between its extreme values. All the 

remaining vertices are found in the same way. 


After all this preparation, let us show an example of the theorem’s Case 1 for 
N — 3. What this amounts to is knowing the vertices A\, A 2 , A 3 , B\, B 2 , B 3 for 
the computation of the boundary of £2 = NHy . These are among the vertices of 
the 3-D box in Fig. 8.19. On the path shown in Fig. 8.25, the label c & indicates the 
only coefficient varying along that edge. The resulting hexagon for c\ e [1,2], 
C 2 e [2, 3], C 3 e [3, 4] is drawn on the left side of Fig. 8.26 using the formula 


for 7 t(y . A FT-4e 


8.3.6 ** The Full Image NH 


To generate the regions NHy of NH for i = 0, . . . , N it suffices to find the vertices 
of 3B, which in turn provide the vertices of 3 NHy, analogous to the traversal (8.46) 
for i — 0. The 2Af-gon NHy contains the points Tty, which are the function values 
of 


fNy : 


. TED N 




in x, y coordinates, where now, 


tfci + £?=i0‘-i)<7 l 

s ’ s 


fN v i C) = (xi/(c), y(c)) = 


(8.49) 


The analysis as in Section 8.3.3 involves finding the coordinate x in terms of y 
via the decomposition below, for k = 1,2,... , N: 


= 1 /S 


Nc x + £f =1 (; - 1 )cj N c\ + £(Li U ~k~ D cj 

x = = k 4 — 


■ N 


s 


s 
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Figure 8.26. The hexagonal regions Q = NHy (left) and NHy (right). 

Here the family of planes is specified by c\ g [1/3, 1.5], C2 G [1/3, 2.5], c 3 G [1/3, 1]. Compare 
this diagram with Fig. 10.43 at the beginning of the chapter. 


And for (8.57), we obtain the linear relation 

P k : X = c\,y + k. (8.50) 

The subscript “l'” distinguishes the above from Pjy, which until now was denoted 
by P k . The coefficient here is 

Cy = C k (c\, C2, . . . , Cyt, Cyt+2, • • • , cjv) 

k N 

= Nci + ^2 O' - k ~ l)cj + O' — k — 1) cy, (8.51) 

j= ] ' 7o j= k+2 ' >0 ' 

with 

' c\, = C l (ci, C 3 , c N ) = (N - l)ci + E f =3 0' - 2 )CJ, 

= C N (c 2 , c N -i,c N ) = EJUO ~ N ~ 1 )cj. 


r N 


(8.52) 
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Figure 8.27. Pathway for the construction of dNHy for N = 3 (left). 

These are the tx\> points based on the axis triple X 2 , X 3 , Xy The labels q indicate the only coefficient 
varying along the edge. This traversal is found by applying the shift Ck — > Ck+\ mod 3 to the previous 
diagram in Fig. 8.25 starting with A 1 = (— , — , — ) and C 2 varrying between its extreme values along 
the edge connecting it to the next vertex Ay 2 = (—,+,—) (while c\, C 3 are constant). All the 
remaining vertices are determined in the same way. The axis shift by 1 for the construction of NHy 
is shown on the right. The top and bottom vertices are indicated by the vertices A\, B\ of B, rather 
than the cumbersome notation /# , (Ai), fy , (B 1 ) used to compute them, while the lines are labeled 
by the coefficients varying along them. 


The key observation is that C k f , is independent of whereas C k is independent 
of q. So the shift c \ -> q + j mod N applied to all the previous formulas found 
from C k (henceforth denoted by C k )f ) yields the correct relations for C k r , namely, 



As before, the subscripts m and M indicate that C k , m and C k , M are the minimum 
and maximum values of C k ,. 

By applying the shift c ^ ► cy + \ mod N to the previous results, we can avoid 
the laborious calculations to obtain the needed vertices of B. The y-range of all the 
NHy is the same, so the vertices A\ and B\, which yield top and bottom vertices, 
are included for all i . It is helpful to return to the 3D example and find the vertices 
traversed in 3B for the construction of NHy, as shown on the left part of Fig. 8.27. 
From these vertices the second hexagon shown in Fig. 8.26 is constructed using 
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the formula for ity. The shift and its results are shown pictorially on the right part 
of Fig. 8.27. The matter easily generalizes to the shift k -> k + i mod N units 
in R n to successively construct the system of N axes Xy , . . . , for the 

construction of the NHy as shown in Fig. 8.28. Note that the distance between the 
X[ and axes is N — 1. The specific case for N = 3 and i = 2 is shown next in 

Fig. 8.31. The region NHy is computed using the vertices shown with the formula 
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for 7 i 2 '. F° r N = 3, i = 3, the region M/ 3 / is identical to M/q/ but translated three 
units to the right. A more interesting example is in Fig. 8.30 for N = 4, i = 3 ; it is 
helpful for understanding general situation. 

For small N , the vertices can be conveniently found by the traversal diagram. 
For the sake of completeness, it is useful to know for large k the sequence of vertices 
A;/ B(t k e 3B, and the c r varying along some of the edges resulting from the ith 
shift are listed below. 


Ai (rq , . . . , 

^i' ,2 ~ 5 • • • 5 Cj •> c 


+ c ~ ) 

? * * * ’ N ^ ’ 


i~\~ 1 


"V , 3 — ( C 1 > • • • > c i-v C t ’ C t+ V C i+ 2’ • • • ’ C 1 0’ 


^i',k — ( c i » 


.+ 


.+ 


. , ty - _ ] 5 , . . . , , c j^'), k <. N i + l, 


c n A , - - + + + . c n + 1 

^ /+1 (^*1 ’ • • • ’ — i ? • • • ? c jy c ]\jj ^ 

+ - CN +? 


^i',N — i (^4 ’ c 2 ’ * * * ’ » • • • » 1’ ^ N ^ 


> 


°i- 2 . _L_L + — + I Q-l 

^ ^ i',N — \ c \ 5 c 2 ’ ' ' ' ’ C i — 2’ C / — 1’ ’ • • • ’ ^ 


.+ ' Ci 


B\ (tq , , c jy ) 


> 


+ .+ - .+ 


Bf 2 — (^4 5 • • • 5 *4 _ 1 ? c { 1 c 


i~\~ 1 


+ \ c?+1 
• ’ ^yy ) ~ ^ 


CN 


^ Bi\N— i + l — ( c i ’ c 2 ’ 


+ - c v+i 

. , C- _ y ? <4 , . . . , Cjy) > 


Q -2 _ „ _ _ _ + _ _ x Q — 1 . C( 


> 


B[\N — ( c i 5 ’ ’ * ’ ’ c i—2' C i — l’ C i ’ * * * ’ *4y) 


> Ai — + . 


(8.54) 


Corollary 8.3.11 (T. Matskewich) Out of a total of 2 N vertices of dB2N (N — 1), 

those given in (8.54) are needed for the construction of the complete neighborhood 
NH consisting of N — 1 polygonal regions (2N-gons). 
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A, 2 = (-, +, -) A, 3 = (-, +, +) A, 4 - (+, - +, +) 



Figure 8.30. For N = 4 the shift is i = 3, i.e., k — > k + 3 mod 4. 
This is the resulting path and vertices on 3B. 



Adding c 0 

As was done for lines, there remains the task of enlarging the family of “close” 
hyperplanes by allowing cq to vary in the equation of tv. The neighborhoods are 
now defined by 

NH = {tt |tt : c\x\ + C2X2 + • • • + c^x^i — cq, 



(8.55) 


When necessary, the notation NHq for a general cq is used to distinguish it from the 
previous neighborhoods with cq = 1 . As for line neighborhoods, the y coordinates 
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+ 



Figure 8.32. Construction of the vertices when co ^ 0. 

Instead of the original vertices shown in black circles, there are now two for Cq", higher, and for Cq , 
both with the same v coordinate. The corresponding construction lines contributing to the new edges 
are shown. 


of the vertices change according to cq, and two vertical edges are added, so that the 
polygons have 2(/V + 1) vertices and edges. The polygon still consists of the points 
if os which are now the function values of 


f N : R N+l h* R 2 , f N (c) = {x (c) , y( c)) 



Lj = l 





(8.56) 


C G Bq [Cq , Cq ] X , Cy ] X • • * X [C^y, C^y] C 


- „+ 


- „+ 


N+l 


an ( N + 1 ) -dimensional box. The insertion of vertical edges poses a bit of a challenge 
for uc and gh regions, and the interesting details are left as exercises. Other than 
that, the addition of cq poses no difficulties. Repeating the previous decomposition 


y^a^ 

Lj = 1 




(k — 1) + 


Lj = 1 


O' - k)cj 


x = 


S 


s 
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Figure 8.33. & FT- 5 The four hexagonal regions. 


5.0 


Here the family of planes has c\ g [1/3, 1.5], C 2 G [1/3, 2.5], C3 g [1/3, 1]. Note that the last 
region NHy is identical to the first NHy translated three units to the right. Note the overlap in the 
last two regions, which suggests that there may be planes tx in this family with C3 = 0 (when 
ny = 713/), which is not possible from the definition of the Ck intervals. However, there cannot be 
points Tty = Tty G NHy D NHy with Tty G NHy and Tty G NHy. For example, the two O with 
vertical arrows are the locations of Tty , Tty in NHy and NHy for while the □ with a 

horizontal arrow is the location of (+, — , — ) in NHy. 


the x coordinate of fjy, for k = 1, 2, . . . , N, is found in terms of the second 
coordinate, which is now y = cq/S , just adding cq to the previous linear relation 
with the C k defined as before: 

C k 

P k : x = — y + (k- 1). (8.57) 

co 


The net result in the construction of the polygons is that now for each k there are 
two lines 







y + (k- 1), 


N+ :x = ^fy + (k- 1) 

c o 

C k 

^m,+ : x = N~ y + ( k ~ n- 

c 0 


(8.58) 

(8.59) 


Figure 8.4 shows the situation for line neighborhoods, which basically remains the 
same here. As shown in Fig. 8.32, for each k there are now two points correspond- 
ing to cj" and c q~ with the same x coordinate obtained by the intersection of the 
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Figure 8.34. | X FT-6 1 The octagons Q = NH <y (left) and NHy (right) for the family of planes 
with co E [0.85, 1.15], c\ e [1/3, 1.5], C2 E [1/3, 2.5], C3 e [1/3, 1]. The superscipt of co is the 
first entry of the quadruples (±, ., ., ., ) designating the vertices. Vertices with c q~ are marked by O 
and those for Cq with ellipses. 


corresponding P’s with ± subscripts respectively. Though cq does not affect the 
type of NH , which is determined by 5(c) = 0 if 0 E [c^, c ( ~j~ ] , the x axis intersects 

the region if c q < 0, requiring an amendment of Theorem 8.3.10. All this becomes 
clearer as we consider some examples. 

Theorem 8.3.12. For cq e [Cq~, Cq~], the region Q is a 2(N + 1 )-gon, which may 
have its leftmost or rightmost (or both) edges vertical and which is 

1 . be if tx c H B — 0, 

2. uc if 7i c H B — {A\} or tx c H B — {Pi} , 

3. gh if 71 c intersects B at more than one edge, and has a vertical asymptote if in 
addition, ix c contains a vertex of B. 

8.3.7 Some Examples 

A few concrete examples illustrate some special cases in the process, showing that 
the constructions are basically easy. The relations 


*(7Tl'2'3) = 6 - x(tz 123) - x{7ty 23), x(jt i'2'3') = 3 + *(^123), 


( 8 . 60 ) 
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Figure 8.35. The octagon NHy obtained from the hexagon in Fig. 8.26 with c 0 6 [-0.5, 1]. 
The x-axis is crossed, since cq = 0 is included in the range. 


and their higher-dimensional generalizations given in Chapter 5 turn out to be very 
useful in the computations. We complete the previous 3D example in Fig. 8.26, 
constructing the hexagon NHy using the vertices for the shift k -> k + 2 mod 3 
shown in Fig. 8.31. The fourth region NHy , see (8.60), is simply a translation of 
NHy three units to the right. Here we encounter an unexpected overlap between 
these two hexagons, suggesting that there may be planes jt in this family with 
Tty — Tty =>* C 3 = 0, which is not possible, since here C 3 e [1/3, 1]. For the fun of 
it, for a couple of coincident points on this overlap, their corresponding Tty, Tty are 
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Figure 8.36. A t/c in 3D for ci e [-2/3, 1.50], c 2 6 [1/3, 2.50], c 2 g [1/3, 1.0]. 

Compare with the coefficient ranges of the hexagon(s) in Fig. 8.26 and note that they differ only for 
cj~. Here the sum + c J is equal to 0. 


found, and they differ, showing that these belong to two different planes. All this is 
detailed in the caption of Fig. 8.33. 

Still working with Fig. 8.26 but now with variable cq e [0.85, 1.15], two 
octagons are produced with two vertical edges as shown in Fig. 8.34. For cq < 0 
the resulting region crosses the x axis; Fig. 8.35. By the way, the appearance of 
vertical edges does not necessarily imply that cq is varying. For instance, in the 
family of planes in Fig. 8.26, just changing c^~ = 1, which is also the value of 

c^", produces the hexagon NHq, whose leftmost edge of NHq, on and 

(—,+,+), is vertical (see Exercise 9). Minimally varying this family of planes 
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Figure 8.37. A uc in 3D for c\ g [-1, 1.50], C2 g [-1, 2.50], C2 g [1/3, 1.0]. 

Compare with the coefficient ranges of the hexagon(s) in Fig. 8.26 and note that they differ only for 
Cj“, c^. Here the plane n c : c\ + C2 + C3 =0 intersects two edges of the box B with the vertices 
(-, -), (-, +) below 7t c . 
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Figure 8.38. Agh in 3D for a e [-3.5, 1.50], c 2 g [1/3, 2.50], c 2 g [1/3, 1.0]. 

Compare with the coefficient ranges of the hexagon(s) in Fig. 8.26 to note that they differ only in c \ . 
Here the plane ix c : c\ + + C 3 = 0 contains the vertex (— , +, +) of 3B, which becomes an ideal 

point of the gh. 


shows how the regions evolve from be to uc (Fig. 8.36), then gh (Fig. 8.37) and 
gh with an ideal point (Fig. 8.38). The ideal point of the uc is computed directly 
from the function (8.49). We then move on to 4D with the sequence of Figures 8.40, 
8.41, 8.42, 8.43 having already pointed out that the ideal point of a uc is computed 
directly from the function fy . 


8.3.8 Matching Points and Navigation within NH 

The NH{ contain all the points representing the n family of planes given by (8.17). 
Though not all the vertices of 3B are used in the construction of the 2A-vertex 
regions NH [ , their images play an important role in delimiting which N — 1 points 
with the same y, one in each NHg, i — 0, 2, . . . , N — 2, represent a plane of 
the family n. After all, there are linear relations, those defining the family n, 
which introduce additional constraints connecting these points. The problem and its 
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Figure 8.39. The gh in Fig. 8.37 with the range co £ [0-5, 1] added. 

In the quintuplet (., ., ., ., .), the first position is for the superscript of c^. The previous vertices shown 
in Fig. 8.37, marked with #, belong to the gh with Cq" = 1. 


solution are illustrated using the previous family of 3D planes whose four hexagons 
are shown in Fig. 8.44. The images of all vertices of 9B are shown, with each 
hexagon containing two additional interior points. 

Two points with the same y, shown in Fig. 8.44, are in NHq and NH\ , but 
they cannot represent a plane 7 i in n, since Jty & M/ 3 . From the position 
of the points the represented plane tt is found having coefficients c\ — 0.5, 
C 2 = 0.65, c 3 = 0.18; hence tv n, since ny ¥ [1/3, 1]. With this example and 
upon reflection, it is clear that any N — 1 points with the same y, one in each NHg, 


8.3 
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+5 +) 


Figure 8.40. A NHy uc in 4D constructed according to the traversal diagram in Fig. 8.30. 


y 


* +) 



Figure 8.41. The previous uc NHy region in 4D with cq e [0.5, 1]. 
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Figure 8.42. The two extreme regions for the previous uc NHy in 4D with co € [—0.5, 1] 
Above is the NHy for cq = —0.5 and below for cq = 1. 


i = 0, 1 , . . . , N — 2 , do not necessarily represent a plane in the family n. Exploring 
further, the same point 7T(y marked with# on the edge (—, — , — ), (+, — , — ) of NHy 
together with a companion point (n)y with the same y coordinate on the edge 
(— , — , — , ), (+, — , — ) of NHy (not shown) represent the plane with coefficients 
ci = 0.44, C2 = 0.76 and c 3 = 0.13, which is also not a plane in n. Next, consider 
the pair marked with □ and the previous fty e NHy , the point marked with 
both □ and #, and tv 2' e NHy , marked with a □. These represent the plane n in n 
having coefficients c\ — 0.33, C2 — 0.55, c 3 = 0.45. 

So what is going on? The dotted line joining the vertices (— , — , — ), (— , +, — ) 
together with the edges on (— , — , — ), (— , — , +) and on (— , — , +), (— , +, — ) 


8.3 


& FT-2 Proximity of Hyperplanes 


( _ ? +> +> +) 


c 


0 



(+? +J “) 


c 


+ 

0 


(+? +? + 9 +) 



291 


Figure 8.43. The full uc NHy in 4D with cq g [— 0.5, 1]. Note the vertical edge on the left. 
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0 0.5 1 L5 2 2.5 3.0 3.5 4.0 4.5 


Figure 8.44. The four hexagons previously seen in Fig. 8.33. 

For a family of planes n with ci e [1/3, 1.5], C 2 e [1/3, 2.5], c 3 e [1 /3, 1] now showing the images 
of all vertices of 3B, two being interior points. Though the first two points with the same y, marked 
by are in NH\ and NHi respectively, they do not represent a plane in n, since u-v NH 3 . 
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Figure 8.45. Finding interior points. 
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Figure 8.46. Triangulation in orthogonal coordinates. 

Two sections of the family of planes n perpendicular to the V3 and x\ axes. Focus on the intersection 
point P of the lines (—,—,—),(—,—,+) shown in the x 1x2 andv2V3 planes. Choose the v coordinates 
of 7 f(y, 7 Ti to fix a 7X e n and on P. The slopes in the x\X2 and X2X3 planes are determined from 
the x -coordinates of 7 f(y , tt\ respectively. Generate this family of planes parallel to 7t and in n by 
allowing X2 to vary until it hits the constraint; here the lowest point. The range of X2 differs in the 
two sections, and the effective range is the minimum. This corresponds to the triangulation procedure 
shown above in II -coords. 


form a triangle in NH^y , and also in other NHy, as shown in Fig. 8.45. Choose 
a point 7 Tq/ on the edge (— , — , — ), (— , — , +) on NH(y , marked with □, and on 
the same edge NHy its companion point ny with the same y. Clearly, this n 
is in n with coefficients C 2 = c 2 = C 3 = c 2 = 1/3. Any pair of points, 
one on each of the vertical lines, through these two points represents a plane jt' 
parallel to n and hence with coefficients c ' 2 = c 3 by the previous construction for 
parallel planes. The range of y for which 7 t f e n is determined by the highest 
intersection of the verticals with an edge of the triangle, in this case with the 
triangle NHy, as shown. The corresponding situation in Cartesian coordinates is 
illustrated in Fig. 8.46. To find further interior points with the same x coordinates, 
variation of the y range may be possible in some cases (see Fig. 8.47) but not 
others (Fig. 8.48) by further triangulation. It is best to study these pictures to 
understand what is happening. There is an important caveat to avoid vertical edges 
in the triangulation, and when one is encountered, then use its image in another 
NHy, as was done in Fig. 8.47. The remaining details are left for the exercises 
and future generations. Suffice it to say that this procedure generalizes directly 
to R n . 
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Figure 8.47. Continuing the interior point construction from triangle 1 to triangle 2. 



(“> +J +) 


Figure 8.48. Continuation along the vertical by extending the triangulation. 
Here it is not possible due to gap between the two triangles in NHy. 
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1. Investigate the neighborhood family A f n of hyperplanes given by (8.17). 
Do they form a topology with respect to the criteria set in Section 8.1? This is 
a good topic for a course project. 

2. Find the relations corresponding to (8.10), (8.11), (8.12) but for the indexed 

points 7Ti234, ifi/ 234 , ^i'2'34> ^l'2'3'4> ^1'2'3'4' °f a hyperplane n C R 4 . 

3. Prove analytically the equivalences translation rotation, rotation transla- 
tion indicated in Fig. 8.9. 

4. Draw the equivalent of Fig. 8.21 in the space of coefficients R N using the box 
B in Fig. 8.20. 

5. Draw the construction of £2 when jt c intersects B at a vertex A s and an edge 
b r . Hint: A \ is a vertical asymptote of £2. 

6. Construct and draw the uc, gh cases for the line neighborhoods £2 in R N . Give 
specific examples for N = 3, 4. 

7. For the neighborhoods given by (8.55) with cq ^ 1, carry out the analysis of 
the resulting shape of the regions £2, and construct and draw examples of the 
possible options. State the result formally as a corollary to Theorem 8.3. 10. This 
together with a software implementation where the user specifies the intervals 
[c^, c^"], and the region Q is drawn, is an excellent topic for a course project. 

8 . Give examples of polygonal regions with IN vertices/edges and prove that they 
can not be the output of the “ scissors algorithm .” 

9. Draw some NHq for 2/7-gons uc and gh with vertical edges and cq. 

10. Write an algorithm for finding interior points in for N = 3,4. This together 

with a software implementation is an excellent topic for a course project. 
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Hypersurfaces in R N 


9.1 


Early in the development of || -coords, the representation of surfaces was attempted 
by simply plotting the surface’s points as polygonal lines. Except for very special 
surfaces (i.e., spheres, ellipsoids), this turned out to be even more hopeless than what 
happened with line-curves. The next improvement was the surface representation 
by the envelope of these polygonal lines. This is akin to using the projections in 
|| -coords of some surface sections. Since projections do not preserve information, 
this approach also does not work, though it is useful (but not accurate) at least for 
ellipsoids ([98], [81]), and for this reason it is discussed later on. However, it is 
a mess (worse than cusps and other special points in line-curves) for nonconvex 
regions. The way out turns out to be the natural continuation of curve images as 
treated in Chapter 7. 

We start by revisiting Fig. 9.1, which was shown earlier, in Chapter 3. The 
top shows the hypercube representation and serves as an excellent paradigm for 
what is to follow. In (a) is a square in Cartesian and || -coords. Note the role of 
duality where a vertex, say A, is mapped into a line A, and conversely, an edge, 
say AB , is mapped into a point AB. Proceeding, in (b) the image of the 3-D cube is 
twice the pattern of the square, where the edges can be identified by two points and 
faces by two vertical lines and a polygonal line. This is a good example, showing 
where the general representation of lines in Section 4.1.4 [106] is needed for the 
edges with two of the three variables constant (in effect, this simplifies matters). 
The representation of the cube’s faces stems from the vertical-line representation 
of hyperplanes discussed in Chapter 5. The pattern’s repetition pleasingly reveals 
the cube’s symmetry and its relation to the square. Whereas we do not know 
how to show a hypercube in Cartesian coordinates, it is no problem doing so in 
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Figure 9.1. (a) Square (b) Cube in M 3 (c) Hypercube in M 5 - all edges have unit length, (top) 

Showing the vertices and (bottom) representation based on the tangent planes as developed in this 
chapter. 
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|| -coords. In (c) is the representation of a hypercube in R 5 consisting of four times 
the square’s pattern. Again all vertices, edges, and faces can be determined from 
the picture. Interior points are represented by polygonal lines within the pattern. 
Polygonal lines that include a boundary segment represent boundary points. The 
bottom part of Fig. 9.1 depicts the new representation developed in this chapter. 
This suggests how the representation of higher-dimensional versions of a surface 
may be obtained from its 3-D representation. All this generalizes nicely to the 
representation of polytopes in R^ [23]. A rotated or translated hypercube can 
still be easily represented and recognized (exercises). The complete description of 
polyhedral objects is conveniently given in terms of incidence matrices , which are 
tables listing the vertices, the edges, and faces of all orders that they are on (i.e., 
their incidence) (see [146, pp. 139-140]). 

To lay the groundwork, recall the recursive notation for the axis spacing (con- 
sidered as an A-tuple) developed in Chapter 5 on planes. For the initial X-axis 
system X\, X 2 , ... , X/y, we write 

i 

d^j = (0, 1,2,... ,i- ... , N - 1). 


This states that the first axis X\ is placed at v = 0, X 2 is placed at v = 1, . . . until 
Xn, which is at v = N — 1. After translating the X\ axis one unit to the right of 
Xpj, renaming it Xp, the axis spacing X-tuple is 



r 


0*^ 




+ (N, 0, . . . , 0) = (N, 1,2,... , N — 1) 


And after i such successive unit translations with the X/ axis in position Xp, the 
axis spacing for i = 0, . . . , N,k = 1, . . . , N is given by 


dl = dSr + (N, . . . , N, 0, . . . , 0) = (N, N + 1, . . . , N + i - 1, i, . . . , N - 1) 


— ( dik )• 


(9.1) 


To clarify the indices, i is the number of axis translations and k is the position 
(component) within the vector d^. Using the step function 


St (k) = 


1 i > k, 
0 i < k, 


the axis spacing after the i th translation can be conveniently written as 





(9.2) 


(9.3) 
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When the dimensionality is clear from the context, the subscript N can be omitted. 
For a flat tt p expressed in terms of the dF spacing, the points jtF ... N 

of its representation are denoted compactly by ii ?, . Consistent with this notation, 

l 

7t p = Tty for 7 r p described in terms of the axis spacing d^. So the common spacings 

are d?j = (0, 1, 2), d^ = (3, 1, 2), and so on. 

It is useful to recast the representation of planes in vector form. For 

7 r : c\x\ + C2%2 + C 3 X 3 — c 0> (9.4) 

the coefficient vector c = (c\, C2, C3), and u = (1, 1, 1), the representing points of 

7 r given in inner-product (denoted by “•”) form are: 

• • 

7T = (c • dj, CO, c • u) = (c • dj, CO, Cl + c 2 + C 3 ). (9.5) 

The first coordinates of if, with the axis spacing given by (9.3), are 

c • d° = c • (0, 1, 2) = C2 + 2C3, 

c • d 1 2 — c • (3, 1, 2) — 3ci T C2 T 2C3, 

(9.6) 

c • d — c • (3, 4, 2) — 3c^ T 4c2 T 2C3, 

c • d 3 — c • (3, 4, 5) — 3c\ T 4c2 T 5C3. 

For x\ — c • d 1 /^ with S = ^ c i » The relations 

A2 = 6 — [vq + x\\, X3 = 3 + vq, 

and in general for R N with x\ — c • dj^/S and 5 = q, 

N—2 

X(N-l) = N(N - 1 ) - X/, aw = Af + *0, 

i=0 

provide the connection between the Af — 1 independent representing points and the 
remaining two. 


1. Show the 5-D hypercube in || -coords after a 

(a) translation, 

(b) rotation, and 

(c) both translated and rotated. 

2. Construct incidence matrices for the 3-D and 5-D hypercube shown in Fig. 9.1. 

3. Construct the representation in || -coords and incidence matrices for an object 
(e.g., a pyramid) of your choice in 3-D and 5-D; see also [23]. 
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Figure 9.2. A surface o e £ is represented by two linked planar regions cri 23 , &231'- 
They consist of the pairs of points representing all its tangent planes. 



9.2 Formulation 

We now pursue the representation of smooth surfaces in R N and in particular the 
family £ of surfaces 40 that are the envelopes of their tangent planes. The discussion is 
confined to M? when the higher-dimensional generalizations are clear. Occasionally, 
as for curves, we use terminology and results that can be found in the references 
on differential geometry. Also recommended is the beautiful and comprehensive 
website on surfaces [130]. The basic idea for the representation of a surface cr e £ 
is illustrated in Fig. 9.2. The tangent plane n at each point P e cr is mapped to 
the two planar points 71123 , ^23 F — 7fp23- Collecting the points by their indices 
for all the tangent planes yields two planar regions < 7123 (x, y), 0i'23( x > ) 0 » one 
each for the index triples. The regions must be linked by a matching algorithm 
that selects the pairs of points (one from each region) representing valid tangent 
planes of cr. The two linked regions form the representation a of the surface. 
An example of the linking was already seen in Chapter 8 between the polygonal 
regions representing families of proximate planes. The intent is to reconstruct the 
surface from its representation. The manner and extent to which this is possible, 
i.e., when the || -coords mapping is invertible, are among the issues studied in this 
chapter. 

40 Not to be confused with the family of superplanes also denoted by S. 
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Formally, a surface a e £ given by 

a : F(x) = 0, x = (x\, X 2 , X 3 ), (9.7) 

is represented in || -coords by 

a m, a = (g\ 23 (x , y), y)) C P 2 x P 2 , (9.8) 

where use of the projective plane P 2 allows for the presence of ideal points. In the 
notation, the link between the two regions is indicated by placing them within the 
( , ), which are omitted when the discussion pertains to just the region(s). The 
functions used are assumed to be continuous in all their variables together with 
such of its derivatives as are involved in the discussion. 

The gradient vector of F, VF = (J-^, J-^-, |^-) \ p , at the point P is normal 

to the surface a at P => the tangent plane n of a at the point FoC* 0 )? ( x °) — 
(ip x ® , ) is given by 

3 3 P 

TV : VF • (x - x°) = yy*/ - xf) — Ocf, jcJ, jcJ) = 0. (9.9) 

i = 1 1 

Therefore the representing points of 7T are 

TZi'(s, t) = (VF • d‘, VF • (x°), VF • u), i = 0, 1. (9.10) 

For our purposes it is often preferable to describe a surface in terms of two para- 
meters as 


a : F(s , t) — F(x) = 0, x = x(s, t), s e I s ,t e It , 


(9.11) 


where I s , l t are intervals of R. The equivalent description for hypersurfaces in R^ 
requires N — \ parameters. This form is due to the great mathematician Gauss. 
The vector x s (s, k^) is tangent to the surface curve t — £ 2 , and xt(kj, t) is tangent 
to the surface curve s — k \ , the kf = constant, and the subscripts denote partial 
derivatives with respect to the indicated variables. Therefore, the vector x s x xt is 
normal to the point P = F(x°) g a, where x° = x(kj, k 2 ), and the tangent plane 
Tt at Po(x°) is conveniently given by 


7t(s , t) : (x 



x s x x t 



(9.12) 


Alternatively, g e £ can be considered as the envelope of the 2-parameter 
family n(s,t) of its tangent planes, each contributing a pair of points, one each for 
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the planar regions a 123 , ap23> constituting the image a. The representing points of 
the tangent planes are equivalently given by 

ft 1 1 (s , t) — (n • d 1 , n • (x°), n • u), i = 0, 1, (9.13) 


where 


X S X x t 

n = 

x s X x t 

is the unit normal vector to a at the point Pq. Stated explicitly the point f-> pair-of- 
points mapping, from either (9.10) or (9.12), is 

(if ()', Tty) = (7T123, ^V2i) = ((*> y)> (V - y))> (9.14) 


with a slight change in notation, v = xy and x’ — xy for the x -coordinates of 
71123 — %, tti'23 — Hy respectively 41 . The y is the same for both points. In terms 
of the gradient’s components, F\ — 3F/3x/, 


F 2 + 2 F 3 

F1+F2+F3 ’ 

_ xiFi+x 2 F 2 +X3F 3 
F1+F2+F3 ’ 

/ o TFj TF2+2F3 

F1+F2+F3 


(9.15) 


These transformations are the direct extension of the 2-D point point curve 
transformations derived in Chapter 7. A word of caution: when the interaxis distance 
d is not equal to 1 , the right-hand sides of v and x’ above need to be multiplied by 
d and 2d respectively (see (7.7)); an example is given further; see (9.22). 

The generalization to the hypersurfaces £ of is direct. The image of the 
tangent hyperplane at a point P e o e £ consists of N — 1 points determined from 
(9.10) by using the appropriate axis spacing d^, i = 0, . . . , N — 2, the v coordinate 
being the xy as given above. The resulting transformation, the N-D extension of 
(9.15) with N terms in the numerator and denominator, determines the point (N—l)~ 
tuples mapping the surface o e £ into a consisting of (N — 1) planar regions. Next 
the construction of the regions is undertaken and subsequently the link or matching 
algorithm between them is found. 


41 The short- subscripts 0 r or V notation is used interchangeably with that showing the full index list, 
i.e., 123 or 1'23. 
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Figure 9.3. Intersection of a surface a with the two superplanes i tt s v . 

The points of the boundary 3d are the images of the tangent planes at the points of the two curves 
a fl 7 Tq/ and a H 7i s x ,. The surface above is a hyperboloid of one sheet. 


9.3 

The development is presented for R 3 , where the generalization to R^, via vector 
notation, is straightforward. The construction of the regions a and in particular 
their boundary da is greatly facilitated by an observation that is a substantial labor- 
saving device compared to the computation of the envelope of the tangent planes. 
In the ensuing, the surface a in question is translated and rotated so that the first 
two hyperplanes are not tangent to the surface and their intersections are curves 
(i.e., not empty or isolated points), for example in Fig. 9.3. There may be many 
such positions and orientations, referred to as a standard position , and for our 
purposes any one will do. Once the representation of a in a standard position is 
found, its representation in the original position and orientation may be found via 
the translation rotation duality discussed later on. 

The following lemma is not true for all surfaces a e £, as we will discover 
toward the end of the chapter, but it applies to a large subclass (including convex 
hypersurfaces), which we call £G. The situation is reminiscent of the conditions 
leading to (6.2) for obtaining the envelope of families of curves, which is not 
completely general but still very useful. Roughly speaking, if a e £G for every 
tangent P at a point if// of 3d//, there exists a neighborhood of if// where all points 
of d// are on the same side of P. Henceforth, unless otherwise stated, when the 
boundaries of the representing regions of a surface a are found using the lemma, it 
is assumed that a c £G. 
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Figure 9.4. Formation of boundary contours. 


Lemma 9.3.1 (Boundary of a) For a a surface in M?, da 123 is the image of 
a H 7 Tq,. That is, 9o'i23 = a H 7Tq, and similarly dag 23 = a Pi Tty. 

Proof With reference to Fig. 9.4, each point p \23 e <7123 is a representing point of 
a plane p tangent to the surface a at a point R by the definition of the region < 7123 . 
In fact, p\23 — where p P = l p . Note that for a plane it tangent at point 

Pea, ft 123 e da\ 23 , = tt P and P e l^. The image P is a line tangent to 

9 <7123 at ^123 — ^ 123 P e 7 Tq,: duality point- of -tangency line-of-tangency. 
In short, every point of <7123 represents a line of tTq, due to the smoothness of 9<7 and, 
therefore, by continuity of 9 < 7123 , every tangent to 9o'i23 represents a point of 7T ( S }/ 

and da. Hence 9<7i23 = a P 7Tq, and similarly 9<7 i/23 = a Cl n S y. The smoothness 
of da ensures the continuity of 9<7i23- ■ 

This basic result tremendously simplifies matters. The boundary da is simply 
the image of two curves : the intersections of a with the first two superplanes tTq, , Tt S y . 
Note further that for a plane Tt tangent at a point Pea , 71123 £ 9^123 an d if 123 £ 
9<7p23 4^ P e a fl Tty fl n S y . Finding the boundary of surface representations 
is one of the major reasons for studying the transform of curves to || -coords in 
Chapter 7. 

Lemma 9.3.2 (Boundary of a in R^) For a a C R^, 9<7 is composed ofN — l 
curves that are the images of the intersections of a with the fi st N — 1 superplanes. 
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Corollary 9.3.3 (Ideal points) An ideal point on the boundary 3 a is the image 
of a tangent plane at a point of a , parallel to u. 

Proof It is an immediate consequence of (9.10) that ideal points occur in the image 
when the third component is zero. That is, the tangent plane’s normal is normal to 
u or the tangent plane is parallel to u. ■ 

X FT-2e 

An algebraic surface is one described by a polynomial equation, providing an 
important special case of Lemma 9.3.2. 

Corollary 9.3.4 (Boundary of an algebraic surface) The boundary a of an 
algebraic surface a of degree n is composed of N — 1 algebraic curves each of 
degree n(n — 1 ) or less. 

The corresponding result in algebraic geometry 42 is that the dual of a nonsingular 
algebraic surface of degree n has degree n(n — [52], [186]. Here the 

boundary representations can be found with the aid of Pluckers results, presented 
in Section 7.6. For F in (9.15) a quadratic polynomial, the corresponding surface 
is called a quadric , and in R 3 , 

a : F (x\, X 2 , xf) — (xi,V 2 ,V 3 , l)A(;q, X 2 , x$, \) T , (9.16) 

A being a symmetric 4x4 matrix for R 3 and (N + 1) x (A + 1) for . 

Corollary 9.3.5 (Boundary of a for a a quadric) A quadric surface a c R^ 
is represented by N — 1 linked planar regions with conic boundaries. 

This is the direct extension from conics in 2-D to quadrics in A- D, and as for conics, 
their type depends on the type of quadric and its orientation, as pointed out next. 

Incidentally, quadrics may be classified according to their matrix as in [126, 
pp. 455-7]. A matrix is called positive or negative definit if all its eigenvalues are 
positive or negative, respectively, and indefinit if it has both positive and negative 
eigenvalues. The corresponding surface has a local minimum/maximum if A is 
positive/negative definite and a saddle if A is indefinite. Numerically, a fast test 
for the positive definiteness of a symmetric matrix A is to attempt to factor it 
as A = R t R, where R is upper triangular with positive diagonal entries. For a 
nice treatment of quadrics and their properties see also [183, Chap. VII]. Another 
beautiful but nonelementary classification of quadrics is in [13, vol. II, Chap. 15]. 

The boundary 3d is the image of space curves contained in the superplanes. 
A space curve (see also Section 7.4.1) c c R^ can also be represented as the image 
of its tangent lines. In turn, the tangent / ata point Pec can be represented by 

42 I am indebted to Prof Evgeni Shustin for these references. 
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Figure 9.5. The image c of a space curve c contained in tt f is formed by two coincident curves. 


N — 1 doubly indexed points, say ?/_]/, such that c consists of Af — 1 planar curves 
Ci-ij formed by the ?/_] /, two such curves for R 3 . Each c/_j / is the image of 
the projection of c on the 2-plane x/_]/. The fun part is that in our case, these 
two curves are coincident, since they are the images of a curve in a superplane, say 
c C 7Tq;, where each tangent t at a point P e c is a line in the sp tTq,, and hence 
/~12 = ^23 • An example is in order. Consider the cylinder 

CY:xl+xl = 1, (9.17) 

which is centered along the xi axis. For a moment we anticipate a result from 
the next subsection that the regions representing a cylinder are curves and find 
the representation curves starting with CY\ 2 . Based on the aforementioned, the 
intersection c with the first superplane 


7 Tq/ : x\ — 2 x 2 + x^ = 0 


(9.18) 


must be found. The intent is to show that the projections of c = Cl CY on the 
principal planes have identical images. Substituting 


X 3 = 2^2 — x l> 


1 

x 2 = X3), 


successively into (9.17), we obtain 

c \ 2 — x\ — 4 xi ^2 + 5x| — 1—0, C13 = x\ + 2x1x3 + 5x| — 4 = 0, (9.19) 
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which are the projections of c on the x\% 2 , x\x 3 planes, respectively; C 23 is avail- 
able directly from (9.17). Of course, all these are planar ellipses, and we refer to 
Section 7.5, on the conic transforms, to find their images. For convenience the 
appropriate notation and formulae are restated. The image of the quadratic 

F(x\, X 2 ) — A\x^ + 2A/\x\X2 + A 2 X 2 + 2A^x\ + 2A^X2 + A 3 — 0 (9.20) 

is the quadratic 

2 2 

f(x, y ) = a\x + 2a^xy + a 2 y + 2a$x + 2a^y + (23 — 0 (9.21) 

with the coefficients 

ax = [A 3 (Ai + A 2 + 2A 4 ) - (A 5 + A 6 ) 2 ]/d 2 , 
a 2 = A\A2~ A 2 , 
a 3 = A 2 A 3 - Ag, 

<24 = [A 13 — A23]/<i = [A 5 (Ai + A 4 ) — A 5 (A 2 + A/±)\/d, 
a 5 — [^6 + ^5^6 — ^3(^2 + ^4 )\/d, 

ae = a 2 a 5 a 4 a 6 , 

with d the interaxis distance and A = (A£ — A\ A 2 ) the discriminant ; the indicator 
I — A\ + A 2 + 2 A 4 plays an important role in the transformation. For C] 2 , the 
interaxis distance is d = 1 , and the nonzero coefficients are 

Ai = 1, A 4 = -2, A 2 = 5, A 3 = -1. 

So from (9.22), the coefficients of its image are 

a\ — —2, a 2 — 1 , a 2 — —5, c /4 = 0, <25 = 3, <25 = 0 

for the image curve 

C 12 : — 2x 2 + y 2 + 6x — 5 = 0. (9.23) 

Continuing for C 13 , the distance between the X \ and A 3 axes is d = 2, the nonzero 
coefficients (where now the second variable is * 3 ) and its image’s coefficients are 

A\ — 1, A 4 = 1, A 2 = 5, A 3 = —4, ai = — 8 , (22 = 4, 

(23 = —20, (24 = 0, <25 = 24, (26 = 0, 

which, upon division by 4, define the same curve as in (9.23). Note that without 

the insertion of the interaxis distance d in the formulas, the computation would 
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not be correct. The image C 23 is found next to verify the assertion. The nonzero 
coefficients of C 23 and its image are 

At = 1, A 2 = 1, A 3 = -1, a\ = - 8 , a 2 = 1, <33 = -1, 

04 = 0, 05 = 1, 05 = 0, 


with the distance between the X 2 and X 2 axes d = 1. We write 

<?23 : — 2x /2 + y 2 + 2x r — 1=0, x ; = x — 1, (9.24) 


since the X 2 axis is one unit to the right of the y axis. In the xy coordinate system, 

C 23 : — 2x 2 + y 2 + 6x — 5 = 0. (9.25) 


Hence images of all the projections of c, which are ellipses, are coincident 
hyperbolas c \ 2 — c\ 2 — c 22 — c — CY\ 2 . 

Proceeding, the image CY 22 is the image of the curve c' — CY Cl Tty, where 

Tty : x\ + x 2 — 2^3 — 0 (9.26) 


is the second sp based on the coordinate axis Xy,X 2 ,X 2 . Actually C723 = Q 3 
has already been obtained above, since the X 2 , X 2 axes are shared by the two 
coordinate systems. This means that the two parts CY 22 , CY\ 2 of CY are coincident, 
an occurrence that turns out to be characteristic of cylinders whose rulings are 
parallel to the x\ axis. It is instructive to verify this in terms of the other two 
projections of c’ found by the substitutions from (9.26), 


X 2 = 2x3 — X h 


1 

x 3 = + x 2 ), 


into (9.17), which yields 

C |/3 : x 2 — 4 x 1 x 3 + 5x| — 1=0, Cy 2 : x 2 + 2x\x 2 + 5x| —4 = 0. (9.27) 

The nonzero coefficients of c'y^ and the a\ are 


Ai = 1, A4 — —2, A 2 = 5, A 3 = —1, a\ — —2, a 2 — 1, 
03 = —5, 04 = 0, 05 = —3, 05 = 0, 


with d — — 1 the (directed) distance between the Xy, X 2 axes, yielding 

c f y^ : — 2x /2 + y 2 — 6 x r — 5 = 0. 
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Here x f = x — 3 due to the distance of three units of Xy from the y axis, so 

c | /3 : — 2(x — 3 ) 2 + y 2 — 6(x — 3) — 5 = — 2x 2 + y 2 + 6x — 5 = 0, (9.28) 

which matches C23. Finally, d = — 2 and x' — x — 1 for c'y V whose image is also 
the above hyperbola. 

This extended presentation illustrates the detail involved and emphasizes the 
simplification achieved. For each region, the image of only one projection needs to 
be computed, so we may as well pick the simplest one, where the two parallel axes 
are adjacent with d — 1. The conclusion, a refinement of Lemma 9.3.2, is stated in 
general. 

Theorem 9.3.6 (Representation of cr in R^) A smooth hypersurface a c R^ 
can be represented by N — \ linked ( i.e with a matching algorithm) regions 

<*/,;+ 1 cP 2 ,i = l iV-1, with da it i+ \ = c (/ /_ = (cr n ^) (/ ,_ 1); v 

To clarify the notation, tz!j s is the ( i + l)th sp (recall that the first one is also 

denoted by The image of the space curve tt^ s D cr is the image of only 

one projection; we choose (7t^ s fl corresponding to the adjacent axes 

Xy_i, Xy for which d = 1, with the convention that for 1 — 1, X^_ i) = Xy. 
A horizontal translation by N + i — 1 units to the left as shown in Fig. 9.6 is needed 
to obtain the correct v coordinate. For an object, a point P, for example, the notation 
P[t refers to the representation of P with respect to the N coordinate axes after the 
i th shift. 

For R 3 the preferred projections are (77^ fla)i 2 , (jty Hajp 3, and for R 4 , 

(tt^ s H <7)12, (7T 4 / fl <7)1/4, Fl cr)y y, and so on. Next, the regions of a must 
be linked with a matching algorithm , as for the regions in Chapter 8 representing 
families of proximate flats, which select the valid N — 1 points representing a 
tangent plane of a . This is dealt with incrementally for surface types of increasing 
complexity. 


9.4 


The sphere cannot be cut and then flattened without distortion. Motivated by 
mapmaking, surfaces were sought whose shape is “close” to spherical and can 
be unrolled into a plane without streching or contracting. Euler first considered this 
problem, and subsequently, starting in 177 1 , Monge made major contributions to the 
subject of developable surfaces. Monge pointed out potential applications especially 
to architecture, paving the way for the modern contoured architectural marvels. 
Gauss and others followed with the development of the differential geometry of 
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Figure 9.6. Notation and distances for the shift by i units in R N . 

Due to the distance of the Xy from the y axis, the horizontal translation by N — i + 1 is needed to 
obtain the correct x coordinate. 


more genenal surfaces. Developable surfaces (“developables” for short) are the 
class V c £ that are the envelope of a one-parameter family of planes; they serve 
as an excellent starting point for our study of surface representation. Finding their 
image, matching, and reconstruction algorithms is straightforward, and the results 
offer crucial guides for coping with the more general representation problems. The 
pioneering work, and the basis for the exposition here on their representation, is due 
to C.K. Hung [93], [92], and the recent more complete exposition [94]. Formally, 
let the family of tangent planes describing a developable a be specified by 

7 r(t) : c(0 • x = co(t), t e It cR, (9.29) 

where I t is an interval of R. The conditions of (9.35) are added, as proved below, 
to guarantee that the corresponding developable is well defined. In other words, it 
is not a single plane, a family of parallel planes, nor a pencil of planes intersecting 
on a line. 

Consider the two planes n(t) : c(0 • x = co(t), n(t + At) : c (t + At) • x = 
CQ(t + At) intersecting at a line r, which is necessarily also on the plane 


[c (t + At) — c(^)] • x — [co(t + At) — cq(0]- 
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Dividing by At and taking the limit as At -> 0, the limiting position of r is 

r(t) : c (t) • x = c 0 (t), c ft) • x = c' 0 (t), (9.30) 

the prime 7 denoting differentiation with respect to the parameter t. This line is 
called a ruling , generator , or characteristic of the plane tt(£) that contains it. Three 
planes n(t ), n(t + ?r(^ + A\t + A 2 O intersect at a point C, which is also on 

the plane 

[c (t + A\t + A 2 O - c (t + A 2 O] * x — [co(t + A \t + A 2 1) — co(t + A \t)]. 

As above, dividing by A 2 1 and taking the limit as A 2 ^ -> 0, we obtain the first of 
the planes 

TZdit + AlO : c'(t + AlO • x = c' Q (t + AlO, ^d(0 ■ c'(0) • x = c' 0 (t), 

with the second one obtained similarly. Forming their difference, dividing by A^, 
and taking the limit as A\t -> 0, we find the limiting position of the point C as the 
intersection of the three planes 

c (t) • x = co(t), c \t) • x = Cq(0, c "(t) • x = Cq(0. (9.31) 

This is the characteristic point of the plane n(t); it lies on the plane’s ruling r(t ). 
When all the n(t) enveloping a developable a have the same characteristic point, 
a is a cylinder , whose rulings are parallel if the point is ideal, or a cone when all 
rulings lie on a regular point. 

We state without proof that in general, the locus of characteristic points is a curve 
cc, called the edge of regression , and at each point C(t ) e cc the ruling r(t) of the 
same plane n (t) is tangent to cc. The family of planes (9.29) satisfying the conditions 
in (9.35) has an envelope that is a cylinder, a cone, or a tangential developable having 
two sheets generated by the rulings tangent to the curve cc. It is the envelope of 
its osculating planes. The intersection of the tangential developable with the plane 
normal to the ruling r it) at a point C (t) has a cusp at that point. Induced by the point 
plane duality, there is an interesting duality between space curves, considered as 
the locus of a one-parameter family of points and developable surfaces formed by 
a one-parameter family of tangent planes [166, p. 72]. This can serve as a blueprint 
for an analogous duality in R N , which we do not pursue here. Without entering into 
further detail, we mention that a necessary and sufficient condition for a smooth 
surface a e £ to be developable is that its Gaussian curvature vanishes [166, 
pp. 73-91]. A specific example, the circular double-cone, helps clarify matters. 
The parametric equations describing the surface are derived with the aid of Fig. 9.7, 
showing a cone CC symmetrical about the V 3 axis with apex angle a. Let P e CC 
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Figure 9.7. Deriving the parametric equations of a circular cone. 


be a point at a distance t from the apex on the circular slice of CC with the plane 
X3 = t cos a. The radius of P from the X3 axis is t sin a and at an angle s from the 
x\ axis. The coordinates of P in terms of the two parameters (s, t ) are 

CC : x(s, t) = (x\ = t sin a cos s, x^ — t sin a sin v, x^ — t cos a). (9.32) 


Next we derive the family of tangent planes of CC using (9.12): 


7 x : 


0 


0 


X 1 X| X 2 x^ 

t sin a sin v t sin a cos s 


sin a cos v 


sm a sin v 


x 3 ~ x 3 

0 


cos a 


= 0 


(9.33) 


The parameter t in the second row cancels out, and so the developable CC has a 
one-parameter family of tanget planes 

7 t(s) : ( x\ — x®) cos a cos s + (X2 — x®) cos a sin s — (. x 3 — X3) sin a = 0. 

(9.34) 
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A one-parameter family of planes is mapped into two sets of points, a pair for each 
parameter value, so the two regions representing developables are curves. Though 
this is intuitively clear, the rigorous proof below, needed to exclude pathological 
cases, is involved, and its reading can be omitted. 

Theorem 9.4.1 (C.K. Hung; Developable Surfaces) Let a surface a e V with 

tangent planes given by (9.29), and a neighborhood U C It C R, where the two 
conditions 

dx(t) 3 / c (t) • d* 

dt 3 1 l c it) • u 

are not simultaneously satisfie forallt e U. Then the set of points [n (t)y\t e U) 
representing the tangent planes (9.29) are curves. 

* FT-3e 

** Proof The points representing the planes (9.29) specifying the developable 
surface a are 

7t(t)(f = (c (t) • d*, co(t), c (t) • u) Vt e f. (9.36) 


= 0 , 


dy(t) 3 / co(t) 


dt 


dt V C (t) • U 


= 0 , 


(9.35) 


These points are the image of a curve defined by the parameter t e f , provided that 
the functions x(t ), y{t) are single-valued and the conditions (9.35) are satisfied. 
These conditions fail if and only if there exist constants k \ , k 2 such that 


c(0 • d 1 = k\c(t ) • u, 
co(t) = k 2 c(t) • u, 






c(0 • (d 1 — ^iu) = 0, 

c(0 • (k 2 u) = c 0 (t), 


(9.37) 


identically for t in the neighborhood U C I t . Consider first the case k 2 = 0. Then 
necessarily cq( 0 = 0 =>► that all the planes jt ( t) contain the origin. Let ei and l\ 
denote the unit vector and line respectively through the origin in the direction of 
(d 1 — k\ u), i.e., 





Then the first identity implies that Wt e U, ei is orthogonal to the vector c(0 which 
is normal to the plane nit). Unless c ft) = 0 for all t e U, then 

H 7T(t) = W (9.38) 

teU 


showing that the family of planes n (t) given by (9.29), rather than being the envelope 
of a developable surface, is either a single plane (and hence a itself) or a pencil of 
planes on the line l\. 
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Next consider the case &2 7^ 0- From the first identity, ei _L c(0, and from the 
second, c(0 JL &2 U =>► e\ and &2 U must be linearly independent; for if not, then 
they would be in the same direction and hence both would be orthogonal to c (t). 
So every linear combination with nonzero coefficients of the two vectors is not zero, 
and in particular, u — (u • ei)ei ^ 0. Let us denote the unit vector in this direction 
by 62, i.e., 


e 2 


(u - (U ei)ei) 
|u - (u • e 1 )e 1 | 


= K 2 [ u 


(u-eUej]. 


The two unit vectors are orthogonal, since e\ ej = ^2^1 • (u — (u • ei)ei) = 0. 
Further, c (t) • 62 = ^2 C (0 * u. Then (9.37) reduces to 


| c (t) • ei = 0, 

1 c(t) ■ e 2 e= Kc 0 (t), 


(9.39) 


with K constant. Recall the vector identities 


(a x b • c) = (a • b x c), 
(axb)xc) = (c • a)b — (a • b)a. 

We verify by direct substitution that the vector 


(9.40) 


c (0 = Kc 0 (t)e 2 +g(t)(e i x e 2 ) 
satisfies (9.39) for an arbitrary function g(t ) e C 1 . To wit, 


(9.41) 


c(r) • e! = Kc 0 (t)e 2 ■ ej + g(t)(ei x e 2 ) • e 2 = 0, 

c(t) ■ e 2 = Kc 0 (t)e 2 ■ e! + g(t)(e i x e 2 ) x e 2 = Kc 0 (t), 


(9.42) 


from the orthogonality of ej and e2 and the vector identities. It consists of a vector 
in the direction of e2 and another perpendicular to the direction of ej x e2 . The 
family of tangent planes, (9.29), can be rewritten as 


[^co(0e 2 + g(0(e i x e 2 )] • x = c 0 (t). (9.43) 


From 

' (Kc 0 (t)e 2 + g(0(ei x e 2 )) • e 2 = 0. 

(Kc 0 (t)e 2 + g(0(ei x e 2 )) • (e 2 + se 2 ) = Kc 0 (t), 

it is clear that the line ^2 : ^2 + parametrized by v, is contained in all the 
tangent planes (9.43) of a. Again, provided that c \t) ^ 0, these planes, rather than 
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being the envelope of a surface, are a pencil of planes on the line £2- hi short, the 
requirement that the tangent planes of a surface a e V not satisfy the conditions 
in ( 9 . 35 ) ensures that ( 9 . 36 ) defines two (piecewise) C 1 curves in R 3 that represent 
a developable not simultaneously satisfying the two conditions of ( 9 . 35 ). Use of 
vector notation throughout allows us to conclude that the N — 1 curves 

d //(0 = {7 f //(0 = (c (t) • d 1 , c 0 (t ) , c (t) • u)}, ,N — 2 , ( 9 . 44 ) 

represent such a developable in R^. Since each point set 7 r//(l) depends on only 
one parameter, it is clear that for each /, it is a curve < 7 //(£) rather than a region (i.e., 
it has no interior with points). That is, for <7 a developable, 


<7 — { 3 a// \i = 0 , . . . , — 2 }. 


Ambiguities and Uniqueness 

Can a pair of curves represent different developable surfaces? Moreover, can a 
developable surface be reconstructed from its representation? These questions are 
interrelated, and a proper answer requires an algorithm for identifying every tangent 
plane of <7 from the two points, one on each of the representing curves. The solution 
is immediate when the curves are available in parametric form <7123(0 and 0*23 p( 0 ; 
each value of t provides two unique points identifying each tangent plane nit). 
The challenge arises when the representing curves <7123, 6231/ are given without 
parametrization. Recall that a plane n is uniquely identified by two points having 
the same y-coordinate. Therefore, if one of the representing curves is monotonic 
in the y-direction, so is the other. The intersection of the horizontal line through a 
point 7 fi 23 e <7123 with the curve 0*231' is on the second point 71231' corresponding 
to the tangent plane n . In effect, then the curves can be parametrized by either v or 
y. Otherwise, for each monotone portion of the <7123 curve there must be a corre- 
sponding monotone portion of 0*1/23 i n the same range of y . If not, the curves cannot 
represent a developable surface. A unique correspondence can be established by a 
pair of start points 71123 £ 0123 , 71231' e 0*231', on a horizontal line H identifying 
a specific tangent plane n . Tracking the continuous translation of the line H in the 
direction of increasing or decreasing y as in Fig. 9.8 provides the correspondence of 
point pairs, one on each curve, identifying the tangent planes. Between the curves’ 
extrema, H may intersect each curve at several points. For example, there are two 
points of intersection for each ellipse in Fig. 9 . 8 , allowing for four possible pairings 
of start points, providing, in general, four different developables; and there are 
other problems. In the examples below, though the curves may be traversable with 
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Figure 9.8. The pair of points 71123 , 7^3 p represents an unambiguous plane. 

By contrast the a and ft points represent planes which are al, ambiguous in the first sense. 


a proper partition and matching, they may not always represent a valid developable. 
This issue is examined later on. 

* FT-4e 

Definition (Ambiguous plane) A tangent plane n of a surface a e V is ambigu- 
ous in the first sense, denoted by al, if either 71323 or ^T23 ^ an extreme point in the 
y -direction of its corresponding curve. It is ambiguous in the second sense, denoted 
by a2, if either of the points is a crossing point on its curve. All other planes are 
unambiguous. 

The notation a 1 or al is used interchangeably either for ambiguous planes or the 
points representing them. Returning to Fig. 9.8, it is seen that the planes a and /3 are 
a 1, since they are represented by extreme points of the curves. They cannot serve as 
start points, for in the absence of other information, the curve’s traversal can proceed 
either to the left or right of the points. Instances of different representing points on 
one of the curves are shown in Fig. 9.9. Such points are necessarily at an extremum. 
Figure 9.10 illustrates the ambiguity, due to the multiple choice of directions, in 
attempting to traverse the curve starting from a crossing point. Otherwise, choosing a 
start point, say 3 / 123 , limits the choice of 723 y to be on a matching monotone portion 
inducing the traversal in the indicated direction. Reaching the crossing point 43 
confronts us with a choice of directions. Here the stipulation that the curves be C 1 
eliminates the ambiguity, forcing the traversal to occur along the path preserving 
the continuity of the direction. That is, the path of traversal has no “kinks.” Another 


43 In Fig. 9.24 it is seen that crossing points represent a bitangent plane. I am grateful to Y. Perlmutter 
for proving that in the representation of developables, crossing points occur in pairs; Exercise 3. 
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a 123 /?123 ^ 231 ' 



Figure 9.9. ** Points representing different tangent planes may overlap at extreme points. 
The four planes a, j, 3 , y, 8 are al. 



Figure 9.10. Crossings points al cannot serve as start points (unless they are also va , see Fig. 9.11.) 
There is no problem traversing them once a proper start point is chosen. 


choice of start points, say <$123, <?> 23 is induces an opposite traversal direction. The 
example illustrates the need for an additional requirement: there exists a continuous 
tracing in the x direction of both curves such that the pair of extrema, say at y — y mj , 
is traversed simultaneously on both curves. In other words, matching extrema occur 
in the same sequence as x increases. A pair of such curves is called well matched or 
simply matched. So far, we have seen that while a 1 and al cannot be used as starting 
points, they pose no difficulty in traversing once a proper start point is chosen. 
There is a subcase of a 1 that defeats the traversal even when good start points are 
available. 

Definition (Very Ambiguous plane) Let n be an al plane such that at least one 
of its representing points , say n\23, is a crossing point. It is called very ambiguous, 
and denoted by va, if in addition either 
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Figure 9.11. One of the curves representing a developable surface o has four a 1 points. 

They are marked by “x.” There is also an al point marked by “ 0 ,” which, being a crossing point 
where the tangents of the curve’s two parts coincide, is also a va. 


1. 7Ti23 (and hence 7t23v) ^ not an ideal point and at least one of the curves has 
a pair of branches sharing the same tangent direction at 71123 ( or ^23\ f )> or 

2. ^123 (and hence 7t23v) an Ideal point shared by a pair of curves ’ branches. 

When a va point (see Figs. 9.11 and 9 . 12 ) is reached, the traversal cannot 
proceed, since either choice of branch is possible. Of course, a way to cope with 
this ambiguity is to partition the curve(s) at va points into separate branches without 
va points and then match the pairs as outlined earlier. The strategy is to proceed 
with the curves’ traversal, avoiding previously traced portions of the curve. The 
discussion is basically the proof of the result formally stated below. 

Lemma 9.4.2 (Unique Representation of Developables) Let a be a smooth 
developable with no va tangents represented by two smooth curves <^ 123 , <7p23 and 
it (referred to as the start plane) any unambiguous tangent plane ofn. Then the rep- 
resenting curves <7123, 023 y together with the two points n 123 E <^123, 7 t 23 V ^ ^ 23 T 
uniquely represent a. 

The suggested partitioning above at va points, let us call it patching , can be 
applied at points with more than two self-intersections, again resolving ambiguities. 
Allowing patching , there always exists a unique developable surface represented 
by each pair of the resulting patched curves and good start points. 
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Figure 9.12. ** Two branches whose asymptotes are all horizontal. 
The ideal point in the horizontal direction is a va. 


9.4.2 Reconstruction of Developable Surfaces 

Henceforth, when we refer to the representation a of a developable, the curve por- 
tions under discussion are assumed smooth and monotone. That is, a is partitioned 
and matched into portions that can be uniquely traversed such as <7123 and <7p23 
seen in Fig. 9.13, with which we illustrate the reconstruction of the developable a\ 
reference also to Fig. 9.4 is helpful. The points 71123 > ^T23 with the same y represent 
a tangent plane of the developable a . The tangent lines P, Q represent the points 

PenH 7 Tq/ Ha, Q e n D Tty n a, 

so that the line r = n Her on P, Q is a ruling of the developable with 

r 2 3 = PnQ, ri2=2onP, (9.45) 

where <2o denotes the representation of Q in the first coordinate system X\ , X 2 , X 2 
(recall the notation after Theorem 9.3.6). 

The representation of r is based on the construction discussed in Section 5.3.1 
for determining that a line is contained in a plane. To repeat, the point P on the 
ruling r is on a and tTq, and Q e r D n S y. All points on this ruling (and a) are 
constructed in the usual way for lines, i.e., choosing a value of one variable and 
constructing the remaining coordinates from the points ri 2 , r 22 . 

Theorem 9.4.3. A developable with a well-matched representation is (piecewise) 
reconstructible. 
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Figure 9.13. Reconstructing a developable. 

The ruling r is represented by P23 = P H Q, shown by a 0 > an d h2 = P H Q os shown by a □, 
where Qy is the 1 , 2 part of the representation of Q with respect to the coordinate axes X\, X2, X3. 


Other rulings are constructed in the same way: choosing a value y that deter- 
mines the pair of points representing a tangent plane, finding the tangents, etc. 
Conversely, given the two representing curves of a developable a, a line £ is one 
of its rulings if and only if there are two lines on £23 tangent to <7123 and by 23 
at points with the same y. An example of a line that is not a ruling is seen in 
Fig. 9.14. 

What is the locus rr 23 of all points r 23 where r is a ruling of a developable? 
This is obtained as the result of performing the above construction for all y in the 
representation of a . The intersection of the two tangents at the pair of points with the 
same y representing a tangent plane for all y needs to found (Exercise 7). Conversely, 
given the two loci, construct the developable from its rulings (see Exercise 8). There 
follows a pleasing result on the rulings of a developable with reflected representing 
curves. 

Corollary 9.4.4 (Atariah, Biniaminy, Itai, Kosloff (ABIK); Rulings of reflec 
ted representing curves) If a developable a is represented by two curves by , by, 
one the reflectio of the other about a line x = a, then the rulings ’ representing 
curves are two vertical lines with rr 23 at x = a and rr 12 at x = 3 — 2 a. 

The proof is left as an exercise (see Exercise 6 below). 
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Figure 9.14. The line t with the £23 shown cannot be a ruling of the developable a. 
This is because the lines on £23 have points of tangency to <7123 and ay 23 with different y. 


Let us look at a couple of examples 44 that also illustrate the reflected represent- 
ing curves property. Figure 9.16 (left) shows two cubic curves, one the reflection 
of the other about a vertical line, representing a developable a whose rulings 
are represented by two vertical lines (right). The developable a is reconstructed 
from its rulings and seen in Fig. 9.17. The line of cusps is the dual of the inflec- 
tion points in the representing curves. It is seen and discussed further later on. 
Another example is shown in Fig. 9.18, where the representing curves (right) are 
two exponentials where there is no symmetry with respect to a vertical line. The 
curves representing the rulings are shown on the (right) and the developable in 
Fig. 9.19. 

Points on the rulings are necessarily surface points of the developable. This 
raises the question of how to recognize on which “side” of the developable an 
arbitrary point lies, in particular, when the developable is closed, how to con- 
struct interior points. This is answered partially, starting with cylinders, in the next 
section. 


44 I am grateful to my students D. Atariah, M. Biniaminy, T. Itai, and Z. Kosloff for providing these 
examples and results, including the corollary above from their course project. 
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Figure 9.15. For the rulings r the locus of points r 23 , constructed as in Fig. 9.13. 

This is a curve Tr 23 . At the pair of points marked by • the tangents are vertical, resulting in an ideal 
point spliting rr23- The arrow’s direction indicates the y coordinate of P 23 increases monotonically 
with the y of the corresponding points representing to the tangent plane. 


1. Which of the following ambiguities are “resolvable” and how? 

(a) representation curves have one horizontal segment. 

(b) representation curves have multiple crossings at the same point. 

2. For an ambiguous plane tv can only one of 71123 , ^231 an extremum but not 
the other? 

3 . Give an example of a pair of curves that are not C 1 2 3 4 5 and cannot uniquely represent 
a developable, and another such pair that uniquely represent a developable 
surface. 

4. In the representation < 7123 , bp23 °f a developable a prove that for a ruling r, 
f\2 — ^23 > where at the corresponding pair 71323 , ^F23 one °f the tangents is 
horizontal. Hint: see the highest pair of points on the two curves in Fig. 9.15. 

5. Prove that the point of intersection d(y D ay is the P23 of a ruling r of the 
developable a, e.g., the intersection of the two curves in Fig. 9.18 is such a 
point. 
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Figure 9.16. Two cubic curves symmetric about a line x = a representing a developable. 

On the right are the loci representing the developable’s rulings; two vertical lines with W 23 at x = a 
and rr 12 at x = 3 — 2a. 



Figure 9.17. The reconstructed developable from two viewing angles. 


6. Prove that if a developable a is represented by two curves ap/, ay, one the 
reflection of the other about a line x — a, then the representing curves of the 
rulings are two vertical lines with rr 23 at x = a and rr 12 at x = 3 — 2a. This 
is corollary 9.4.4. 

7. Write and implement the algorithm whose input is the representation of 
<7i23, <5p23, as a function of y and partitioned in monotone pairs, and outputs 
the plots of the loci rr23, rri2- This is a good course project. 
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Figure 9.18. Reconstruction of developable from two exponential curves representing it. 

On the right are the rulings’ representing curves: solid Tr 12 and dashed lines W23 respectively. 



Figure 9.19. The reconstructed developable from two viewing angles. 

8 . Write and implement the algorithm whose input is the two curves rr23, rr\2 
(above) and that draws the rulings of the corresponding developable. This is a 
good course project. 


9.4.3 Specific Developables 

We look now at specific developables, starting with the circular cylinders and cones, 
and study their representation, rulings, interior points, symmetry properties, and 
generalizations. Then we continue with more general developables. 
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Figure 9.20. | X FT-5 1 A pair of hyperbolas representing the cylinder shown on the left. 

The • are the “handles” for changing orientation in the software used and have no significance here. 


Cylinders 

Corollary 9.4.5 (C.K. Hung; Cylinders) Elliptic cylinders in M 3 are repre- 

sented by a pair of hyperbolas. 

Being quadrics by Corollary 9.3.5, they are represented by a pair of conic 
curves. The cylinder’s orientation determines the number of tangent planes it has 
parallel to the line u with direction unit vector u = 1 / \/3(ei +62 + 63 ), which, in 
turn, by Corollary 9.3.3 determines the representing curve’s ideal points and hence 
the type of conics representing the cylinder. For every plane tangent to a circular 
cylinder there is another tangent plane parallel to it at a distance of D , the cylinder’s 
diameter, yielding a pair of hyperbolas. So parabolas cannot be representing curves 
of a circular cylinder. This observation is originally due to A. Chatterjee [93]. 
Further, the representing curves cannot be ellipses that, according to the section 
on conic transforms in Chapter 7 on curves, are the images of hyperbolas. The 
intersection of a plane (including the superplanes) with a cylinder is an ellipse or a 
pair of lines in the degenerate case. A circular cylinder is easily transformed to one 
having elliptical sections perpendicular to its symmetry axis, and therefore these 
observations are equally true for elliptical cylinders. 

A cylinder’s rulings are parallel; hence its rf \2 and rr 23 must be two vertical 
segments. Figures 9.20 and 9.21 are two examples of the cylinders’ representation 
by hyperbolas. As noted earlier (Exercise 5), the points of intersection of fy fl ay 
represent the P 23 of a ruling. Hence the interval between the two points of intersection 
is the 7723 of the cylinder’s rulings. This shows an interesting property of hyperbolic 
curves. Namely, at any point of r ?23 there are two lines tangent to hyperbolas (above 
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Figure 9.21. Two hyperbolas, one coincident with the X 3 axis, representing the cylinder. 


or below) at points with the same y -coordinate, since these are the representing 
points of a tangent plane (Exercise 2 below). 

Let us look at this more carefully with the aid of Fig. 9.22 (left), starting 
with the top point of rr23, the vertical interval between the two intersections. 
The construction is shown for determining the top point of rf\2 by converting 
the straight-line tangent on <7^23 = &y t0 a polygonal line in the X\, X2, X3 axis 
system and intersecting it with the straight line tangent to 0*123 = < 3 (y , and similarly 
for the bottom point, and thus all of rri2 is determined. If needed, the interval Tr 13 
is found in the same way. By the way, once the representation of a cylinder’s ruling 
is found, the cylinder’s orientation, being the same, is also known. 

Next, the pair of points representing a specific ruling need to be matched, as 
shown in Fig. 9.22 (right). Choosing a point ryi err 12, the tangents T ,T f from it to 
the two branches of dy intersect the line Tr 23 at two points 723 , corresponding to 
the two r , r f rulings with the same r\2- The points of tangency are the representing 
points if o' j tTq/ of two tangent planes. The points f\2, ^23, ff(y are on the tangent 

line T, and it is easy to see that also ry 2, P23, Tty are collinear (not shown). We can 
conclude that the line r is on the tangent plane jt and hence is a ruling, and similarly 
for r' . Hence T, T r are points on r, r\ and in fact, on the cylinder’s intersection 
with 7 T q / , the first sp forming the curve ay. Any point I23 between F23, r f 2 3 together 
with f 12 represents a line l parallel to the rulings but interior to the cylinder. So any 
point on £ is in the cylinder’s interior. Conversely, to check whether a point P is 



328 


9 . Hypersurfaces in 




Figure 9.22. Portions of two hyperbolas ay = 0423, crp = oq/23 representing a cylinder. 

(Left) The vertical interval between the two intersections, which necessarily have the same 
v-coordinate, is the locus Tr 23 of the cylinder’s rulings. The top point of the vertical interval Tr 12 is 
constructed from the top intersection, and the lowest point is at the intersection of the vertical line 
and the tangent to ay at the low intersection point. (Right) For each fi2 £ TT 12 there are two rulings 
r, r' . The £23, r ' 22 are at the intersections of the tangents to oq/ from r\2 £ rr 12. Between these two 

points, any other point £23 £ rr 23 together with f 12 represents a line £ internal to the cylinder parallel 
to its rulings. 


interior, it suffices to check whether there is an interior line £ parallel to the rulings 
with Pel (Exercise 5). 

** A cylinder’s representation as a function of its orientation. The examination 
of the dependence of a cylinder’s representation on its orientation may be safely 
omitted (up to and including (9.59)) by readers not interested in these details. 

To obtain the equation of a circular cylinder with general orientation, we start 
with the cylinder studied earlier, 

CY\xl+x] = r 2 , (9.46) 

which is symmetric about the x\ axis, with radius r. The rotation of the coordinate 
system about the origin is applied using the transformation derived in Section 2.8 
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and is restated for convenience. The coordinate system x\, X 2 , X 3 is rotated about 
the origin O to the system xj , x 2 , x^, all points remaining stationary, so that a point 
P has two sets of coordinates (x\ , X 2 , X3), (jcJ, x 2 , x^). Letting the direction cosines 
of the x- axes with respect to x; be cos or/ , cos Pi , cos y; for i = 1,2,3, respectively, 
we obtain 


2 2 2 

cos + cos Pi + cos Yi — 1 , cos a j cosc^ + cos PjPk + cos YjYk, 


j ^ k, i, j, k = 1, 2, 3. 


(9.47) 


The first is due to the property of direction cosines, and the second due to the 
orthogonality between all pairs of axes xy , x^- , i ^ j ^ k. The transformation 
relating the two coordinate systems is 


(*J, *2’ x 3’ 1) = ( X L x 2> x 3> 1) 


/ coscq 
cos (^2 

COS «3 

V 0 


COS /?1 
COS P'2 
COS P 2 
0 


cos yi 
cos y 2 
cos y 3 

0 


0 \ 

0 

0 

1 


- (x\,X 2 ,X’s, 1 )A, 




(9.48) 


(xi,X 2 , * 3 , 1 ) = (x[,x' 2 , x' 3 , 1 ) 




cosai 
cos Pi 
cos Yi 
0 


COS Oi2 
COS P 2 
cos y 2 

0 


COS 0^3 
COS P 2 

cos y 3 
0 


0 \ 

0 

0 

1 j 


— (xj, x 2 , X 3 , 1 )A 1 . 


T 


(9.49) 


The matrix A is orthogonal with determinant | A\ = 1 and inverse its transpose A^, 
which is the matrix of the inverse transformation {xj, x^, x^} -> {xi, X 2 , X3}. 

To apply the rotation transformation, CY is expressed in matrix form: 


CY : (xy X2, X3, 1 ) 


( 0 

0 

0 

0 



/ xi 

\ 

0 

1 

0 

0 



X 2 


0 

0 

1 

0 



X 3 


V 0 

0 

0 

-r 2 

J 


1 

/ 


T 


= (xi,x 2 ,x 3 , l)C(xi,x 2 ,x 3 , 1) . 

Applying the transformation yields the cylinder 


(9.50) 


CG : (xj, x 2 , X 3 , l)A^CA(xj, x^, X 3 , l) 7 ^ 


(9.51) 
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with the matrix A T C A written below: 


/ COS 2 0^2 + COS 2 Of 3 + COS 0^2 COS 02 + Oi 3 COS ^3 

COS 0i2 cos 02 + Oil, COS ^3 cos 2 P 2 + cos 2 Y2 

COS 012 cos Y2 + cos a 3 cos Y3 COS P 2 cos Y2 + cos @3 COS 73 

V 0 0 


COS 012 cos Y2 + cos Oil, COS 73 0 \ 

COS $2 COS 72 + COS ^3 cos 73 0 

COS 2 72 + cos 2 73 0 

0 -r 2 

Applying the conditions of ( 9 . 47 ) results in 


a t ca 




1 — cos 2 a\ 

— coscq cos Pi 

— coscq cos 71 

0 


— coscq cos Pi 
1 — cos 2 Pi 

— cos Pi cos 71 

0 


— coscq cos 7 1 

— cos Pi cos 71 
1 — cos 2 71 

0 



Completing the evaluation, with <2; = cos a; , yields 

3 

E 9 9 2 2 

(1 + a i )x- — {(a 1x1 + CI2X2) + ( aixi + <23x3) 

i—\ 


2 

+ (< 22-72 + 03*3) } 

( 9 . 52 ) 


where the superscript ' is dropped. Note that the cylinder is given only in terms of 
the a/, which are the direction angles of its axis of symmetry, which we call s. For 
example, for <21 = 1, <22 = <23 = 0, s is the xi axis, ci2 = 1, <21 = <23 = 0, s is the 
X2 axis. For ai = <22 — <23 = 1 / V 3 , the axis of symmetry s is the line earlier called 
u having direction the unit vector u = 1 /V 3 (£i + £2 + £3), or explicitly, yielding 


CG : + *2 



(. X1X2 + X1X3 + X2X3) = 



( 9 . 53 ) 


From Lemma 9 . 3 . 1 , the representation of CG is the image of two curves c , c 1 , 
which are its intersections with the first two superplanes (see discussion of previous 
example ( 9 . 17 ) to ( 9 . 28 )). Proceeding, for the curve (CG)i2 = CG Pi tTq, = c° it 

suffices to find (CG Pi tZq,^ — ^ 23 ’ With tTq, : xi — 2 x 2 + x 3 — 0 , substituting 

vi = 2^2 — V3 into ( 9 . 52 ) yields the c° curve’s projection on the V2V3 plane: 
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0 CG H 7Tq/)23 = ^23 : (5 — Z? 2 )x| + (2 — B 2 )x 2 — 2(2 + Bifi2)*2*3 — r 2 , 

(9.54) 


where B\ — (2a\ + a 2) and B 2 = (<23 — a\). The discriminant (see (9.22)) is 

A = — A\ A 2 — —6 + B 2 + ^2 + (^1 + 25 2 ) 2 , 

since the intersection of a cylinder with a plane is an ellipse A < 0 except possibly 
for a degenerate case. Recall that the superplanes are the pencils of planes on u such 
that any superplane, and so also 7 Tq,, Tty, intersects the cylinder given by (9.53) in 
two parallel lines (rulings), and since A = 0 in this case, they are considered 
a degenerate parabola. Otherwise, the image CG23 = (CG fl tzq,^ is always a 
hyperbola and can be found via (9.22) using the interaxis distance d = 1 and 
afterward translating x by 1 (the distance of the X 2 from the y axis). It can also 
be computed without the translation of x from the image of (CG fl 77^)12 = c® 2 if 
available, and in either case the result is the same: 

JCGju = CGq' ■ lx 2 + (A /r 2 )y 2 - [3 - B 2 (B l + B 2 )]x - (2 - B 2 ) = 0, 

(9.55) 


where / = 3 — (a\ + a 2 + a 2 ) 2 . As mentioned, the cylinder’s axis of symmetry 
passes through the origin. Translating the origin does not change the coefficients of 
the quadratic terms in (9.65) and therefore has no effect in determining the type of 
conic obtained for the image (CG) 12- 

In order to make a comparison later we also find the image (CG) 23. Proceed- 
ing as before for the intersection (CG)23 = CGFjty — c 1 , it suffices to find 


(CG H Tty ) 22 — c 23 w ifh Tty : x\ + 2^2 — ^3 =0, substituting x\ = 2x3 — X2 i 
( 9 . 65 ) to obtain the c 1 curve’s projection on the X2X3-plane: 


— x? into 


(1 CG n 74)23 = c \ 3 : (2 - cf)x 2 + (5 - c\)x\ - 2(2 + CiC 2 )x 2 x 3 = r 2 , 

(9.56) 


where Ci = (<22 — a\) and C2 = (2a 1 + <23). Its transform is 

CG 23 = CGr : I(x + l) 2 + (A /r 2 )y 2 - [3 - C 2 (C X + C 2 )](x + 1) - (2 - C 2 ) 
= 0. (9.57) 


The translation (x + 1) is due to the X 2 axis being one unit from the y axis. This 
together with (9.54) describes the pair of hyperbolas in the representation. Returning 
to the representation of the cylinder CD given by (9.53) it is found from (9.55) by 
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substituting a\ = <22 = <23 — 1/V3, together with xi = 2^2 — -X 3 > and is the pair 
of lines 


X3 = X2 ± r/V2, 

< 

X2 = xi zb r/V 2. 


(9.58) 


Each of these lines is represented by two vertical lines. So the degenerate cylinder 
representation consists of the four vertical lines l\ 2 , &23 > two for each index pair: 

In :x = ± rfy/2. In : x = 1 ± r/V2. (9.59) 

In vector notation, a circular cylinder is given by 

x(t, v) = b + r(s i cos ^ + §2 sin r) + us, (9.60) 


where s is the unit vector in the axis direction and the two other unit vectors are 
such that s = §1 x § 2 , which are implicitly given in terms of the basic unit vectors 
ep i = 1, 2, 3. The two parameters v,t are real numbers with 0 < t < 2 tt. The 
constant vector b and the cylinder’s axis of symmetry s share a point, which is the 
center of a circle of radius r, and a point on its circumference is given by the vector 
p = r (§1 cos t + §2 sin t). This vector is normal to the tangent plane 

7 r(t) : (§1 cos t + §2 sin t) • x = (si cos t + §2 sin t) • b + r (9.61) 


containing the ruling parallel to s given by a fixed value of t in (9.60). The rep- 
resentation can be found directly from Theorem 9.4.1 and the family of tangent 
planes above as t e [0, 2tt] rather than from the intersections with the superplanes 
7 Tq/, 7t S y. To do this, (9.61) is rewritten as 

3 

tt( 0 : sin t H - Bj cos t)x( — (^4o sin t H - Bq cos t ~b Cq), (9.62) 

i — 1 

where the constants M, B), C\ derive from the decomposition of the unit vectors 

V V V 

s, si, §2 in terms of the ej, i = 1, 2, 3. The parallel-coordinate representation of the 
planes n(t) are the points with homogeneous coordinates y\t ), 

x\t ) = A\ sin t + B\ cos t, 

< y'(t ) = Aq sint + Bq cost + Cq, (9.63) 

S(t ) = A\ sin t + B/[ cos t, 

where S(t ) is the sum of the x/ coefficients. As t varies, a curve on the projective 
plane is traced having ideal points where S(t ) = 0. The detailed form of the 
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constants is immaterial to the subsequent calculation. Solving for cos t and sin t 
and substituting in the trigonometric identity sin 2 t + cos 2 t = 1 yields 


f A4W-A1S \ 2 C 0 ) - gpoA 2 = 

\A4Bi-AxB4j V A x Bq-AqB x ) 


With the replacements x = x'/S, y = y f /S, this equation describes a regular or 
degenerate conic, in this case, one of the representing hyperbolic curves of the 
cylinder in (9.60). 


Generalized cylinders. A surface’s description in vector form is convenient and 
also clarifies its structure. It was proposed by the mathematical physicist W. J. Gibbs, 
who was also an early advocate for visualization in science 45 [68], [69]. 

A general cylinder is specified by the equation 


x(s, v) = c(s) + vr, 


(9.65) 


where c (s) is a space curve given in terms of its arc length s, v is the second 
parameter, and r a constant vector. Its rulings are given by vr with specific values 
of v and are therefore parallel. In (9.60), c(v) is the circle with radius r centered 
at b, and the rulings are us. We can conclude that the intersections of tTq,, Tty are 
perspectives (in the sense of perspective transformations in projective geometry) 
of curves whose images provide the representing curves. By the way, this form 
is dimension-invariant, and we can consider it as defining a surface in R N , a 
developable being a hypersurface with a one-parameter family of tangent planes 
represented by N — 1 curves. From now on, unless otherwise specified, cylinder 
refers to a general cylinder. In Fig. 9.23 a cylinder is shown having cusps along one 
of its rulings. Its two representing curves, each with an inflection point, remind us of 
the known developable curve duality. In fact, we met an example of this duality 
earlier, in Fig. 9.17, also showing a generalized cylinder having two representing 
curves with inflection points, Fig. 9.16, with rr 12, rr 23 two vertical lines due to 
its parallel rulings. There is a further pleasing duality here: the representing curves 
seen in Fig. 9.24 indicate that a plane tangent to two rulings (i.e., bitangent) exists 
and is represented by crossing points, one on each curve, akin to the bitangent 
crossing point for curves. From our previous discussions, it is clear that the 
vertical semi-infinite line rr23 goes through the crossing point that after all, is the 
common ry$ of the two rulings on the bitangent plane. This also points out that the 
crossing point and cusps in the representing curves seen earlier in Figs. 9.9 and 9.10 
correspond to bitangent planes and rulings that are the loci of inflection points in 
the developables. 

45 For the importance of visual thinking in science see [122]. 
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Figure 9.23. A FT-6 A general cylinder illustrating the developable curve duality. 

The ruling formed by cusps is transformed to an inflectio point in each of the representing curves. 



Figure 9.24. | A FT-6e | The two leaves of the surface in the previous figure are extended. 

Here the surface, in addition to the line of cusps, has a bitangent plane , which is represented by the 
two representing curves crossing at the same point. Such a hypersurface in R N is represented by 
N — 1 curves with crossing points and inflection points at the same y coordinate (Exercise 16). 


Symmetry and coincidence. A symmetric pair of representing curves necessarily 
represents a cylinder, as stated in Corollary 9.4.4. An example of the developable’s 
reconstruction from its rulings is shown in Fig. 9.16. Earlier, we also saw that 
a cylinder with (9.17) having rulings parallel to the x\ axis has two coincident 


9.4 
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Figure 9.25. Coinciding curves represent a cylinder with rulings parallel to the x\ axis. 

The r>i2 is on the X2 axis and rri3 on the A3 axis. A ruling r on a point P and its representation in 
II -coords is shown. 


hyperbolic representing curves. These are instances of general results characteristic 
of cylinders, which, together with variants of Corollary 9.4.4, were discovered by 
C.K. Hung [93]. 

Corollary 9.4.6 (C.K. Hung; Coincident representing curves) A developable 

<7 in R 3 is a cylinder with rulings parallel to the x\ axis if and only its two 
representing curves a\2, <723 coincide. 

Proof. An instance of the two curves <712, <723 coinciding, shown in Fig. 9.25, clari- 
fies the proof. A tangent P at any point represents a point on <jq> with coordinates 
(p 1, P2 , pf) and also a point on ay with coordinates P r — (/?] , p2 , pf)- With 
respect to the axes Xy,X 2, A3, P' is a straight line (coincident with P) and a 
polygonal line with respect to X\, X2, A3. The intersection P D P f contains the 
interval of P between the A 2 and A3 axes. This shows that the line r on P, P ' is 
perpendicular to the ^2^3 plane at the point (0, P2, pf) and therefore parallel to the 
x\ axis. Note that ri2 is on the A 2 axis at the value P2 . Since this is true for any 
point, the ri2 are on a vertical line rr 12 on the X2 axis. For the second point in 
representation of the r we can use the r 13, which are all on a vertical line rr\2 on 
the A3 axis. So the lines r formed by the points P, P ' are all parallel, so they are 
rulings and a must be a cylinder. The rr 12, rr 13 may be complete or semi-infinite 
lines or finite intervals. 

For the proof in the opposite direction assume that a is a cylinder with rulings 
parallel to the x\ axis. Then rr 12, rri3 are the A2, A3 axes respectively. Choose 
a pair ri2, ^13 representing a ruling r. The points are the intersections of a line 
P tangent to fy and another line Q tangent to ay. Because ri2, H3 e P (1 Q, 
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the whole interval from r \2 to r 13 is contained in P n Q. Two lines sharing an 
interval must be identical, that is, P = Q. So these must be tangents to the same 
curve possibly at two different points, which must have the same y value. The curve 
representing a developable is locally monotonic; hence the points of tangency must 
be identical if their y values are equal. We can conclude that the two representing 
curves coincide. ■ 


& FT- 7 


A developable all of whose rulings intersect on a single characteristic point , recall 
(9.31), is a cone whose representing curves and rulings are studied next. 

Corollary 9.4.7 (Cones; C.K. Hung) Circular Cones in M? are represented by 
a pair of conic curves. 

Circular cones, being quadrics, are, by Corollary 9.3.5, represented by a pair of 
conic curves whose type is determined, via Corollary 9.3.3, by the number of 
tangent planes the cone has parallel to the line u in the direction of the unit vector 
u = 1 /V 3 (ei + 62 + £3). Unlike cylinders, all three types of conics can represent 
curves, as stated in Table 9.1. The angle 6 between the cone’s ruling and the axis 
of symmetry s is constant. So for u to be parallel to 717, one of the cone’s tangent 
planes, there must exist a plane n containing u such that the angle jt fl s equals 
6. Consider two tangent planes n tl , 7 r t2 intersecting at the line i. If u is parallel to 
£, then it is also parallel to the two tangent planes, and it is clear that u cannot be 
parallel to more than two tangent planes. 

Concerning the rulings from Figs. 9.27, 9.29, 9.31 where one of conics collapses 
to a line or line segment, we learn that at least one of the curves rry$, rr 12 repre- 
senting the cone’s ruling is that line (or segment). Further discussion of the rulings, 
interior lines, and points of a cone are left to as Exercises 10 and 11. By the way, 
since rr 12, rr 23 cannot be vertical, as for cylinders the hyperbolas, representing 
cones differ from those representing cylinders (Exercise 13). 


Table 9.1. Cones are represented by conic curves. 


Number of tangent planes parallel to u 

Represented by a pair of 

0 

ellipses 

1 

parabolas 

2 

hyperbolas 
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Figure 9.26. A circular (double) cone without tangent planes parallel to the line u. 

The cone is represented by two ellipses. Two points, one on each ellipse, represent one of the tangent 
planes. 




Figure 9.27. Another (double) cone without tangent planes parallel to u. 

It is represented by two ellipses, one collapsing to a line segment. This is the representation of the 
double cone , though here and subsequently only one cone is shown. 


** The representation of cones as a function of the orientation and apex angle. 

As for cylinders, we study a right circular cone CC with vertex at a from its equation 
obtained from the observation [128, p. 32] that any ruling has the same angle 9 , 
with the symmetry axis having direction the unit vector s = s\e\ + ^2 + £ 363 . 
For x e CC and k = cos 6 , the angle between x — a (a ruling on CC) and s is 6 or 
7t — 9, letting 


CC : | (x — a) • s| = k |(x — a)|. 
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Figure 9.28. A circular (double) cone with one tangent plane parallel to the line u. 

The cone is represented by two parabolas. Two points, one on each parabola, represent one of the 
tangent planes. 



Figure 9.29. Another circular (double) cone with one tangent plane parallel to the line u. 
The cone is represented by two parabolas, one collapsing to a half-line. 


It is convenient to square both sides and write the cone’s equation as 

CC : [(x — a) • s] 2 = k 2 (x — a) • (x — a). (9.66) 

For the sake of simplicity, the cone’s vertex is placed at the origin (0, 0, 0), for the 
translation to a does not change the type of representing conic curve. We find the 
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Figure 9.30. A circular cone with two tangent planes parallel to the line u. 

The cone is represented by two hyperbolas. The two points, one on each hyperbola, represent one of 
the tangent planes. 


intersection with the first superplane , in fact, the projection on the ^2^3 plane, 
namely 

(CC H 7Tq/)23 = ^23 : (— 5£ 2 + D 2 )x 2 + (—2 & 2 + C 2 )x| + ( 2k 2 — CD)x 2x3 = 0, 

(9.67) 

where C = (s^ — 53), D — (2s \ + V2). We recall that the signs of the indicator I 
and discriminant A determine the type of conic curve. They are 

/ = -3k 2 + (51 + 52 + S3) 2 , A = - 6k 4 + k 2 [(2C - D) 2 + C 2 + D 2 ] 

= -6k 4 + & 2 [3(51 - 53) 2 + 2], 

using J] 2 _i 5 2 = 1, s j s k = 0 in the last step: 


I = 0 ^ k = d= 


1 5 1 +52+53 

V3 


A = 0 k — d= 


(3(51 - S3) 2 + 2 


(9.68) 


Elliptic representing curves, Figs. 9.26, 9.27, are produced when I < 0, 0 < A 
a nd there are no tang ent planes parallel to u. The vertex angle constraints are 
^[3(51 - 5 3 ) 2 + 2]/6 > \k\ > 1 5 1 + 52 + 53I/V3. 

There exist an orientation and a cone, specified by k , simultaneously for 
/ = 0 = A for 
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2 ( s \ + S 2 + 5 3 ) 2 = (253 + 5 2 ) 2 + (51 - 5 3 ) 2 + (251 + 5 2 ) 2 => 5l = 5 3 = 5 , 



(9.69) 


the value of k obtained from the second condition (for A = 0) in (9.68). From 
s f — 1? s 2 — \/l — 2s 2 , and the first condition in (9.68), s = s\ = 

.s'3 = 0, .s’2 = 1 or .s = s\ = .S3 = 2/3, S2 — ±1/V3 are the orientations when 
the double cone with k = 1/V3 has one tangent plane parallel to the line u, 
yielding a pair of parabolic representing curves, Figs. 9.28, 9.29. When A > 0 and 
7 = 0, the representing conics are also parabolas, a nd an easy calculatio n yields 
the orientation constraint s\ ^ S3. This implies that ^[2(s\ — S3) 2 + 2]/6 > \k\ or 
\k\ e (1/3, V5/6). 

When A < 0, the curve given by (9.67) is an ellipse, and irrespective of 
the si gn of /, its ima ge is a hyperbola, Figs. 9.30 and 9.31. From A < 0, we 
get ^3(51 -5 3 ) 2 + 2 < V6\k\, and in turn \k\ e (1/V3, \/5/6) without further 
restrictions on the orientation (i.e., the S [ ) . Also of interest here is the combination 
A = 0, the conic CC D tTq, being a parabola and / / 0, so that ^ S 3 , with 

|^| > 1/V3, is the image curve is a hyperbola with one vertical asymptote. 

For the comb ination A > 0, I > 0, adding the inequalities yields 
7[3(5j -5 3 ) 2 + 4]/3 < \k\; the corresponding cones have two tangent planes 
parallel to u, producing a pair of hyperbolas, Figs. 9.30, 9.31, as representing 




Figure 9.31. Another circular cone with two tangent planes parallel to the line u. 
The cone is represented by two hyperbolas, one of them collapsing to a line. 
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Table 9.2. Summary of representation results for cones. 

Pair of curves representing Cone Orientation & vertex angle 0 = cos -1 k 

Ellipses - Figs. 9.26, 9.27 I < 0, A > 0, s\ ^ S3 

x/POi - S 3) 2 +2]/6 > \k\ > |ji +s 2 +S3I/V3 

Parabolas - Figs. 9.28, 9.29 / = 0, A = 0, \k\ = ±1/V3 

s\ = S 3 = 0 ,s 2 = 1, 
s\ = S 3 = 2/3, ^2 = =tl/V3. 


Parabolas opening vertically I = 0, A > 0, s\ ^ S3 

\/[3(.si - S3) 2 + 2]/6 > \k\ = \s\ + + s 3 1 /a/3 

Hyperbolas - Figs. 9.30, 9.31 all I, A < 0, ^[ 3(^1 — S 3) 2 + 2]/6 < \k\ 

Hyperbolas I > 0, A > 0 

\/[3(^i — s 3 ) 2 + 4]/3 < \k\ 


Hyperbolas with vertical asymptote 


/ ^ 0, A = 0, y/[3(si - S3) 2 + 2]/6 = \k\ 

\k\ / \S\ + S 2 +S 3 


c urves. This is also t he case for A = 0, I ^ 0, constraining the vertex angle by 
y/3(s\ — S 3) 2 + 2]/6 = \k\ and \k\ ^ |si + S 2 + 53 1; here each hyperbola has 
one vertical asymptote. These conditions, which are combinations of the cone’s 
size, measured by the vertex angle, and the orientation, producing 0 , 1 , or 2 tangent 
planes parallel to u, are summarized in Table 9.2. A cone in 5-D whose representing 
curves are ellipses is shown in Fig. 11.13 in Section 11.3, wherein an innovative 
approach to surface representation as applied to quadrics is presented. A general 
cone can be described by 


x(s, v) = a + vt (s), (9.70) 

where t (s) is a unit vector field described on a curve, such as a circle for circular 
cones, all rulings passing through the vertex at a and a point of the curve t(s) [166, 
pp. 90-91]. 
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General Developable Surfaces 

In general, a developable surface can be described by 

xO, v) = y(s) + vg(s), |g(j)| = 1, (y' + vg')xg = 0. (9.71) 

The equation describes the more general ruled surfaces, and it is the additional 
condition on y l , v, g, g' that specializes it to developables. An example of an 
intricate developable is the helicoid 

x\— a cos s — av sins , X 2 = asms + av cos s, x 3 = b(s + v). (9.72) 

The representing curves at two orientations, shown in Figs. 9.32, 9.33, are instances 
of interactive exploration, reminding us of interactivity’s importance in visualiza- 
tion. Proving that the helicoid is developable and finding the curves representing 
its rulings (Exercise 9) are left to the reader. The class of developables consists of 
planes, cylinders, cones, tangent surfaces of a curve , and combinations thereof. 
Quite a few, e.g., helicoid , polar, tangential, and rectifying developables , which 
are examples of tangent surfaces of a curve [166, pp. 66-72], are difficult to recog- 
nize visually as developables. Yet in || -coords they are immediately recognizable, 
being represented by curves, and some properties are apparent from the duality 
developables space curves , i.e., cusp inflection-poin , Fig. 9.23; bitangent 
plane crossing-point , Fig. 9.24. It is significant that for developables in the 
above examples, the two representing curves are similar. These curves are images 


*FT-8 




Figure 9.32. Developable helicoid and its two representing curves. 

The two points on the right (one on each curve) represent the tangent plane shown on the left 
determined by the two line intersections with the first and second superplanes. 
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Figure 9.33. At this orientation, the representating curves have several ideal points. 

They correspond to the helicoid’s tangent planes parallel to u (making equal angles with all coordinate 
axes). 


of the surfaces’ section with the first two superplanes, so they are projectively 
equivalent (i.e., one can be obtained from the other by a projective transformation) 
for the cylinders and cones. For the helicoid, whose rulings are a pencil of lines 
on its axis, the reason is not so obvious. Still for other developables this may 
not be true. It would be nice to settle the question whether two very different 
curves such as those in Fig. 9.10 represent a developable (see Exercise 16). So for 
developables with similar representing curves, the transition to R N is seamless: 
they are represented by N — 1 similar planar curves, properties are revealed by 
duality, and the reconstruction is analogous, i.e., three linked points on three curves 
determine each tangent hyperplane for N = 4 as discussed in the next section. 

In our surroundings there are many objects that look “nearly” developable, 
and many parts are manufactured by deforming flat sheets. This and the simple 
|| -coordinate representation motivate the study of “approximate developables” 
(Exercise 18), as for the proximate planes in Chapter 8, by introducing pertur- 
bations in the developables’ equation, allowing |(y ; + ug r )xg| < c / 0 but small 
(see also the following section on ruled surfaces), and there may be other useful 
definitions. The conjecture is that families of “nearly developables” are represented 
in || -coords by curved “strips” with properties “close” to those discovered by duality 
(of developables) with representing curves and are amenable to an intuitive treat- 
ment. New classes of surfaces (patches) and their N-D generalizations suitable for 
applications such as geometric modeling may emerge. 
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9.4.5 ** Higher Dimensions 

A developable hypersurface a in higher dimensions is the envelope of a one- 
parameter family of hyperplanes. Each of these hyperplanes is one of its tangent 
hyperplanes. All the results in this section are generalizable to developable hyper- 
surfaces in dimensions N > 3. These results are stated without proof below for 
readers who would like to turn these theories into practical implementations. 

Denote the Af — 1 representing curves by a j , where j e I is one of the indexing 
sets {1,2,..., N], {2, 3, ... , N, 1'}, . . . , {TV — 1, N, l r , 2\ . . . , (N - 2/}. If the 
of s are monotonic with respect to the y axis, then o can be reconstructed as 
follows: 

1 . Draw a horizontal line to intersect the a j ’s at N — 1 points n (to) j that together 
specify a tangent hyperplane n(to). 

2. Draw N — 1 tangent lines lj at each n(to)j to each oj. Each of these lines 
specifies the intersecting point of the “ruling” (an (N — 2) -flat) of o at n(to) 
with the superplane tv s - of the corresponding index. 

3. Find the N intercepts of each of the N — 1 lj with the corresponding axes to 
obtain the coordinates of these points of intersection. 

4. Draw horizontal lines to bring all numbers to the first set of axes 

{^T, 

5. Follow the construction procedure for 3-D to obtain the (N — 2) -dimensional 
ruling. 

In general, when the representing curves are not monotonic with respect to 
the y axis, the curves can be partitioned into k traceable pieces at self-tangential 
points. The representation is unique if one (N — 1) -tuple of points of equal 
y-value is given for matching one set of pieces, for a total of k such tuples. The 
reconstruction algorithm still works most of the time by producing a maximum of 
O (k N ~ l ) possible alternative hypersurface even if the matching tuples are not given 
a priori. It fails only when the representing curves have an infinite number of self- 
tangencies that break the curves into similar pieces, an infinite number of which have 
the same number of extremal points and the same extremal y-coordinates occurring 
in exactly the same sequence. Curve dualities have analogues for developables in 
R 3 , as illustrated in Figs. 9.23, 9.24 and in higher dimensions. 

Exercises 

1. Derive the representation and rulings’ curves for quadric cylinders (i.e., 
parabolic and hyperbolic). This is an easy course project. 



2 . 

3. 

4. 


5. 

6 . 

7. 

8 . 

9. 

10 . 

11 . 

12 . 

13. 

14. 


15. 
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For two hyperbolas representing a circular cylinder, prove that for any point on 
the vertical line 77 23 , the tangents to the two hyperbolic branches (above the 
point) have the same y-coordinate. 

Prove that if one of the representing curves of a developable has a crossing 
point, so does the other representing curve. Do crossing points always coincide 
as in Fig. 9.24? 

For the representing hyperbolas in Fig. 9.20 construct the vertical intervals: 

(a) Try 2 consisting of the representing points rp 2 and 

(b) rri 3 consisting of the representing points 7 \ 3 . 

Do the same for the representing hyperbolas in Fig. 9.21. 

Given a circular cylinder CG and a point P, write an algorithm to decide 
whether P is interior to CG. 

Generalize Corollary 9.4.6 to 4-D and higher dimensions. 

What kind of curves can the representing curves of a cone’s rulings be? 

Show that (9.71) defines a developable surface. Hint: find the normal vector 
and show that it depends on one parameter. 

Show that the helicoid given by (9.72) is developable and find its representing 
curves. Hint: check that (y 7 + vg f )xg = 0 as in (9.71). 

Write and implement an algorithm that inputs a cone’s representation and 
outputs the representing curves 77 12 , TT 23 of its rulings. 

Give an algorithm that constructs half-lines and points interior to a cone. 

Find the curves representing the rulings of the helicoid given by (9.72). 

How do the hyperbolas representing cones differ from those representing 
cylinders? 

Generalize the representation of circular cones to N-D (see also Section 1 1.3). 
In particular, are there cases in which different conic curves appear simultane- 
ously in the representation of a cone in N-Dl 

Prove that the representing curve cry of a developable a is composed of the 
envelopes of the family of lines R on the points r \2 , ri 3 , T 23 of the rulings r of 
the developable. Similarly, the curve cry is the envelope of the family of lines 
R' on r v 2 , r V3 , r 2 3 . 

Prove or give a counterexample that the two representing curves of a develop- 
able in R 3 are projectively equivalent (i.e., one can be obtained from the other 
via a planar projective transformation) and generalize to R^; this is a research 
problem. 

Dualities for developables in R^ (see Figs. 9.23, 9.24). Prove that 

(a) a line of cusps is represented by N inflection points having the same y 
coordinate and 
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P : x(s, v) = y(s) + v g(s) 



Figure 9.34. Generation of a ruled surface. 

Notice the rulings successively “twisting” about the base curve C. 


(b) a bitangent plane is represented by crossing points. Find the number and 
positions of the crossing points. 

18. By allowing “small variations” in the equation of developables (like the 
proximate planes in Chapter 8), define and study families of “approximate 
developables.” This is a serious research problem. 


9.5 


Developable surfaces are a subset of the more general class of ruled surfaces 1Z 
that are generated by a one-parameter family of lines. A ruled surface, also called 
a scroll , can be created by the motion of a line called a generating line , generator, 
or ruling , as shown in Fig. 9.34. Let C : y = y(s) be a curve and g(s) a unit vector 
in the direction of a ruling passing through a point y(s) of C. A point P : x(s, v) 
on the surface is then given by 

x(s, v) = y(s) + Ug0) (y' + vg')xg#0 V(s,v). (9.73) 

The curve C : y = y(s) is called the base curve or directrix. The rulings are the 
curves s = constant. When y is a constant, the surface is a cone, and when g(s) is 
a constant, the surface is a cylinder. The difference here is that y f + vg f x g ^ 0, 
allowing ruled surfaces to “twist,” unlike developables. The tangent plane np at a 
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Figure 9.35. The saddle (left) is a doubly ruled surface. 

One of the two regions representing it on the left. Note the conic (parabolic) boundary. 


point P on a ruled surface p contains the whole ruling rp on P . For another point 
Q e p, the tangent plane jtq still contains r p . Whereas all points on a ruling of a 
developable have the same tangent plane, moving along points on a ruling r of a ruled 
surface causes the corresponding tangent planes to rotate about r, this being the 
essential difference and the basis for the || -coords representation of ruled surfaces. 

There is a wonderful collection of ruled and many other kinds of surfaces in 
[130]. Ruled surfaces used as architectural elements are not only beautiful but also 
have great structural strength. A surface can be doubly ruled in the sense that any 
one of its points is on two lines completely contained in the surface (i.e., it can be 
generated by either one of two sets of moving lines). An elegant result [18, p. 42] 
is that in R 3 , the only doubly ruled surfaces are quadrics: the hyperboloid of one 
sheet and saddle (hyperbolic hyperboloid). 

It has been noted, in Exercise 15 in the previous section, that the representing 
curve ay of a developable a can be obtained as the envelope of the family of lines Ry 
on the points r\ 2 , ri 3 , ry$ for each ruling r of a. Similarly, ay is the envelope of the 
lines Ry on ry2, ry$, P23. A matched pair of points fry e a (y, fry e ay represents 
the single plane containing r c a and tangent to every one of its points. By contrast, 
a plane tangent to a ruled surface p at a point contains a full ruling r, but as the 
point of tangency is translated continuously along r, the tangent plane continuously 
rotates about r. In || -coords the points Jty , fr\ continuously translate in tandem 
(with the same y coordinate) along the corresponding lines Ry, Ry representing 
the rotating tangent planes along r (see Fig. 5.6). An example is the saddle. Fig. 9.35 
(left). By Corollary 9.3.5, it is represented by two regions whose boundaries are 
conic curves. The first region and the lines Ry tangent to the parabolic boundary 
(their envelope) are shown on the right. 
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Theorem 9.5.1 (Representation of Ruled Surfaces, A) A ruled surface p is 
represented by the regions py, j = 0, containing the families of lines IZj — { Rj } 

whose envelopes are the boundaries dpj / specific by Lemma 9.3.1. 

To emphasize, a developable is represented by two curves that are the envelopes 
of the families of lines IZjf (formed from the representation of its rulings as described 
above). A ruled surface p is represented by two regions py, j — 0,1, whose 
boundaries dpjr are also the envelopes of the lines 7 Zy (obtained in the same way 
from the representation of its rulings), together with the lines 7 Zjr. Equivalently, 
it is helpful to consider ‘dp y as a line-curve and py the region covered by its 
tangents. The region’s structure enables the construction of the matching algorithm 
for choosing pairs of points representing the surface’s tangent planes. By the way, 
the boundary curves deriving from the rulings of a developable differ from those 
obtained from the rulings of a ruled surface. These points are clarified with the 
examples starting with the representation of the SA , 

SA : x\ — x 2 = x 3 . (9.74) 

We know that d(SA) q? = (SA D 77 ^) 12 , and also that one projection of the space 
curve SA fl 7 Tq, suffices. As indicated by the subscripts 12, here the projection on 
the X 1 X 2 principal 2-plane is used. From : x\ — 2x2 + *3 = 0, V 3 = 2x2 ~ X 1 
and upon substitution in (9.74) the desired curve is obtained: 

(SA H 7 Tq/)i 2 : x 2 — x 2 + x\ — 2x2 — 0, 

a hyperbola whose representation in || -coords (see (9.20) , (9.21), (9.22)) is as 
already mentioned, Fig. 9.35 (right), a parabola given by 

(SA)q/ : — x 2 — 4 y 2 — 4xy + 4x — 4y — 1 = 0. (9.75) 

The transformation of the hyperbola (9.5) to the parabola in (9.75) is nicely found, 
as shown in Fig. 9.36 (left), using a curve plotter. 46 The second region is found by 
repeating the procedure for Tty : x\ + X 2 — 2x^ — 0, X 2 — 2x^ — x\, yielding 

(SA fl 7 r[/)p 3 : 2x\ — 4v| + 4x\x^ — x^ = 0. 


A FT-9e 


This is a hyperbola, shown in Fig. 9.36 (right), whose transform in || -coords is the 
hyperbola 

(SA)y : x 2 + 48y 2 — \6xy + 2x — 8y + 1 = 0, 

46 Thanks to E. Rodity and V. Gurvich, who wrote the curve plotter for their course project 


(9.76) 
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Figure 9.36. The intersection of the saddle SA and the first superplane 7 Tq, is a hyperbola. 

(Left) The hyperbola transforms to a parabola, the boundary of the region (SA) 0 s. (Right) The 
intersection of the saddle SA and the second superplane n s v is a hyperbola that transforms to another 

hyperbola, the boundary of the region (&4) ]/. 


seen on the right. Here, as explained for (9.27), the (directed) interaxis distance 
d — — 1 from the Xy to the X3 axis is used. These two regions are combined to 
provide the complete representation of SA. Prior to that, we rotate the x\, X 2 axes 
about the V 3 axis by —45°, simplifying the saddle’s equation to 

SR : 2x\X2 = V 3 (9.77) 

and changing the planes tangent to the line w, which determine the presence of ideal 
points on the boundary curves, yielding the saddle’s representing regions: d(SR )<y 
is a hyperbola and 3 (SR)y an ellipse seen on the right of Fig. 9.38 after the —45° 
rotation. 

To keep the subsequent discussion intuitive and reasonably precise without 
getting bogged down in technical details, we state without proof that the regions 
encountered have boundaries consisting of a finite number of simple (i.e., non-self- 
crossing) curves, each of which can be partitioned into a finite number of convex 
(upward or downward) curves. Jordan ’s theorem states that a simple closed curve 
separates the plane R 2 into two regions: the interior and exterior. For our needs, 
we generalize this result to p 2 by allowing a finite number of ideal points on the 
boundary which we consider “projectively” as a simple closed curve. Of course, the 
presence of ideal points needs to be treated judiciously. Relative to a region £2, a 
point is exterior if there is a tangent from it to the boundary. Otherwise, it is interior. 
For 3 £2 simple and closed, there is a tangent in each direction, except those of the 
ideal points it contains. Hence, other than these, all other ideal points are exterior 
to £2. Two points are on opposite sides of 3S2, one interior and the other exterior, 
if the line on the points crosses the boundary an odd number of times. To avoid 
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Figure 9.37. The saddle’s representation is the complement of the shaded regions. 

The saddle SA is represented by the complements of the two shaded regions (( SA ) 0 / and (5L4) X /) 
having parabolic and hyperbolic boundaries respectively. The points ny, Tty representing a tangent 
plane and the ruling r C tx are constructed with the matching algorithm. A different ruling on tt can 
be constructed suggesting that SA is doubly ruled. 


complicating this rule, the line is not allowed to cross at points where two portions 
(one convex upward and the other downward) of 3 £2 are joined. For 3 £2 a convex 
curve (not closed), it is helpful to consider it as a line-curve to recognize that its 
exterior is still the region covered by its tangents. It is clear from Theorem 9.5.1 
that for each point n y e 3 py, the region py must contain at least a segment of the 
tangent at Tty, and hence all its points are on 3 py or its exterior. 

Corollary 9.5.2 (Representation of ruled surfaces; B) A ruled surface pcK 3 
is represented by 3 pj t , j = 0, 1, and the regions exterior to it. 

Basically, this is a restatement of Theorem 9.5.1. Keep in mind that no points 
7 Tjf (representing tangent planes of p) can be in the interior of the regions whose 
boundaries are 3 pjr. Returning to SA, on the xy plane its representing regions 

(SA)qs, (SA)y consist of the boundaries and the exterior of the convex portions 
shown in Fig. 9.37 covered by their tangent lines. The two regions are superimposed 
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Figure 9.38. Conics representing the saddle. 

Representation of the saddle showing an elliptical boundary and the tips of the two hyperbolic 
branches. For ruled surfaces, the regions are covered by the line tangents to the two boundaries. The 
two linked points represent a tangent plane. 


in the sense that two indexed points, each belonging to a different region as dis- 
tinguished from the index O' or 1/, may be in the same position (x, y). As for 
developables, the boundaries 3 (SA)qs, 3 (SA)y are the envelopes of the family 
of lines derived from their rulings. Here the two boundary curves do not have 
the same y-range, something that distinguishes them from representing curves of 
developables. For the representation of a ruled surface p, the two regions py need 
to be linked with a “matching algorithm” enabling the construction of valid pairs 
of points representing tangent planes. The algorithm is described in terms of the 
representation of SA in Fig. 9.37. On a line y — c, a point ity e py is chosen 
and lines R , S from it tangent to each of the 3 py are constructed. In general, 
there are several tangents from a point to each region, though here there are two 
tangents to each conic region. Choose any other point if y e p\< on the line y = c, 
fixing the value of the first coefficient in 7r’s equation, also with two tangents 
R', S' to 3 py on it. Then n, represented by if o', Tty, is a tangent plane of SA, 
since the tangent lines generate the regions’ boundaries (envelope). A ruling r on 
7 r is found by r 2 3 = R Cl R' and another by v 2 3 = S Cl S'. This is significant, 
for as previously mentioned, SA is doubly ruled. However, there are several such 
intersections, suggesting that for developables, a convention is needed for the unique 
reconstruction such as the possible generalization of the start points convention for 
developables. Given 3 py, a line y — c and a link-function x\) is provided, 
ensuring that for all values of xj where the points are 1 x y — (xj , c ) are exterior to 
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or on dpjf, the pairs ttq', ifp represent tangent planes of p. Referring to Fig. 9.37, 
an additional rule h(x$, x\) is required to match the tangents such as R on Jty with 
a tangent R' on Tty. Then reconstruction of p’s tangent planes proceeds from the 
pairs ttq/ g R, j ry G R r found by the vertical translation of the line y = constant 
within the range of allowable values of y. The choice of the start line y — c is 
important for its intersections with the 3py/; the points Tty must be exterior to or on 
boundaries. Filling out the necessary details, providing a proof or refutation with 
counterexamples or alternative and better conditions, is left for Exercises 10 and 9. 

The vertical translation of the line y — constant, while the points ixy, j =0,1, 

are constrained to slide along their tangents R , R f , corresponds to the rotation of 
the tangent plane about the ruling r. The tangent to 3 py from ft y represents a point 
7 x s ., = p H 7T for either j — 0 or 1 so it is a point of tangency of n with p. The 
construction for finding the point of tangency of n with p when the Tty are elsewhere 

on R or R! is deferred to the reader (Exercise 11). Avoiding tedious technicalities 
at the expense of some rigor, we outlined above the steps required to obtain the 
representation of a ruled surface p, the regions py , and the matching algorithm 
linking them. The “straight-lines pattern” within the regions py , characteristic of 
ruled surfaces, is easily discovered and explored interactively, as shown in Fig. 9.38, 
by rotating and translating the surface and viewing its resulting representation. 
A few words about the computation are in order. A rectangular grid is constructed 
in the x\x 2 plane (or whatever parameters occur in the surface’s description) and 
the tangent planes are computed at the grid points. The grid point density is also 
interactively adjusted to reduce clutter. 

Conoids are ruled surfaces whose rulings are parallel to a plane and are per- 
pendicular to an axis normal to the plane such as those shown in Fig. 9.39. 47 Spiral 
staircases are shaped after the right conoids. Another specimen is the parabolic 
conoid seen in Fig. 9.40 (center), which, like the saddle, has a parabolic directrix. 
It is given by 

PC : x\x | = X 2 , (9.78) 

and is defined in the first and third quadrant of the X 1 X 2 plane. The boundaries of 
its representing regions are the images of 

3 (PC) (y = (PC n 7 Tq/)i2 • xf — 4xfx2 + 4*1 *2 — X2 = 0, 

3 (PC) y = (PC H 7ty)y 3 : x\x 3 — 2^3 + x\ =0. (9.79) 

These are cubic curves, and from Pliicker’s formula, Section 7.6, we find that their 
transforms are algebraic curves of degree 6. The first is a cardioid (left) in Fig. 9.40, 

47 The figures were obtained using the beautiful software written by M. Spivak for her course project. 
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Figure 9.39. Conoids. 

The rulings of Whitney’s umbrella (left) and Pliiker’s conoid (right) are perpendicular to a line, which 
here is coincident with the vertical axis. They are both conoids. 






Figure 9.40. (Center) The parabolic conoid PC is a ruled algebraic surface of degree 3. 

The first representing region (PC) o', a cardioid, is on the left, and the second (PC)y on the right. 
The cusps are the images of inflection points. 


and the second is on the right. Both are symmetric with respect to the x axis, the cusps 
being the transforms of inflection points. The region ( PC )<y consists of the cardioid’s 
exterior, the region covered by its tangents, and (PC)y is the exterior of the six 
convex curves forming its boundary. The superposition of the two representing 
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Figure 9.41. Representation of the parabolic conoid and one of its tangent planes. 


regions is shown in Fig. 9.41, where some tangents on the left cusp are drawn 
illustrating subregions where the exterior of some boundary curves overlap. The 
regions are linked with the matching algorithm described above. On a line y = c, 
a point 7T(y e (PC ) (y is chosen having two tangents to the cardioid’s boundary. The 
second point fey e (. PC)y , also on y = c, may have several tangents to its region’s 
boundaries, reminding us of the need, mentioned earlier, for a convention enabling 
the unique reconstruction of a ruled surface from its representation (Exercise 10). 
The representation picture is like a landscape map pointing out interesting features 
and pathways inviting exploration and study of the surface. The goal is, as we 
gain experience and understanding, the discovery of invariants corresponding to 
distinct surface properties such as dualities for the developables. In Fig. 9.42 are 
the representations for two orientations with the straight lines tangent to the regions’ 
boundaries. 

A famous ruled surface is the Mobius strip, described by 


1 1 

x = y(0) + vg(0), -- < v < -, 0 < 9 < 2 tt, 


y(0) = (cos 0 )ei + (sin 0 )e 2 , 


(9.80) 


g( 0 ) = ( sin -0 cos 0 j e\ + ^sin -0 sin 0 j e 2 + ^cos -0 ) S 3 , 
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Figure 9.42. Representations (left and center) of a parabolic conoid for two orientations. 
Representation of the ruled cubic (Exercise 4) on the right. The straight lines reveal that the surfaces 
are ruled and partially outline the regions’ boundaries. A tangent plane is represented by the two 
linked points. 


It is nonorientable in the sense that tracing the normal vector at a moving point 
along a loop, specified by its directrix the circle y (9) = cos 6e\ + sin $$2 [128, 
p. 170], the normal flips by 180° from its original direction when the traversal is 
completed. In other words, this surface has only one side. The strip’s structure is 
elucidated in Fig. 9.43 (right), showing that the ruling moving along the directrix 
twists at an angle 6 /2 from the vertical, where 6 is the angle swept along the directrix. 
The ruling intersects the central axis in three positions, inverting its orientation by 
180° by the time it completes the circuit to create the twisted wonder we see in 
Fig. 9.43 (left). 

How does this surface appear in || -coords? Dazzling patterns represent it at 
various orientations, Fig. 9.44. Of particular interest is the search for a pattern 
characterizing nonorientability. In Fig. 9.45 we see a closed circuit on the strip 
and the corresponding pair of representing curves. This is repeated for a different 
orientation, producing a pair of representing curves, that are easier to study, Fig. 9.46 
(right). Each intersection point represents a tangent plane n for which ity and Tty 
coincide, that is, n is perpendicular to the ^2^3 principal plane with its first coeffi- 
cient c\ — 0. A nice way to understand the twisting is suggested in Fig. 9.46 (left), 
where the strip is placed on a plane, in this case the ^2^3 plane, creating three “folds” 
that do not have to be symmetrically positioned like those in the picture. At each of 
the folds, the tangent plane is perpendicular to the ^2^3 plane, where by the “flip” 
corollary, Corollary 5.3.2, the first coefficient c\ of the tangent plane’s equation 
changes sign, say H — > > -\ — > — , from the start to the completion of the circuit. 
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Figure 9.43. Mobius strip surface and its structure (left). 

A ruling traversing the circular directrix intersects the central axis three times in one complete circuit. 



Figure 9.44. The two cusps on the left (dual of inflection points, see Fig. 9.23) show that the Mobius 
strip has an “inflection point” in three dimensions. The curves going towards infinity upwards and 
downwards show that it is a closed surface. The cusps and loops may merge as shown on the right. 
A tangent plane is represented by the two linked points. 


At each of the three intersections of the representing curves in Fig. 9.46 (right), 
c\ = 0. By the same argument, the remaining coefficients t' 2 , C 3 vanish three times 
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Figure 9.45. Traversing one circuit on a Mobius strip. 

Note the intersections between the pair of representing curves. 



Figure 9.46. Visualizing nonorientability. 

(Left) Mobius strip (thanks and acknowlegment to [ 130 ]) placed on one of the principal planes, say 
V2V3. Note the three folds resulting in three tangents planes perpendicular to the V2V3 plane. (Right) 
Traversal of a closed circuit on the Mobius strip represented in || -coords by two curves. There are 
three crossing points, each corresponding to a tangent plane perpendicular to the V2V3 plane. 
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and change their sign. Hence the tangent plane’s normal vector c = (c\, C 2 , cf) 
becomes — c and flips direction. If the triple intersection of the representing curves 
is characteristic of nonorientability, what about the more numerous intersections in 
the pair of curves in Fig. 9.45? It is in such situations that interactivity is essential. 
Choosing a start position with a pair of linked points representing a tangent plane, the 
curves are traversed, where we observe that the two points do not coincide at every 
intersection point but only at three of them. With a bit of patience, the reader can 
actually verify this from the picture, starting the traversal from the indicated position 
with the two linked points and tracing their path, paying attention to the three ideal 
points in each representing curve, returning to the start, observing that jf(y and jiy 
coincide at only three of the intersection points. The three intersections together 
with the ensuing flip are clearly a necessary and sufficient condition for nonori- 
entability. For a closed circuit on a doubly twisted Mobius strip, the representing 
curves 7f(y and if y coincide at six intersection points corresponding to six folds, and 
so on. 

It appears, then, that a pattern characteristic of nonorientability has been found 
whose verification relies on interactively tracing a closed circuit on the representing 
curves. The picture, of course, is not proof, but it provides insights that may lead 
to a proof; this is an objective of visualization. This points the way to researching 
nonorientability in R 4 and higher dimensions as well as to knot theory. Here is 
another thought: twisting a curve about its tangent at a point creates an inflection 
point. So is the cusp seen in Fig. 9.44 (right), which is the dual of an inflection 
point, together with the surrounding pattern in the second curve, an inkling of an 
nonorientable twist, like a “3-D inflection point” produced by twisting and then 
joining a curved strip? Though imprecise, this depiction is in the spirit of visualiza- 
tion, being intuitive and stimulating ideas. Does the birdlike pattern represent the 
Mobius strip’s nonorientability? These observations and questions may stimulate 
further research on the representation of nonorientability and ruled surfaces. The 
representation results thus far can be summarized in the following theorem. 

Theorem 9.5.3 (Representation of developable and ruled surfaces in R^) A 

surface a c R^ is represented by N — 1 regions a c P 2 and is 

1 . ruled but not developable 4^ all points of a are exterior with respect to the 
boundary of at least one of its TV — 1 regions , 

2. developable 4^ a consists of N — 1 curves, the boundaries of a, all having 
the same y -range. 

Prior to treating more general surfaces, an older inexact but very useful surface 
representation is included, illustrated with an application to instrumentation and 
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process control. It is of specialized interest and independent, so that it may be 
skipped without impairing other chapter topics. 


1 . Prove, or give a counterexample, that a ruled surface that is not developable 
cannot be convex. 

2. Prove theorem 9.5.3 for R^. 

3. Construct the || -coords representation of the hyperboloid of one sheet, Fig. 9.3, 

given by x 2 + — x 2 = 1. 

4. Construct the representation of the ruled cubic V3 = x 2 X 2 - 

5. Construct the representation of Zindler’s conoid given by 2x\X2 = X 3 (x 2 —x 2 ). 

r\ r\ 

6. Construct the representation of Pliicker’s conoid given by x^ixf + xj) — 
xi 2 — X 2 2 \ Fig. 9.39 (right). 

7. Construct the representation of Whitney ’s umbrella given by x^ = x £ ; Fig. 9.39 
(left). 

8. Explore the representation of the parabolic conoid in Fig. 9.41. List and justify 
your findings. 

9. Determine from its representation p whether the surface p is doubly ruled. 

10. Provide a convention, like the “start points” for developables, that enables the 
unique reconstruction of a ruled surface p from its representation; this is a 
research problem. 

1 1 . Provide an algorithm for constructing the point of tangency of a plane n tangent 
to a ruled surface p from the representations p and it ; this is a research problem. 

12. Prove or provide a counterexample of the nonorientability pattern conjecture 
for R 3 and R^; this is a research problem. 

9.6 ** Approximate Quadric Hypersurfaces 

The problem of finding interior points to hypersurfaces is important in applications 
such as process control and decision support [81]. Here an algorithm for finding and 
visualizing such points is given. In the interest of brevity, the algorithm is discussed 
concurrently with the representation of some of the hypersurfaces to which it applies. 
The point is constructed by successively defining its coordinates in some order. The 
following steps are required: 

1 . Initially find the range of the variable whose value is going to be selected. 

2. Select a value of the variable in this range. This reduces the dimensionality of 
the point selection problem. 
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3. Find the range of the next variable for the reduced convex hypersurface and 
select a value in that range. 

4. Repeat the previous step until the last variable is selected. 

The convexity and boundedness of the convex hypersurface guarantee that in each 
case, the range is an interval. The success of the algorithm hinges on finding the 
intervals efficiently. 

As we will see, for bounded convex hypersurfaces the intervals are found by 
taking the projections of the hypersurface’s sections. The boundary of these sections 
is transformed into parallel coordinates, resulting in the stepwise display of the point 
selection process. Such a display provides: 

1 . information on the local properties of the hypersurface and 

2. proximity information for the selected point, i.e., a measure of distance of the 
point from the boundary. 

These points are illustrated subsequently when the algorithm is applied to some 
specific kinds of hyper surf aces. The algorithm also applies to certain nonconvex 
hypersurfaces where the available ranges are a finit union of intervals at every stage 
of the point selection process. 


9.6.1 The Hyperellipsoids 

Let A be a positive definite symmetric matrix and consider the function 


F(X) = (X, 1) 


A e T 
e a 



(9.81) 


where X = (X\, X 2 , . . . , Xjy) and e are row vectors, and a is a constant. The 
equation 


F(X) = 0 

defines a hyperellipsoid with real points X, provided that 

e(A~ 1 ) T — a > 0. 

A point is interior, on, or exterior to the surface according as F(X) is less than, 
equal to, or greater than 0. Given a point X , it is straightforward to determine its 
location relative to the hyperellipsoid. The object here is to find, component by 
component, an interior point. 

There are two kinds of processes required for this purpose. Fixing the value 
of one of the variables produces a planar section of the hyperellipsoid that is 
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itself a hyperellipsoid of dimension one less than the original; this necessitates 
the computation of a new array for the resulting reduced hyperellpsoid. The other 
requirement is to calculate the available range of the remaining free variables by 
taking the projection of the reduced hyperellipsoid on a coordinate plane. Now let 



e = (<?i, e 2 ), 


(9.82) 


where A\ consists of the first 2x2 submatrix of A, C is A with the first two rows 
and columns deleted, B and B T account for the remainder of A, with e\ consisting 
of the first two elements of e and e 2 , which is the remainder of e. It is a relatively 
straightforward to prove the following. 

Theorem (B. Dimsdale). Let X* = (X\, X 2 ). The projection of F(X*) on the 
X\, X 2 plane is the ellipse 


and 


/(X*) = 0 = (X*, 1) 


A e T 
e a 



A = A-B T C~ l B, 
e = e\ — e 2 C~ X B, 
a = a — e 2 


(9.83) 


(9.84) 


Given the projection, the maximum ranges of X\ and X 2 are easily calculated and 
so is the available range for X 2 , given X \ . 

The hyperbola that is the transform of the ellipse into parallel coordinates is 
essential for the display of the selection process. For one thing, the available range 
of X\ is the interval on the X\ axis between the two branches of the hyperbola, and 
similarly for X 2 . Furthermore, the range of X 2 , once X\ is selected, is exhibitedby 
drawing tangents to the hyperbola from the point on the X\ axis, the chosen value 
of X 1 . As the process is iterated through all the variables, the entire sequence of 
selections and ranges is presented in a parallel coordinate display. Furthermore, the 
hyperbolas themselves provide indications as to the sensitivity of various choices. 
For an example of the display, see Fig. 9.47. In that picture the outer hyperbolic seg- 
ments are the transforms of the original hyperellipsoid projections on the coordinate 
planes. The inner segments come from the successive slices of the hyperellipsoid 
and show the successive ranges. Note that a point is exterior to the hyperellipsoid 
if and only if the intermediate envelopes, representing successive slices of the 
hypersurface, are crossed by the polygons, is interior if it nowhere touches, and 
is on the surface otherwise. The computational complexity is O(N^) [42]. 
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Y 



Figure 9.47. Interior point construction for a convex 20-dimensional hyperellipsoid. 

This can be the model of a process depending on 20 parameters. An interior point is constructed and 
represented by the polygonal line shown. The values of the 20 parameters specify a feasible state 
of the system. At this state the critical parameters are x\, xf, where the available ranges (seen 
between the two inner curves) are narrowest, i.e., the point is closest to the boundary. 


9.6.2 The Hyperellipse 

The procedure for hyperellipsoids calls for repeated projections on coordinate 
planes, at a considerable cost in computational complexity. The obvious sug- 
gestion is to define an object whose projections do not change as the iteration 
proceeds. 

Consider a collection of hypercylinders whose projections on the coordinate 
planes are ellipses. The intersection of such a set of hypercylinders, if it exists, is 
clearly a convex object. With some attention to detail, such objects can be defined so 
that they exist, are bounded, and have a property called consistency , which, briefly, 
means that a valid value for any variable is consistent with a valid value for any 
other variable. A notable property of this kind of surface is that the computational 
complexity is 0(N ), since the surface is defined by N — l ellipses, whence N — 1 
quadratic equations must be solved [42]. 
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9.6.3 Intelligent Process Control 

Representation of the Domain 

The following points are worth noting at the outset of this section: 

1. Controlling a process requires considerable human intelligence. A proposed 
system, or any other, is called intelligent if it can replace — to a considerable 
extent — the human operator for this task, or if an operator is present, the system 
can render intelligent help by choosing the critical parameters, at any given 
time, with explanations as to why they are critical. Further, there is the ability 
to do what if scenarios and see what options there exist for getting out of “tight 
spots.” 

2. It is known that any dynamical system with N parameters can be considered 
as a static system in N + 1 parameters; the original N parameters and time. 
This applies also to processes. 

An approximate but useful representation of a general convex hypersurface can be 
obtained by computing the envelope of the collection of polygonal lines represent- 
ing its points. For multidimensional polyhedra, such a representation is unique. 
Otherwise, the description of the hypersurface needs to be retained in addition to its 
parallel coordinate representation. Such a representation of a convex hypersurface in 
R 20 is shown in Fig. 9.47. It corresponds to a particular (nonlinear) relation, which 
for our purpose describes a process involving 20 parameters labeled x \, . . . , X20- 
An Af -tuple is a feasible point for the process iff it is interior to the hypersurface. This 
is the geometric equivalent of the statement that a specific combination of parameter 
values satisfies all the constraints imposed on the process. When a mathematical 
description for the process is not available, an approximation (a best fit according to 
some criterion) for the envelope can be obtained from available data. Geometrically, 
the relation between adj acent axes is indicated by the shape of the envelope, and here, 
due to the hypersurface’s convexity, is a gh (a generalized hyperbola). To economize 
on-display space, only the strip between the axes is shown. Further, the envelope’s 
shape clearly depends on the particular order in which the variables appear (as axis 
labels). As we will see, rather than a problem, this provides an opportunity for 
choosing preferred orderings of the variables subject to certain criteria. 

The Rule 

Controlling the process is equivalent geometrically to staying in the interior of 
the hypersurface. We apply the algorithm for doing so. The interval on the x\ 
axis between the upper and lower portions of the envelope indicates the range of 
parameter x\ . When a value for x\ — a\ is chosen in the available range of x\, the 
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number of variables in the relation is reduced by one (i.e., from 20 to 19 variables 
in our example). Again with reference to Fig. 9.47, from the fixed value of x\, 
tangents to the upper and lower portions of the envelope are drawn (here the points 
of tangency are not seen, since they lie outside the strip between the x\ and X 2 
axes). The envelope of the 19-dimensional hypersurface is then obtained from the 
(description) of the original hyper surf ace with the value x\ = a\ . Again for display - 
space economy, only the strip between v 2 and V3 of the new envelope is shown and 
is always contained between the upper and lower portions of the original envelope. 
The restricted available range of X 2 , due to the constraint of fixing the value of one 
of the variables, is the interval on the X 2 axis between the upper and lower tangents. 
Proceeding, a value X 2 = ^2 is chosen within the current available range of X 2 , 
reducing the dimensionality by one (e.g., 18), and the whole process is repeated. 
A polygonal line is shown that always lies between the intermediary envelopes. 
It represents an interior point to the hypersurface, and all interior points can be 
found in this way. So this provides us with a way of finding and displaying feasible 
points for the process. Also the algorithm is very fast and suitable for real-time 
operation. 


The Display as an Instrument Panel 

When the value of a variable is fixed, the complete envelope of the 19-dimensional 
surface may be drawn, showing at a glance not only the current value of any of 
the parameters (in this case x\) but, unlike a conventional “intrument panel,” the 
current available range of all the parameters ; this is due to the interrelationship 
among them. There are other salient features of the display. Note that for the 
parameters V13, X14, x\$ the available ranges are the narrowest. This indicates that 
the feasible point is closest to the boundary with respect to these critical parameters. 
Hence, when there is need for rapid decisions (such as in piloting very fast aircraft), 
significant information reduction can be achieved by controlling the critical param- 
eters whose priority is decided by their proximity to the boundary , adjusting the 
remaining variables subsequently. This also brings out the possibility of displaying 
or highlighting only the information desired (possibly specific subsystems) at any 
given time. When a point is not feasible, the display shows the corresponding 
polygonal line crossing some of the intermediate envelopes. It is then evident which 
parameters must be changed and by how much in order to bring the polygonal 
line inside the envelope and the process in control. In short, this instrument panel 
provides a variety of information that an operator would somehow need to know 
(at least implicitly derive or guess based on experience) in order to control the 
process. 
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Order ; Learning , and Explanations 

Ideally, one would like to have a display in which the relation between any pair 
of variables, say x; and xj, is apparent. There are N(N — l)/2 such pairs for 

N variables, which suggests that 0(N 2 ) displays with different orderings may be 
needed. Fortunately, this is not the case. It turns out [184] that for N = 2n, exactly n 
“well chosen” displays suffice, while for N — 2n + l,n + l displays suffice. This is 
due to the fact that a complete graph of N vertices can be obtained as a union of that 
many “properly chosen” spanning trees. For example, for N = 6 the permutations 
126354, 231465, 342516 circularly contain every possible pair (independent of the 
order) of adjacent subscripts from 1 to 6 . Concerning the ordering of the variables, an 
advantageous ordering is according to sensitivity. In fact, it is possible to implement 
a dynamic ordering in which the order at each step is decided according to some 
rule, for example, that the variable displayed and fixed next is the one with the 
smallest available range. 

When an approximation of the hypersurface is obtained from data, the repre- 
sentation can be altered in view of new information. When a new feasible point is 
found that is not obtained via the algorithm from the approximate representation of 
the hypersurface, using the approximation technique again would enlarge the hyper- 
surface in some region. On the other hand, an incorrect feasible point obtained from 
the approximation would yield a restriction of the hypersurface. So a continuously 
more accurate representation of the process can be obtained as a result of successive 
trials. Hence, the system has the ability to learn. 

At any stage of the algorithm an explanation of why a specific value of a variable 
results in a feasible or infeasible point is available in terms of whether the polygonal 
line intersects the intermediate envelopes. Also, having arrived at a partial choice 
of parameter values, it is possible to conduct what if scenarios — an important look- 
ahead feature — before actually fixing the value of the remaining parameters. What 
is proposed then is a new technique for process control, which also suggests a 
generalization of the concept of expert system to include those whose knowledge 
representation is a hypersurface together with a rule for “navigating” in the interior. 


9.7 


The formulation in (9.15) applies to any sufficiently smooth surface. We open this 
last section by examining the representation of the venerable sphere in R 3 , 

nn 2 | 2 | 2 2 

SP : x 1 + x 2 + X 3 = r . 
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Figure 9.48. Representation of a sphere. 

Representation of a sphere centered at the origin (left) and after a translation along the x\ axis (right), 
causing the two hyperbolas to rotate in opposite directions. 


Its intersections with the first superplane tTq,, a circle CO, and its hyperbolic image 
CO, are 

CO : 2x 2 — 4xiX2 + 5x 2 — r 2 = 0, 

CO = d(SP)w : 3 r 2 x 2 — 6 y 2 — 6r 2 x + 5r 2 = 0. (9.86) 

The hyperbola’s vertices (i.e., min and max) are at the points (1, ±<s/2j2r). The 
second boundary 9 (SP) \ > is the same hyperbola translated to the right by one unit, 
as shown on the left of Fig. 9.48. Due to its symmetry, a hypersphere in R N , like a 
hypercube, Fig. 9.1, is represented by N — 1 identical patterns (hyperbolas) spaced 
successively one unit apart. Translation of the sphere along the xi axis rotates 
9(£P)o' clockwise and d(SP)y counter-clockwise, Fig. 9.48 (right), an interesting 
manifestation of the translation rotation duality we have encountered on previous 
occasions. It is useful to compare this representation with the inexact one given in 
the previous section. Consider the 5-D sphere 

5 SP\ x\ + + x 2 + x| + x| = r 2 , (9.87) 

whose projection on the principal x\x^ plane is the circle x 2 + x 2 = r 2 repre- 
sented by the hyperbola 2 r 2 x 2 — y 2 — 2 r 2 x + r 2 = 0 going through the points 
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(x = 0, y = d=l) and (x = 1, y = ±1). The other projections are represented by 
translations of this hyperbola successively by one unit. All four are superimposed 
as in Fig. 9.49, showing that the exact representation, also with hyperbolic bound- 
aries, is an “upgrade” though the hyperbolas differ. The picture helps in following 
the construction of a point interior to 5 SP. Let us start by choosing a value of 
x\ — o\ e [— r, r], placing this on the X\ axis, and drawing the tangents from 
this point (0, a\) to the upper and lower branches of the first hyperbola. This is 
equivalent to intersecting 5 SP with the plane x\ = a\, resulting in the 4-D sphere 

4 SP : x *2 + x^ + = r 2 — a\, (9.88) 

with radius ^ Jr 2 — ~af, seen in the figure on the X 2 axis at its intersection with 
each of the two tangents. Also shown is the hyperbola representing the projection 

of 4 SP on the V 2 V 3 plane. A choice X 2 = <22 £ [— Jr 2 — a^, ^ Jr 2 — a is made, 
reducing the dimension, providing a 3-D sphere, and so on. As long as the successive 
choices are in the allowable range (i.e., radius of reduced sphere), the polygonal 
line joining the ci[ does not intersect the intermediate curves like the one shown, 
and it represents an interior point of 5 SP. If the polygonal line is tangent to any of 
the intermediate curves, it represents a point on the surface, and if it intersects, then 
it represents an exterior point. It is clear, then, that all interior and surface points of 
a sphere SPN C are represented by the polygonal lines between the hyperbolas 
that represent the projections on the principal planes. Therefore, these hyperbolas 
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slightly overlap the hyperbolas 3 (SPy) that intersect the X/ axes at y = ±^2/3r 
(Exercise 4). 

All the points representing tangent planes are in the interior of the upper and 
lower branches (Exercise 5). Recall the unit vector u = 1/V3(ei + + £ 3 ) 

along the line u. Let tt u be the plane through the origin with unit normal u. The 
intersection n u D SP = CU is a great circle, which plays an important role in the 
representation of SP. A11 tangent planes of SP along CU have the sum of their 
coefficients S = c\ + + C 3 = 0 vanishing, for N • u = 0, where N = (c\ , C 2 , C3), 

since being parallel to the line u , they are represented by ideal points, thus causing 
the split into two hyperbolic branches. The representing points of the tangent planes 
above CU are on the branch, and those below form the lower branch. Note that at the 
north and south poles the tangent planes are n p : V 3 = ± 1 with representing points 
7 Tq/ = ( 2 , d br, 1 ) on the X 2 axis but not on the boundary SPy, which is formed by 
the representing points of tangent planes on tTq, Pi SP and does not include the poles. 

Similarly, the fiy are on the Xy axis and the same y = ±r. 

Whereas the interior points of the hyperbolic regions properly matched (Exer- 
cise 6 ) represent the sphere’s tangent planes, there is another interesting matching 
that gives a feel about the sphere’s interior. Consider the representation of concentric 
spheres (centered at the origin) with radii r ranging between a minimum r m and 
maximum r^. As r increases, the hyperbolas’ vertices and the rest of the curve 
rise linearly with r, enlarging the region between the upper and lower branches. 
Let a pair of points at y = y a be given on the hyperbolic boundaries representing 
a tangent plane 7 r a of one of the spheres. Its radius a is found from the vertices of 
the hyperbolas with extreme values at y = ±^2/3a. Draw the vertical lines on the 
pair of given points. Any other pair of points at y = y c represents a tangent plane 
7t c parallel to n a on the sphere with radius c — y c /ya a- 

The intersection of the superplanes with ellipsoids and paraboloids are ellipses, 
whence their representation by hyperbolic regions, Fig. 9.50. For the paraboloid, the 
intersections may also be parabolas, in which case the representing regions would 
be either hyperbolas, each with one vertical asymptote, or vertical parabolas; see 
Section 7 (Exercise 7). In general, the intersection of the superplanes with bounded 
and convex surface a is a bounded convex set be whose || -coords representation is 
a generalized hyperbola gh, and such an example is shown on the left in Fig. 9.51 
(Exercise 8 ). 

With the stipulation that all representing points are in the interior or boundary 
points, consider a bounded convex hypersurface whose representation at a specific 
orientation consists only of gh regions. By the translation rotation duality evident 
in Fig. 9.48, the regions remain gh for all other orientations (i.e., translations and/or 
rotations). The representation of an unbounded convex hypersurface also consists 
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Figure 9.50. 


Representation of an ellipsoid on the left and a paraboloid on the right. 



Figure 9.51. Representations: non-quadric convex surface (left) and a surface with a small bump 
(right). 


of gh regions unless it has some regions (say p) in the direction of u, in which 
case p of its representing regions are parabola-like gp (generalized parabolas) 48 
having one ideal point and N — p — 1 gh regions. Without entering into details, we 
conjecture that the gp regions have ideal points in the vertical direction. 


48 Discussed in the chapter on curves. 
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Figure 9.52. Representation of a nonconvex surface with two pointed depressions. 

The depressions are mapped into pairs of “swirls.” Each planar section of the depression is a cusp 
and by the cusp - inflection-poin duality (see Fig. 9.23 and 9.24) is mapped into two curves with 
inflection-points, which together form the pair of swirling patterns. Both depressions are visible in 
the representation though one is hidden in the perspective on the left. 

Theorem 9.7.1 (Convexity) A bounded surface a c is convex 4^ for one 
orientation it is represented by N — 1 gh regions whose points are interior or on 
the boundary. If the representation has some gp and the rest gh regions , then the 
hypersurface is unbounded and convex. 

This is a powerful result, important in many applications, enabling recognition 
of convexity in R N . Next we examine the representation of surfaces having small 
deviations from convexity. In Fig. 9.51 on the right is a surface a ^ with a small 
“bump.” Its orientation was interactively varied in every imaginable way, and signifi- 
cantly, its representations, like the one shown, were all markedly different from a gh. 
In certain orientations the intersections of with the superplanes are be , bounded 
and convex, yet the representation regions were not gh. This important observation 
is explored further. No less significant is that the representing regions are not chaotic, 
having interesting similar shapes varying with changing orientation (Exercise 9a). 
Proceeding, a surface a c \ with two small “dimples” or depressions, considered here 
as a perturbation of convexity “opposite” to that in a^, shown in Fig. 9.52, is explored 
next. Interesting representation patterns are seen with varying orientations; one (on 
the right) contains two hyperbolic regions and other patterns outside them, evidence 
of “near convexity.” The two pairs of like “swirls” (center) correspond to the two 
dimples (Exercise 9b). Again it is rather remarkable that for a multitude of orienta- 
tions, none of the representations consists of just two hyperbolas, as may naively be 
expected when the intersection with the superplanes is a bounded convex set be. 
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Figure 9.53. Torus representation showing two bitangent planes (left) and hyperbolic slices (right). 



Figure 9.54. Astroidal surface and its representations for two orientations. 

There are two pairs of crossing points (one pair is overlapping in the middle) which are present for 
all orientations. 

Many hyperbolas appear in the representation of the toms, Fig. 9.53 (right), but 
unlike the representing hyperbolas of convex surfaces, here the hyperbolas are not 
contained within an outermost hyperbola but are spread in the horizontal direction. 
Curves from the two representing regions intersect at two points with the same x 
coordinate. This is reminiscent of the crossing points corresponding to bitangent 
planes. We surmise that the crossing points represent the two parallel planes tangent 
at the top and bottom of the toms (Exercise 10). The representation of the asteroidal 
surface [130] in Fig. 9.54 has a pattern with three crossing points that persists in 
several orientations. Upon careful scrutiny we see that only at the midpoint do 
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curves from the two regions intersect, resembling the crossing points in the torus’s 
representation. Could this point represent a tangent plane approaching one of the 
surface’s vertices and becoming a bitangent plane in the limit? Another association 
that comes to mind is of an exterior supporting plane touching the surface at exactly 
three vertices. 

The significant finding from these examples is that the || -coords representation 
even of complex nonconvex surfaces in various orientations is not chaotic but con- 
sists of discernible patterns associated with their properties. All this may lead to new 
surface classifications (Exercise 11). The surface representation seems preferable 
to the standard surface representation (in terms of projections) even for R 3 ; surface 
properties like convexity and features like dimples, bumps, coiling and more are 
not hidden in various orientations. The reason is that in || -coords representation, a 
surface is not only described by its points but also by the normal vector at each 
point (review Fig. 9.2). 

Arising from this discussion is the question, what happened to the claim that 
the representing boundaries are the images of the surface’s intersection with the 
superplanes? Let us return to the proof of Lemma 9.3.1 and note that the argument 
is based on the assumption that the curve is on one side of its tangent. Recall that in 
Section 6.2, on envelopes, the analysis was also based on the family being on one 
side of the envelope , leading to necessary and sufficient conditions for the existence 
and a method for obtaining the envelope. As was seen in the subsequent examples, 
the method works even when there are singularities and when this condition fails. 
In such cases the envelope has several components, each consisting of special points 
on the family of curves, e.g., inflection points, cusps, extrema, crossing points, and 
others. For the problem now at hand, the boundary of a representing region is an 
envelope of lines “touching” it (but not necessarily tangent to it) and the curves 
formed by the representing points. We saw that the method of Lemma 9.3.1 applies 
well to developable, convex, and even ruled nonconvex surfaces; the representing 
regions lie on the interior or exterior respectively and on one side of the boundary. 
We found that for nonconvex surfaces, parts of the representing regions lie on both 
sides of the boundary, so the condition of Lemma 9.3.1 fails, and the boundary is 
not necessarily only the image of the surfaces’ intersection with the superplanes. 
As pointed out below, this has important ramifications and is basically good news. 
The refinement of Lemma 9.3.1 for nonconvex surfaces is a difficult research prob- 
lem, related to that for the envelopes of general families of curves and surfaces. 
These observations, even if partially true, may lead to a new approach for the 
construction of (also approximate) convex hulls in R^ as for R 2 [110]. 

*FT-10e\ 
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Figure 9.55. Hexagons representing a family n of proximate planes. 

The coefficients’ range is c\ e [1.5, 0.33], C 2 E [2.5, 0.33], C 3 e [l,0.33],co = 1 in M 3 . 
The two points interior to the first two hexagons represent the plane with (see lower left) 
c 1 = 0.43, C 2 = 0.49, C 3 = 0.31, so it is not in the family n even though the third point is 
interior to the third hexagon. The software used allows for the interactive variation of the coefficients 
and positions of the representing points in the first two hexagons. 


9.7.1 ** A More General Matching Algorithm 

Recall the family of curves gh (generalized hyperbola), uc (unbounded convex), 
and be (bounded convex) in Section 7.7. For our purposes here, consider their 
generalization as the class CC of surfaces in R N such that for a a e CC, in a given 
orientation, the boundaries of the N — 1 regions of a are either gh, uc , or be , with 
the points representing their tangent planes interior to their respective regions. The 
matching algorithm scheme in Section 8.3.8, on proximate flats, can be used also 
for this class of surfaces. For this reason we recall the procedure, featuring another 
student course project. 49 As Fig. 9.55 shows, it does not suffice that Tty and jiy 
be in the interior (or boundary) of the first and second hexagons respectively for 
the plane n e Tl. The hexagons are be bounded convex sets, and so the collection 
of planes in n cannot be convex; for then it would be represented by gh regions. 

49 Acknowledgment and thanks to Y. Lifshits and I. Makarov, who wrote this wonderful program for their 
course project in 2005: navigation within the hexagonal regions representing families of proximate 
planes. 
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Figure 9.56. A plane in the family n. 

Here the two indicated points represent the plane with c\ = 0.458, C 2 = 0.389, C 3 = 0.542, which is 
in the family n . Three vertices are chosen representing a simplex in M 3 and represented by triangles 
within the hexagons. Two representing points within the triangles in the first and second hexagons 
represent a plane in n . 

A simplex within n is chosen by specifying three vertices in the hexagons. For ny 
and Tty in the triangles within the first and second hexagons, the pair represent a 
valid plane jt e n, as shown in Fig. 9.56. What is helpful here is that a triangle in 
R 2 is also represented by a triangle in || -coords. So the triangular faces of the 3-D 
simplex remain triangular in their representation. The process can be continued for 
higher dimensions , 50 allowing also variations in cq; Fig. So n c R 3 is represented 
by octagons with two vertical edges, Fig. 9.57 and n c R 4 by decagons with two 
vertical edges. 

In view of what we have learned, we can surmise that the intersections of 
the hyperplanes in a family n c R^ of proximate hyperplanes form a gh if it is 
represented by convex 2,/V-gons, a uc if it is represented by wc’s, and a polyhedron 
if it is represented by gK s. Care is required to state this precisely (Exercise 3). 
The reason for bringing up this approach again is that it may apply to surfaces in 

50 Acknowledgment and thanks to A. Feigenbaum, T. Kafri, and S. Kamhin for extending the Y. Lif shits 
and I. Makarov software to IR 4 . 
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Figure 9.57. Octagons representing a family of proximate planes n c M 3 . 
The two vertical edges are due to the variation of cq ; here cq = [1,2]. 



Figure 9.58. Decagons with two vertical edges representing proximate hyperplanes in M 4 . 


CC, whose representation consists of gh , uc , or be regions with all the representing 
points in their interior, and the regions can be partitioned into convex portions 
(Exercise 12). 

Tantalizing as it has been, we wind up for now our glimpse into the challenges, 
beauty, and promise of surface representation. 

Chapter acknowledgments. While writing this chapter I recognized even more 
the crucial contributions of my colleagues and students. In the early 1980s, Bernie 
Dimsdale , my long-time friend and colleague, and I started studying the repre- 
sentation of surfaces summarized in Section 9.6. Chao-Kuei Hung , in the early 
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1990s, pioneered the exact representation of surfaces in terms of their tangent 
planes, obtaining results on developables and initiating the study of ruled surfaces. 
Many insights and beautiful figures were obtained with the wonderful interactive 
software written by David Adjiashvili for his course project. Years earlier, Michael 
Spivak was capable and brave enough to write the first interactive software on 
surface representation. Liat Cohen’s clever notation for the axis spacing together 
with many other ideas and suggestions were very helpful. There are others already 
acknowledged and those who contributed their software in the attached CD. To all 
I am profoundly grateful. 


1 . (a) Prove that the hyperbolic boundaries of the sphere SP rotate in opposite 

angular directions with a translation of SP along the x\ axis. Find the 
exact relation between the translation by Ax\ and angle of rotation. 

(b) What changes in the representation with translations along the remaining 
axes? 

(c) Generalize for the representation a sphere in R N translated along an axis 
Xi , i = 1, . . . , N. 

2. With reference to Fig. 9.1, find the representing boundaries of the cube in R 3 
using Lemma 9.3.1 and show that they are gh or uc. Generalize this for the 
hypercube in R^ . 

3. For a family of proximate hyperplanes n c R^ describe precisely (with 
proofs) the boundary of n when it is represented by N — 1 convex 2N-gons, 
ub, or be regions. 

4. Provide an algorithm for constructing interior points of a sphere directly from 
the hyperbolas of its exact representation; hard. 

5. Prove that the points representing tangent planes of a sphere are each on the 
boundary or interior to its corresponding hyperbolic region. 

6. Provide the matching algorithm for the sphere’s representation; this is a 
research problem. 

7 . Under what conditions is an elliptic paraboloid represented by vertical parabolic 
regions or by hyperbolas each with one vertical asymptote? 

8. Provide criteria for distinguishing 

(a) the convex quadrics (cylinder, ellipsoid, paraboloid) from each other 
by their hyperbolic representing regions. Hint: the section on conics in 
Chapter 7 on curves; 

(b) the orientation of the convex quadrics from their representation. 
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9. (a) Take a convex body such as a sphere in R 3 , introduce a small bump on 

its surface, and derive the representing shapes of the resulting surface a' h \ 
hard. 

(b) Take a convex body such as a sphere in R 3 , introduce a small dimple, and 
derive the representing shapes of the resulting surface o d , hard. 

(c) Compare the representations of o' b and a' d . Provide a criterion for 
distinguishing between the two kinds of nonconvexity. 

10. Prove or disprove that the two tangent planes at the top and bottom of the toms 
are represented by two points at the same v coordinate where curves from the 
two representing regions cross; see Fig. 9.53, center. 

11. Study the representation of the class of surfaces of revolution. Provide criteria 
for recognizing a surface of revolution from its representation; this is a research 
problem. 

12. Apply the method in the last section to the representation of a sphere in R 3 . 

13. Prove or give a counter example of the dimple -> swirl duality seen in Fig. 9.52. 
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A FT Data Mining and Other Applications 


10.1 Introduction 


The first, and still most popular, application of parallel coordinates is in exploratory 
data analysis (EDA) to discover data subsets (relations) that fulfill certain objectives 
and guide the formulation of hypotheses. A data set with M items has 2 M subsets, 
any one of which may be the one we really want. With a good data display, our 
fantastic pattern-recognition ability cannot only cut great swaths in our search 
through this combinatorial explosion, but also extract insights from the visual 
patterns. These are the core reasons for data visualization. With parallel coordinates 
(|| -coords), the search for relations in multivariate data sets is transformed into a 
2-D pattern-recognition problem. Guidelines and strategies for knowledge dis- 
covery are illustrated on several real data sets, one with hundreds of variables. 
A geometric classification algorithm is presented and applied to complex datasets. 
It has low computational complexity, providing the classification rule explicitly 
and visually. The minimal set of variables required to state the rule is found 
and ordered by their predictive value. Multivariate relations can be modeled as 
hypersurfaces and used for decision support. A model of a country’s economy 
reveals sensitivities, impact of constraints, trade-offs, and sectors unknowingly 
competing for the same resources. This chapter can be read independently of the 
rest, with foundational background provided where needed. Readers are encouraged 
to browse through the book, looking into specific topics when the motivation arises. 
Collision-avoidance algorithms for air traffic control are discussed separately in 
Chapter 4, on multidimensional lines. 


A. Inselberg, Parallel Coordinates, DOI 10.1007/978-0-387-68628-8_10, 
© Springer Science+Business Media, LLC 2009 
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10.1.1 Origins 

For the visualization of multivariate problems, numerous mappings encoding 
multidimensional information visually into 2-D or 3-D (see [63] and [172], [173], 
[174]) have been invented to augment our perception, which is limited by our 
3-dimensional habitation. Wonderful successes such as Minard’s “Napoleon’s 
March to Moscow,” Snow’s “dot map,” and others are ad hoc and exceptional. 
Succinct multivariate relations are rarely apparent from static displays; interactivity 
is essential. In turn, this raises the issues of effective GUI (graphic user interface), 
queries, exploration strategies, and information-preserving displays, but we are 
getting ahead of ourselves. 

1 0.1 .2 The Case for Visualization 

Searching a data-set with M items for interesting, depending on the objectives, 
properties is inherently hard. There are 2 M possible subsets, any one of which may 
satisfy the objectives. The visual cues that our eyes can pick from a good data display 
help us to navigate through this combinatorial explosion. How this is done is part 
of the story. Clearly, if the transformation data -> picture clobbers information, a 
great deal is lost right at the start. We postulate that a display of data sets with N 
variables suitable for exploration satisfies the following requirements: 

1 . should preserve information - the dataset can be completely reconstructed from 
the picture, 

2. has low representational complexity - the computational cost of constructing 
the display is low, 

3. works for any N - not limited by the dimension, 

4. treats every variable uniformly , 

5. has invariance under projective transformations - the data set can be recognized 
after rotations, translations, scalings, and perspective transformations, 

6. reveals multivariate relations in the dataset - the most important and 
controversial single criterion, 

7. is based on a rigorous mathematical and algorithmic methodology - to 
eliminate ambiguity in the results. 

No completeness or uniqueness is claimed for this list, which should invite 
criticism and changes. Commentary for each item, illustrated by examples and 
comparisons, is listed in the same order. 

1. The numerical values for each Af -tuple (i.e., each data point) are recoverable 
from the scatterplot matrix ( SM) and the || -coords display. This may not be 
necessary or desirable for presentation graphics (e.g., pie charts, histograms). 
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2. In the pairwise scatterplot matrix, the N variables appear N(N — l)/2 times. 
By contrast, there are only N axes in || -coords, though there is an additional 
preprocessing cost, pointed out in the ensuing. For N > 10, the practical 
barriers due to the required display space and visual difficulty limit the use of 
SM. These barriers are less stringent for || -coords. 

3. Even with a nice perspective, orthogonal coordinates are inherently limi- 
ted to iV = 3, due to the dimensionality of our existence. With added 
aspects, the illusion of a few more dimensions can be added. By contrast, for 
|| -coords, implementation capabilities rather than conceptual barriers determine 
the maximum useable N. 

4. An example is the “Chernoff Faces” display, where each variable corresponds 
to a specific facial feature and treated accordingly. The correspondence facial 
feature -> variable is arbitrary. Choosing a different correspondence gives a 
different display, and the fun part is that there is no way to know that the two 
different displays portray the same data set. Of course, this is true for general 
glyphs displays. 

5. This is true for SM and for || -coords, though it has not been implemented in 
general. Incidentally, this is a wonderful M.Sc. thesis topic. 

6. The real value of visualization, in my opinion, is not seeing “zillions of objects” 
but rather recognizing relations among them. We know that projections lose 
information that can possibly be recovered with interactivity. Nevertheless, 
important clues that can guide the exploration are lost. So it is preferable to 
start with a display containing all the information, though it may be difficult 
to uncover. The visual cues available and how they guide the exploration are 
crucial deciding factors. 

7. The value of rigor is self-evident. 

These and additional issues that constitute the discovery process are better 
appreciated via the exploration of real data sets. The basic queries are introduced 
first with the example of a satellite and then a much larger astronomical data 
set. Subsequently, they are combined with Boolean operators to form complex 
queries applied to financial data. An example with several hundred variables 
is discussed briefly before we move to automatic classification. Visualization 
and || -coords play key roles in the geometric algorithm’s conception, internal 
function, and visual presentation of the classification rule. The minimal set of 
variables needed to state the rule is found and ordered according to their predictive 
value. 

Mathematical background is interspersed to provide a deeper understanding 
and wiser use of || -coords and its applications. Specifically, 
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1 . learning the patterns corresponding to the basic relations and seeking them out 
for exploratory data analysis, 

2. understanding the design and use of queries , 

3. motivating further sophisticated applications to statistics such as response 
surfaces [67], and 

4. applications to regression ; see the chapter on proximate planes, 

5. understanding that the relational information resides in the crossings , 

6. concentrating the relational information in the data in clear patterns elimi- 
nating the polygonal lines altogether as with the “proximate planes” is feasible. 

Before entering into the nitty gritty, we pose a visualization challenge that we 
ask the reader to ponder. For a plane 

7 r : c\x\ + C2%2 + C 3 X 3 — c 0i (10-1) 

allow the coefficients to vary within a small interval. This generates a family of 
“close” (let us call them proximate) planes 

n = {it : c\x\ + C 2 X 2 + C3V3 = co, C[ e [ cf , cf\, i = 0, 1, 2, 3}. (10.2) 

These are the planes generated by small rotations and translations of n with respect 
to the three coordinate axes. Altogether they form a “twisted slab,” which even in 
3-D with orthogonal axes is difficult to visualize. Conversely, given many points 
in 3-D, how can it be discovered, using any general visual method you like, that 
they lie on a twisted slab and how can such a creature be visualized and described 
precisely, for N — 3 and then for any A/7 In the meantime, you can project, pursue, 
scale, reduce, scintillate, regress, corollate, or tribulate to your heart’s content, but 
please do not peek at the answer given at the end. 


10.2 Exploratory Data Analysis with ||-coords 

10.2.1 Multidimensional Detective 


Parallel coordinates transform multivariate relations into 2-D patterns suitable for 
exploration and analysis. For this reason they are included in many software tools. 
The queries “parallel coordinates + software” on Google returned about 31,000 
“hits” and “scatterplot matrix + software” about 15,000. Irrespective of the appar- 
ent 2:1 relative ratio, the comparable numbers for the two astounded me, having 
heard the appellations “esoteric,” “unnatural,” “difficult,” “squiggly,” and more for 
II -coords after their introduction. 
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The exploration 5 1 paradigm is that of a detective , starting from the data, search- 
ing for clues leading to conjectures, testing, backtracking until voila , the “culprit” is 
discovered! The task is especially intricate when many variables (i.e., dimensions) 
are involved, calling for the employment of a multidimensional detective (MD). As if 
there were any doubt, our display of choice is || -coords, where the data appears in 
the by now familiar squiggly blotches and which, by means of queries , the MD 
skilfully dissects to find precious hidden secrets. 

During the ensuing interaction, think, dear reader, how similar queries can 
be stated using other exploration methodologies, including the ubiquitous spread- 
sheets. More important, what visual clues are available that would prompt the use 
of such queries. A few basics (covered in Chapter 3) are recalled. In || -coords 
due to the point line and other dualities, some but not all actions are best 
performed in the dual. The queries, which are the “cutting tools,” operate on the 
display, i.e., dual. Their design should exploit the methodology’s strengths and 
avoid its weaknesses, rather than mimic the action of queries operating on standard 
“nondual” displays. Like a surgeon’s many specialized cutting tools, one of our 
early software versions had many specialized queries. Not only was it hard to 
classify and remember them but they still could not handle all situations encoun- 
tered. After experimentation, I chose a few (three) intuitive queries called atomic , 
which can be combined via Boolean operations to form complex intricate cuts. 
Even for relatively small data sets, the || -coords display can look uninformative 
and intimidating. Lack of understanding of the basics of the underlying geometry 
and poor choice of queries limits the use of || -coords to unrealistically small 
data sets. Summarizing, the requirements for successful exploratory data analysis 
are: 


• an informative data display, 

• good choice of queries, and 

• skillful interaction with the display. 


10.2.2 An Easy Case Study: Satellite Data 

The first admonition is 
• do not let the picture intimidate you, 

as can easily happen by taking an uninformed look at Fig. 10.2 showing the dataset 
to be explored. It consists of over 9,000 measurements with 9 variables, the first 

51 The venerable name “exploratory data analysis” (EDA) is used interchangeably with the currently 
more fashionable “visual data mining.” 
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Figure 10.1. Seven types of ground emissions were measured in this region of Slovenia. 
Measurements recorded by the LandS at Thematic Mapper are shown in subsequent figures. Thanks 
to Dr. Ana Tretjak and Dr. Niko Schlamberger, Statistics Office of Slovenia, for providing the data. 
(Right) The display is the map’s rectangular region; the dot marks the position where the 7-tuple 
shown in the next figure was measured. 


two (X, Y ) specify the location on the map in Fig. 10.1 (left), a portion of Slovenia, 
where 7 types of ground emissions are measured by satellite. The ground location, 
(X, 7), of one data item is shown in Fig. 10.1 (right), which corresponds to the map’s 
region and remains open during the exploration. The query, shown in Fig. 10.2, used 
to select the data item is called Pinch. It is activated by the button P on the tool bar. 
By means of this query, a set of polygonal lines (i.e., data items) can be chosen by 
being “pinched” between the axes. The cursor’s movement changes the position of 
the selected arrowhead, which is the larger of the two shown. In due course, various 
parts of the GUI are illustrated ( Parallax ). 52 Aside from starting the exploration 
without biases, it is essential 

• to understand the objectives. 

Here the task is the detection and location of various ground features (built-up 
areas, vegetation, water, etc.) on the map. There is a prominent lake in the lower- 
left corner with an unusual shape of an upward-pointing “finger.” This brings up 
the next admonition, that no matter how messy it looks, 


52 MDG’s Ltd proprietary software; all rights reserved, is used by permission. 
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Figure 10.2. Query on parallax showing a single data item. 

The X , Y (position, also shown on the right of Fig. 10.1), and values of the 7-tuple (B 1, B 2, B 3, 
BA, B5, B6, Bl) at that point. 


• carefully scrutinize the data display for clues and patterns. 

Follow up on anything that catches the eye: gaps, regularities, holes, twists, peaks 
and valleys, density contrasts like the one at the lower values of B 3 through Bl . 
Using the Interval query, activated by the I button, starting at the minimum we grab 
the low range of BA (between the arrowheads) stopping at the dense part as shown 
in Fig. 10.3. The result, on the left of Fig. 10.4, is amazing. We found the water! 
The lake is clearly visible together with two other regions, which in the map turn 
out to be small streams. Our scrutiny having been rewarded, we recall the adage, 

• a good thing may be worth repeating. 

Now examining for density variations within the selected lower interval of B 4, we 
notice another. The lowest part is much denser. Experimenting a bit, appreciating 
the importance of interactivity, we select the sparse portion, Fig. 10.5, which defines 
the water’s edge (right) Fig. 10.4 and in fact more. By dropping the lower arrow, we 
see the lake filling up, starting from the edge, i.e., shallow water first. So the lower 
values of BA reveal the water, and the lowest “measure,” the water’s depth; not bad 
for few minutes of playing around. But all this pertains to a single variable, when 
we are supposed to be demonstrating multivariate exploration. This is a valid point, 
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Figure 10.3. Finding water regions. 

The contrast due to density differences around the lower values of BA is the visual cue that prompts 
this query. 



Figure 10.4. (Left) The lake; result of query shown in Fig. 10.3. 

On the right is just the lake’s edge. It is the result of the query shown in Fig. 10.5. 


but we did pick BA among several variables. Further, this is a nice “warm-up” for 
the subsequent more involved examples, enabling us to show two of the queries. 
The astute observer must have already noticed the regularity, the vertical bands, 
between the B 1, B 2, and B 3 axes. This is where the angle query, activated by the 







10.2 Exploratory Data Analysis with || -coords 


387 



Figure 10.5. Query finding the water’s edge. 


A button, comes into play. As the name implies, it selects groups of lines within 
a user-specified angle range. A data subset is selected between the B 2 and B 3 
axes as shown, with enlarged interaxis distance better showing the vertical bands, 
in Fig. 10.6 (left) to select a data subset that corresponds on the map to regions 
with high vegetation. Clicking the A button and placing the cursor in the middle 
of one axis opens an angle, with vertex on the midrange of the previous (left) axis, 
whose range is controlled by the arrow movements on the right axis. Actually, this 
“rule” (i.e., relation among some parameters) for finding vegetation can be refined 
by tweaking a couple of more parameters. This raises the topic of rule finding in 
general, classificatio , which is taken up in Section 10.3. 

The angle and pinch queries are motivated by the l line -> point l duality 

- ( d b 

t \ x 2 = mx i + b l — I , 

\ 1 — in 1 — m 

in || -coords, illustrated in Fig. 10.7, where the interaxis distance is d. As seen from 
its v coordinate, the point l lies between the parallel axes when the line’s slope m 
is negative, to the right of the X 2 axis for 0 < m < 1, and to the left of X\ for 
m > 1. Lines with m = 1 are mapped to the direction with slope b/d in the vy 
plane, with d the interaxis distance and b the constant (intercept) in the equation of 
£. This points out that dualities properly reside in the projective plane, the directions 
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MLB 




Figure 10.6. Finding regions with vegetation. 

Here the angle query is used (left) between the B 2 and B 3 axes. Note the arrowheads on the B 3 axis, 
which specify the angle range for the selected lines. 


being the ideal points , rather than the Euclidean plane. For sets of points having a 
“overall” direction with negative slope, i.e., are “negatively correlated,” the lines 
representing them in || -coords cross each other roughly between the axes, and they 
can be selected with the pinch query. For positively correlated sets of points, their 
corresponding lines cross outside the axes and can be selected with the angle query. 
All this exemplifies the need to understand some of the basic geometry so as to work 
effectively with the queries and of course design them properly. The three atomic 
queries having been introduced, there remains to learn how they can be combined 
to construct complex queries. 
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Figure 10.7. Parallel coordinates induce a point l o l line duality (left). 

(Right) The horizontal position of the point i representing the line i is determined only by the line’s 
slope m. The vertical line i : x\ = a\ is represented by the point i at the value a\ on the X\ axis. 


Prior to that, Fig. 10.6 (left) raises the question, what if the B 2 and B 3 axes were 
not adjacent? Then the pattern and hence their pairwise relation would be missed. 
Hence the axis permutation used for the exploration is important. In particular, what 
is the minimum number of permutations among N axes containing the adjacencies 
for all pairs of axes? It turns out [95], [184] that M permutations are needed for 
even N — 2 M, and M + 1 for odd N — 2 M + 1. It is fun to see why. Label the 
N vertices of a graph with the index of the variables X [ , i — 1, . . . , N, as shown 
in Fig. 10.8 for N — 6. An edge joining vertex i with j signifies that the axes 
indexed by i, j are adjacent. The graph on the left is a Hamiltonian path , for it 
contains all the vertices. Such paths have been studied beginning with Euler in the 
eighteenth century with modern applications to the “traveling salesman” problem 
and elsewhere [77, pp. 66], [16, pp. 12]. The graph corresponds to the axis index 
permutation 126354. On the right, the union with the additional two Hamiltonian 
paths, starting at vertices 2 and 3, forms the complete graph, which contains all 
possible edges. Hence the three permutations 126354, 231465, 342516 contain all 
possible adjacent pairs; just try it. The remaining permutations are obtained from 
the first by successively adding 1 mod 6, and this works for general N. 
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1 


1 




Figure 10.8. (Left) First Hamiltonian path on vertices 1, . . . ,6. 

It corresponds to the (axes) index permutation 126354. (Right) The complete graph as the union of 
the three distinct Hamiltonian paths starting successively at the vertices 1, 2, 3. 


Returning to EDA, the icon with the Rubik’s Cube onParallax’s toolbar activates 
a permutation editor , which automatically generates the Hamiltonian permutations 
(HP). After scrutinizing the data set display, the recommended next step is to run 
through the O (N /2) HP. This is how all nice adjacencies such as the one in Fig. 10.6 
are discovered. Then using the editor, patch your own custom-made permutation 
containing all the parts you like in the HP. With this preprocessing cost, referred to 
earlier in list item 2 of the introduction, the user sets her own best permutation to 
work with. Of course, there is nothing to prevent one from including axes several 
times in different positions and experimenting with different permutations in the 
course of the exploration. 

10.2.3 Quasars Dataset 

Much larger datasets 53 can be explored, and to make this point convincingly, 
an example from the Quasars catalog having more than 46,000 data items and 
21 parameters as displayed in Fig. 10.9 is used. 

There are two clusters and a prominent outlier with high value in the second 
variable. It is evident that several parameters behave similarly and can be omitted, 
at least initially, uncluttering the display. The reduced dataset is shown on the left 
of Fig. 10.10, with the two clusters colored differently, enhancing the differences 
and similarities between them. The Pinch query used here is indicated with the 
oppossing arrows; recall that it operates between the axes , as contrasted with that 
in Fig. 10.4, called Interval, which operates on a single-variable axis. 

53 I am grateful to Don Schneider, Jogesh Babu, and Erik Feigelson, who suggested this data set, and 
Hyunsook Lee, who downloaded the data set from 

http : / / astrostatistics.psu.edu/ datasets / SDSS-quasar.dat, and assisted with the exploration. 
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Figure 10.9. The full Quasars dataset with 46, 000 + data items and 21 parameters. 

There are two major clusters and an outlier with high value in the second variable. Several parameters 
having similar values can be eliminated, uncluttering the display, as shown below in Fig. 10.10. 



Figure 10.10. The two clusters are colored differently. 

(Left) The high range between the sixth and seventh variables is selected, revealing patterns involving 
the intermediate range of the variable labeled Radio (appearing as fifth from the right). (Right) 
On the scatterplot of X-Ray vs. Radio , the only cluster without vertical or horizontal segments is 
selected. 
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Figure 10.11. The selected cluster consists of 234 data items. 

(Left) Relation between X-Ray and Radio. (Right) Relation between Radio and sig-K. 


Note the patterns involving the intermediate range of values of the parameter 
labeled Radio. On the right within the scatterplot of the variables Radio vs. X-Ray , 
the only subset without horizontal or vertical segments (for missing values) is 
selected using a query called Polygon. It has 234 data items with interesting rela- 
tions, as shown in Fig. 10.11, between Radio vs. X-Ray and Radio vs. sig-K. The 
explorations here are relatively straightforward. Much more complex multivariate 
relations were discovered in complex datasets, and some are shown next. For such a 
discovery process, more queries are needed whose design requires a deeper under- 
standing of the methodology’s foundations. They are summarized next, preparing 
the ground for some sophisticated applications described later. 

10.2.4 Compound Queries: Financial Data 

To be explored next is the financial data set shown in Fig. 10.12, the goal being to 
discover relations useful for investments and trading. The data for the years 1986 
(second tick on the third axis) and 1992 are selected and compared. In 1986, the 
yen had the greatest volatility among the three currencies, interests varied in the 
midrange, gold had a price gap, while 5P500 was uniformly low. By comparison 
in 1992, the yen was stable while the pound sterling was very volatile (possibly 
due to Soros’s speculation); interests and gold prices were low, and the 5P500 was 
uniformly high. Two mterval queries are combined with the OR Boolean operator 
(i.e., union) to obtain this picture. We continue 

• looking for the gold” by checking out patterns that caught our attention. 

The data for 1986 is isolated in Fig. 10.13, and the lower range in the gold price 
gap is selected. Gold prices were low until the second week in August, when they 
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Figure 10.12. Financial data. 

Quotes by week on Monday, month, gear, first three axes fix the date; Sterling (BPS) Z)mark, yen 
rates per dollar; fourth, fifth, sixth axes; 3MTB, 30YTB interest rates in percent for the first three 
months and 30-year bonds, respectively; seventh, eighth axes; gold in $/ounce, ninth, SP500 index 
values on tenth axis. 


jumped and stayed higher. The exploration was carried out in the presence of four 
financial experts, who carefully recorded the relation between low yen, high 3MTB 
rates, and low gold prices. By the way, the low yen rate of exchange means that the 
yen had a high value relative to the US dollar. 

There are two bunches of crossing lines between sixth and seventh axes in 
Fig. 10.12, which together comprise more than 80% of the data set. This and 
recalling the previous discussion on the line point mapping in Fig. 10.7 points 
out the strong negative correlation between yen and 3MIB rates. The smaller cluster 
in Fig. 10.14 is selected. Moving from the top range of any of the two axes, with 
the / query, and lowering the range causes the other variable’s range to rise and is 
a nice way to show negative correlation interactively. For the contrarians among 
us, we check also for positive correlation, Fig. 10.15. We find that it exists when 
gold prices are low to midrange, as happened for a period in the 1990s. This is 
a free investment tip for bucking the main trend shown in Fig. 10.14. It is also 
a nice opportunity for showing the inversion feature activated by the icon with 
two cyclical arrows. A variable is selected and the min/max values on that axis 
are inverted. Diverging lines (as for positive correlation) now intersect Fig. 10.16, 
making it easier visually to spot the crossing and hence the correlation. Actually, 










394 


10 . 


& FT Data Mining and Other Applications 



1 93 74 


WEEK 


TB30Y 


1 


0 40435 


0 00907 


9 03 


0 00494 


2.69 


6 5915 


REGISTERED VERSION 


MNTH 


BPS 


GDM 


YEN 


SP5 


GOLD 


1 99245 


0 7139 


Figure 10.13. Gold prices in 1986. 

Gold prices jumped in the second week of August. Note the correlation between the low yen , high 
3A/TB rates, and low gold price range. 



Figure 10.14. Negative correlation. 

The crossing lines between the sixth and seventh axes in Fig. 10.12 show strong negative correlation 
between yen and 3A/TB rates. One cluster is selected with the Pinch query and combined with the 
high and low ranges on thegeft axis. Data for the years 1986 and 1992 are selected. 
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Figure 10.15. Positive correlation. 

A positive correlation where the yen and 3MIB rates move together when gold prices are low to 
midrange. 
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Figure 10.16. Inverting the 3MIB axis. 

Now the lines between theyen-iA/TB and 3MTB-30MTB axes in Fig. 10.15 cross 
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Figure 10.17. Variations in currency exchange rates. 

Variations in the rate of exchange of the currencies correlate with movements in the price of gold. 


the recommendation is to work with the A query, experimenting with various angle 
ranges using inversion to check out or confirm special clusters. When stuck, don’t 
just stand there, but 

• vary one of the variables, watching for interesting variations in the other 
variables. 

Doing this on the yen axis, Fig. 10.17, we strike another gold connection. The 
(rough) intersection of a bunch of lines joining yen to the Dmark corresponds, by 
the duality, to their rate of exchange. When the rate of exchange changes, so does 
the intersection and the price of gold\ That is, movements in currency exchange 
rates and the price range of gold go together. Are there any indications that are 
associated with the high range of gold? The top price range is selected, Fig. 10.18, 
and prompted by the result of the previous query, we check out the exchange rate 
between Sterling (BPS) and Z)mark (or yen), and the result is stunning: a perfect 
straight line. The slope is the rate of exchange, which is constant when gold tops 
out. The relation between Sterling (BPS) and the Z)mark is checked for different 
price ranges of gold, Fig. 10.19, and the only regularity found is the one straight 
line above. Aside from the trading guideline it establishes, it suggests “behind-the- 
scenes manipulation of the gold market.” We could have said that, but we won’t. 
We perish this thought and proceed with the Boolean complement, Fig. 10.20, of an 
/ (or any other) query. Not finding anything, we select a narrow but dense range on 
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Figure 10.18. High gold. 

Note the perfect straight line in the sterling vs. Z)mark plot. The slope is the rate of exchange between 
them, which remains constant when gold prices peak. 


the yen. Fig. 10.21, and notice an interesting relation between the Z)mark, interest 
rates, and gold. 

There is an exploratory step akin to “multidimensional contouring,” which we 
fondly call Zebra , activated by the last icon button on the right with the appropriate 
skin color. A variable axis is selected, the NP500 axis in Fig. 10.22, and divided 
into a number (user specified) of intervals (here it is 4) and colored differently. This 
shows the connections (influence) of the intervals with the remaining variables, 
which here is richly structured especially for the highest range. So what does it 
take for the NP500 to rise? This is a good question and helps introduce Parallax’s 
classifier, described in 10.3. The result, shown in Fig. 10.23, confirms the investment 
community’s experience that low 3MTB and gold predict high NP500. A comparison 
with the results obtained on this data set with other visualization tools would be 
instructive, though unfortunately one is not available. Still let us consider such an 
analysis done by the scatterplot matrix. There are 10 variables (axes), which requires 
45 pairwise scatterplots each, even with a large monitor screen being no larger than 
about 2.5 x 2.5 cm 2 . Varying one, two, or more variables in tandem and observing 
the effects simultaneously over all the variables in the 45 squares may be possible but 
quite challenging. By contrast, the effects of varying the Dmark, conditionally for 
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Figure 10.19. Two price ranges of gold. 

The associated sterling vs. Z)mark plots show no regularity. 
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Figure 10.20. The complement of an / query. 

stable gen, are easily seen on the two interest rates, gold as well as the remaining 
variables in one , Fig. 10.21. This example illustrates the difficulties due to high 
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Figure 10.22. The zebra query. 

It partitions and colors the segments of values differently. A variable, here the SP500 axis, is divided 
it into equal (here 4) intervals. This quickly reveals interelationships. Note especially those for the 
highest 5P500 range and see the next figure. 
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Figure 10.23. The rule for high 5P500. 

Both 3MTB (the “short-bond” as it is called) and gold are low and in this order of importance. 


representational complexity (see Section 10.1.2 item #2), which is 0(A^ 2 ) for the 
scatterplot matrix but 0(N ) for || -coords and made even clearer with the next 
data set. 

10.2.5 Hundreds of Variables 

An important question frequently asked is, how many variables can be handled with 
|| -coords? The largest data set that I have effectively worked with had about 800 
variables and 10,000 data entries. With various techniques developed over the years 
and the automatic classifier discussed in the next section, much larger data sets can 
be handled. Still the relevant admonition is 

• be skeptical about the quality of data sets with a large number of variables. 

When hundreds or more variables are involved, it is unlikely that there are many 
people around who have a good feel for what is happening, as confirmed by my 
experience. A case in point is the data set shown in Fig. 10.24, consisting of 
instrumentation measurements for a complex process. The immediate observation is 
that many instruments recorded 0 for the duration, something which was unnoticed 
by the process monitors. Another curiosity was the repetitive patterns on the right. 
It turns that several variables were measured in more than one location using 
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Figure 10.24. Manufacturing process measurements; 400 variables. 


different names. When the data set was cleaned up of superfluous information, 
it was reduced to about 90 variables, as shown in Fig. 10.25 and eventually to 
about 30, which contained the information of real interest. By my tracking, the 
phenomenon of repetitive measurements is widespread, with at least 10% of the 
variables occurring in large data sets being duplicates or near duplicates, possibly 
due to instrument nonuniformities, as suggested in the 2-variable scatterplot2 in 
Fig. 10.25. Here the repetitive observations were easily detected due to the fortuitous 
variable permutation in the display. Since repetitive measurements occur frequently, 
it may be worth adding to the software an automated feature to detect and exhibit the 
suspect variables. This brief exposure is just an indication that large (in dimension, 
i.e., in number of variables) data sets can still be gainfully explored in || -coords. 

There follows a different example of EDA on a process-control data set [102], 
where compound queries turned out to be very useful and where we learn to add to 
the list of exploration guidelines arguably the most important one: 

• test the assumptions and especially the “I am really sure of”s. 


10.2.6 Production of VLSI (Chips) 

The data set displayed in Fig. 10.26 consists of production data of several batches 
of a specific VLSI (computer chip) with measurements of 16 parameters involved 
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Figure 10.25. The above data set after “cleanup” with about 90 variables left. 
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Figure 10.26. Dataset; VLSI production with 16 parameters 
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Figure 10.27. The batches high in Yield, XI, and Quality, A2. 


in the process. The parameters are denoted by XI, X2, ... , Y16. The yield, as 
the percentage of useful chips produced in the batch, is denoted by XI, and Y2 
is a measure of the quality (given in terms of speed performance) of the batch. 
Ten different categories of defects are monitored, and the variables’ scales of X3 
through A 12 are 100% pure (zero defect) so that the amounts of defect appear at 
the top and increasing amounts appear proportionately lower. The remaining A 13 
through A 16 denote some physical parameters. 

Since the goal here is to raise the yield, Al, while maintaining high quality, A2, 
we have the problem of multiobjective optimization due to the presence of more 
than one objective. The production specialists believed that it was the presence of 
defects that prevented high yields and qualities. So their purpose in life was to keep 
on pushing — at considerable cost and effort — for zero defects. 

With this in mind, the result of our first query is shown in Fig. 10.27, where 
the batches having the highest Al and A2 have been isolated. This in an attempt 
to obtain clues; and two real good ones came forth. Notice the resulting range of 
A 15, where there is a significant separation into two clusters. As it turns out, this 
gap yielded important insight into the physics of the problem. The other clue is 
almost hidden. A careful comparison — and here interactivity of the software is 
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Figure 10.28. The batches with zero in nine out of ten defect types. 


essential — between Fig. 10.26 and Fig. 10.27 shows that some batches that were 
high in X3 (i.e., low in that defect) were not included in the selected subset. That 
casts some doubt into the belief that zero defects are the panacea and motivates 
the next query, where we search for batches having zero defects in at least nine 
(excluding X3, where we saw that there are problems) out of the ten categories. 
The result is shown in Fig. 10.28 and is a shocker. There are nine such batches, 
and all of them have poor yields and for the most part also low quality! That this 
was not questioned and discovered earlier is surprising. We scrutinize the original 
picture Fig. 10.26 for visual cues relevant to our objectives and our findings so far. 
And there is one staring us in the face! Among the ten defects X3 through XI 2, 
whatever X6 is, its graph is very different from those of the others. It shows that 
the process is much more sensitive to variations in X6 than the others. For this 
reason, we chose to treat X6 differently and remove its zero-defect constraint. This 
query (not shown) showed that the very best batch (i.e., highest yield with very high 
quality) does not have zeros (or the lowest values) for X3 and X6; a most heretical 
finding. It was confirmed by the next query, which isolated the cluster of batches 
with the top yields (note the gap in XI between them and the remaining batches). 
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Figure 10.29. The batches with the highest yields. 
They do not have the lowest defects of type X3 and X6. 


These are shown in Fig. 10.29, and they confirm that small amounts (the ranges can 
be clearly delimited) of X3- and X6-type defects are essential for high yields and 
quality. 

Returning to the subset of data that best satisfied the objectives, Fig. 10.27, in 
order to explore the gap in the range of X15, we found that the cluster with the 
high range of A 15 gives the lowest (of the high) yields XI, and worse, it does not 
give consistently high quality X2, whereas the cluster corresponding to the lower 
range has the higher qualities and the full range of the high yield. It is evident that 
the small ranges of X3, X6 close to (but not equal to) zero, together with the short 
(lower) range of X15, provide necessary conditions for obtaining high yields and 
quality. This is also indicated in Fig. 10.29. By a stroke of good luck, these three can 
also be checked early in the process, avoiding the need of “throwing good money 
after bad” (i.e., by continuing the production of a batch whose values of X3, X6, 
and X 15 are not in the small “good” ranges we have found). 

These findings were significant and differed from those found with other 
methods for statistical process control [9] . This approach has been successfully used 
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Figure 10.30. 


Only the lower range of X 15 is associated with the highest yields and quality. 


in a wide variety of applications, including the manufacture of printed circuit boards, 
PVC and manganese production, financial data, and determining skill profiles (i.e., 
as in drivers, pilots). 

10.3 Classification 

Though it is fun to undertake this kind of exploration, the level of skill and patience 
required tends to discourage some users. It is not surprising, then, that the most 
persistent requests and admonitions have been for tools that, at least partially, 
automate the knowledge discovery process [103]. Classification is a basic task 
in data analysis and pattern recognition, and an algorithm accomplishing it is called 
a classifle [149], [57], [136]. The input is a dataset P and a designated subset S. 
The output is a characterization, a set of conditions or rules, to distinguish elements 
of S from all other members of P, the “global” dataset. The output may also be that 
there is insufficient information to provide the desired distinction. 

With parallel coordinates, a dataset P with N variables is transformed into 
a set of points in iV -dimensional space. In this setting, the designated subset S 
can be described by means of a hypersurface that encloses just the points of S. 
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In practical situations, the strict enclosure requirement is dropped, and some points 
of S may be omitted (“false negatives”), and some points of P — S are allowed 
(“false positives”) in the hypersurface. The description of such a hypersurface is 
equivalent to the rule for identifying, within some acceptable error, the elements of 
S. Casting the problem in a geometric setting leads us to visualize how such a rule 
may work. This entails: 

1. Use of an efficient “wrapping” (a convex-hull approximation) algorithm to 
enclose the points of S in a hypersurface S \ containing S and in general also 
some points of P — S; so S C S\. 

2. The points in (P — S) Cl S \ are isolated and the wrapping algorithm is applied to 
enclose them, and usually also some points of Si , producing a new hypersurface 
S 2 with S d (Si — S 2 ). 

3 . The points in S not included in Si — S 2 are next marked for input to the wrapping 
algorithm, a new hypersurface S3 is produced containing these points as well 
as some other points in P — (Si — S 2 ), resulting in S C (Si — S 2 ) U S3. 

4. The process is repeated, alternatively producing upper and lower contain- 
ment bounds for S; termination occurs when an error criterion (which can 
be user-specified) is satisfied or when convergence is not achieved. After 
termination is obtained, two error measures are available to estimate the rule’s 
precision: 

• Train & Test. A portion of the dataset (usually 2/3) selected at random is used 
to derive the classification rule, which is then tested on the remaining 1/3 of the 
data. 

• Cross-Correlation. 

It can and does happen that the process does not converge when P does not 
contain sufficient information to characterize S. It may also happen that S is so 
“porous” (i.e., spongelike) that an inordinate number of iterations are required. 
On convergence, say at step In , the description of S is provided as 

S* (Si- S 2 ) U (S 3 ~ 5 4 ) U • • • U (S 2 „_i - S 2 „), (10.4) 

this being the terminating expression resulting from the algorithm that we call nested 
cavities (. NC ). 

The user can select a subset of the available variables and restrict the rule 
generation to these variables. In certain applications, as in process control, not all 
variables can be controlled, and hence it is useful to have a rule involving only the 
accessible (i.e., controllable) variables. An important additional benefit is that the 
minimal set of variables needed to state the rule is found and ordered according 
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to their predictive value. These variables may be considered as the best features to 
identify the selected subset. The algorithm is display-independent and there is no 
inherent limitation as to the size and number of variables in the dataset. Summarizing 
for NC, 

• an approximate convex-hull boundary for each cavity is obtained, 

• utilizing properties of the representation of multidimensional objects in 
||-coords, a very low polynomial worst-case complexity of 0(N 1 2 \P\ 2 ) in the 
number of variables N and dataset size | P | is obtained; it is worth contrasting this 
with the often unknown, or unstated, or very high (even exponential) complexity 
of other classifiers, 

• an intriguing prospect, due to the low complexity, is that the rule can be derived 
in near real time, making the classifier adaptive to changing conditions, 

• the minimal subset of variables needed for classification is found, 

• the rule is given explicitly in terms of conditions on these variables, i.e., included 
and excluded intervals, and provides a “picture” showing the complex distribu- 
tions with regions where there are data and “holes” with no data providing 
insights to the domain experts. 

During 1990-1993, Michie, Spiegelhalter, and Taylor [134], on behalf of 
the ESPRIT program of the European Union, made extensive studies of several 
classifiers applied to diverse data sets. About 23 different classifiers were applied to 
about 20 data sets for comparative trials in the StatLog project. This was designed 
to test classification procedures on large-scale commercially important problems 
in order to determine suitability of the various techniques to industry. The results 
obtained by NC are compared with those obtained by other well-known classi- 
fiers used in Statlog on two benchmark datasets and shown in the accompanying 
tables. 

1. Satellite image dataset has over 6,000 items and NCs classification error was 
9%, k-NN was next with 9.4%, the remainder had errors as high as 30%, and 
one was unable to be classified at all, as shown in Table 10.1. 

2. Vowel recognition data with about 1 ,000 data items. The data collection process 
involves digital sampling of speech with acoustic signal processing, followed 
by recognition of the phonemes, groups of phonemes, and words. The goal here 
is a speaker-independent rule based on 10 variables of 11 vowels occurring in 
various words spoken (recorded and processed) by 15 British male and female 
speakers. Deterding [40] collected this dataset of vowels, which can be found 
in the CMU benchmark repository on the Internet. There are 528 entries for 
training and 462 for testing. Three other types of classifiers were also applied 
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Table 10.1. Summary of the Statlog results and com- 
parison with the nested cavities (NC) classifier for the 
satellite image data. 


Rank 

Classifie 

Error rate % 

Train Test 

1 

NC 

4.3 

9.0 

2 

k-NN 

8.9 

9.4 

3 

LVQ 

4.8 

10.5 

4 

DIPOL92 

5.1 

11.1 

5 

RBF 

11.1 

12.1 

6 

ALLOC80 

3.6 

13.2 

7 

IndCART 

2.3 

13.8 

8 

CART 

7.9 

13.8 

9 

Backprop 

11.2 

13.9 

10 

Bay tree 

2.0 

14.7 

11 

CN2 

1.0 

15.0 

12 

C4.5 

4.0 

15.0 

13 

NewID 

6.7 

15.0 

14 

Cal5 

12.5 

15.1 

15 

Quadisc 

10.6 

15.5 

16 

AC 2 

11.3 

15.7 

17 

SMART 

12.3 

15.9 

18 

Cascade 

11.2 

16.3 

19 

Logdisc 

11.9 

16.3 

20 

Discrim 

14.9 

17.1 

21 

Kohonen 

10.1 

17.9 

22 

CASTLE 

18.6 

19.4 

23 

NaiveBay 

30.8 

28.7 

24 

ITrule 

Failed 

Failed 


to this dataset: neural networks and k-NN by Robinson and Fallside [56], and 
decision trees by Shang and Breiman [158]. Again NC was top with 7.9%; 
next was CART-DB at 10%; the rest were down to 66%, with many unable to 
provide a classification rule. The results are shown in Table 10.2. 
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Table 10.2. Summary of classification results for the vowel dataset. 


Rank 

Classifie 

Testing Mode 

Test Error Rate % 

1 

nested cavities (NC) 

cross validation 

7.9 

2 

CART-DB 

cross validation 

10.0 

3 

nested cavities (NC) 

train & test 

10.5 

4 

CART 

cross validation 

21.8 

5 

k-NN 

train & test 

44.0 

6 

RBF 

train & test 

46.5 

7 

multilayer perceptron 

train & test 

49.4 

8 

single-layer perceptron 

train & test 

66.7 


3. A neural-pulse dataset has interesting and unusual features. There are two 
classes of neurons whose outputs to stimuli are to be distinguished. They consist 
of 32 different pulses measured in a monkey’s brain (poor thing!). There are 
600 samples with 32 variables (the pulses). 54 Various classification methods 
were unable to obtain a rule. With NC , convergence is obtained requiring only 
9 of the 32 parameters for the classification rule for category 1. The resulting 
ordering shows a striking separation. In Fig. 10.31, the first pair of variables 
x\, X 2 in the original order is plotted on the left. On the right, the best pair 
jqi, X 14 , as chosen by the classifier’s ordering speaks for itself. By the way, 
the discovery of this manually would require constructing a scatterplot matrix 
with 496 pairs, then carefully inspecting and comparing the individual plots. 
The implementation provides all the next-best sections, some of which are 
shown in Fig. 10.31, to aid the visualization of the rule. The data set consists 
of two “pretzel-like” clusters wrapping closely in 8-D, one enclosing the other, 
showing that the classifier can actually “carve” highly complex regions with the 
cavity shown. One can understand why separation of clusters by hyperplanes 
or nearest-neighbor techniques can fail badly for such data sets. The rule has 
4% error, some of which are shown in Fig. 10.32. 

The rules are explicit, “visualizable,” optimally ordering the minimal set of 
variables needed to state the rule without loss of information. There are variations 
that apply in some situations where the NC classifier fails, such as the presence of 

54 I am grateful to Prof. R. Coiffman and his group at the Departments of Mathematics and Computer 
Science at Yale University for giving me this data set. 


10.3 Classification 


411 


^JsJxJ 


File Arrows Query Vars Types view Scales Window aNalysis Classifiers sEt-up Help 





2 2.44 2.4". 


mm. 



J I P I 



Q1MM 




I 






a nn r~ n a n nr- n n •* n a n n nr n h n n m n nn n nn n nn a n h n n' 



Scatter plot of xl vs x2 


2.48239 




Scatter plot of xl 1 vs. xl 4 


4.31 2.45 2.46 


4 . 21/596 


% 


. ■ £.* 


fxi T] 


-5.322976 



xll 


— i ,-2.09ft3JZ V 


*5 


■ 

t: 





1.162 


-5.3 -5.7 -4.1 -2.8 -2.1 -1.9 -2.1 -3.1 -3.3 -2.6 -2.0 -1.8 -1.8 -2.2 -2.3 -2.2 -2.5 -2.6 -2.7 -2.9 -2.8 -3.4 -3.2 -2.9 -2.7 -2.7 -3.0 -2.8 -2.8 -4.6 -4.6 -4.9 

xl I x2 I x3 I x4 I x5 I x6 I x7 I x8 I x9 I xlO I xll I xl2 I xl3 I xl4 I xl5 I xl6 I xl7 I xl8 I xl9 I x20 I x21 I x22 I x23 I x24 I x25 I x26 I x27 I x28 I x29 I x30 I x31 I x32 


o 

■ o o I 


Biitl Size: 300 
ql Prcnt: 50% 


Total size: 600 Level: 
Combination: And 0 
Disolav:One Tvoe:lnterval 


Figure 10.31. The neural-pulses dataset with 32 parameters and two categories. 

The data set is shown in the background. On the left plot are the first two parameters in the original 
order. The classifier found the nine parameters needed to state the rule with 4% error and ordered 
them according to their predictive value. The best two parameters are plotted on the right, showing 
the separation achieved. 


several large “holes” (see [103]). Further, keeping in mind that the classification 
rule is the result of several iterations suggests heuristics for dealing with the pesky 
problem of overfittin . The iterations can be stopped just where the corrections in 
(10.4) become very small, i.e., the 5/ consist of a small number of points. The 
number of iterations is user defined, and the resulting rule yields an error in the test 
stage more stable under variations in the number of points of the test set. In addition, 
the user can exclude variables from being used in the description of the rule; those 
ordered last are the ones providing the smaller corrections and hence more liable to 
overcorrect. 
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Figure 10 .32. Neural dataset classification. 

Further cross-sections of the hypersurface corresponding to the classification rule. 


10.3.1 Case Study: Noise Signature Recognition 

It is worthwhile going through another classification example in greater detail. 
About 1000 vehicles (trucks) were run on a road test tract embedded with sound 
sensors at various locations and distances. The resulting noise was measured sepa- 
rately within seven frequency ranges. For each range, the measurements were 
subsequently transformed (via wavelets) into a single number. The resulting seven 
numbers tq, iq, . . . ,vj provide the noise signature for each specific vehicle. The 
truck data is divided into 1 1 classes (by type, manufacturer). Each data item (for a 
truck) consists of nine parameters: the truck ID, class #, and noise signature. The 
data set is shown in Fig. 10.33. There are trucks manufactured in one country A 
and belonging to the army of one country I ; the remainder are made in country R 
and belong to the army of a hostile country S. 

The army of country I would like to detect the enemy’s vehicles from a distance 
by their noise signature (i.e., the way they sound), something analogous to “land 
sonar.” The vehicles of country S are the classes #7-11, which are selected and 
shown in Fig. 10.34. The values of v\ show that there are two vehicle clusters. 
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Figure 10 .33. Eleven categories of vehicles (trucks). 

The noise signature defined by the values of v \ , V 2 , . . . , 1^7 is given for each vehicle. 
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Figure 10.34. Top five classes consist of vehicles manufactured in country R. 

The values of v\ indicate two clusters. The values in the top dense range turn out to be for trucks 
with automatic transmission, while the remaining lower values correspond to trucks with manual 
transmission. 
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Figure 10.35. Automatic transmissions. 

Cluster of vehicles Si manufactured by country R having automatic transmissions. This is the 
classifier’s input. 


Examining the vehicles’ files from the IDs, a surprising separation is found: those 
with 14 values in the top (dense range) have — let’s call them Si (shown in 
Fig. 10.35) — automatic transmission, and the remainder (denoted by S 2 ) with 
sparse 14 values have manual transmission! Classifying each of the Si , S 2 separately 
and then taking the union of the rules provides a much more accurate overall rule 
for S. 

Proceeding, the classification rule for subset Si is obtained with an error of 
2%; Fig. 10.36. Variable v 5 is redundant and can be omitted. The two variables 
with the highest predictive value are 14, 14, and their plot indicates that they are 
three clusters in the data set: a dense one with low 14 and 14 lower than Si, and a 
sparse one with higher values of 14. Even though the rule’s error is very low, this is a 
situation in which information on the misclassified trucks is very important. For this 
purpose, we stop the iteration after the first step. The output is the subset shown in 
Fig. 10.37. It consists of data from the top five categories, i.e., the subset S and some 
from category #2. Knowing the classifier’s final output is obtained by subsequent 
iterations refining this subset; we surmise that the misclassifieds are likely to be 
from class #2. Independently, it was found that the class #2 trucks, manufactured 
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Figure 10.36. Output: the classification rule with a 2% error is found. 

Variable v 6 is redundant, and the two best predictors 14 , V 2 plot shows the three clusters composing 
the data set. 
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Figure 10.37. The output after the first iteration. 

In addition to trucks in the top five classes, the data set contains some from class # 2, so these are the 
ones likely to be misclassified. 
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in country A, have been copied by a manufacturer in country R. No wonder, then, 
that their sound is similar and can be confused with those in S. 


10.4 Visual and Computational Models 

Finally, we illustrate the methodology’s ability to model multivariate relations in 
terms of hypersurfaces, just as we model a relation between two variables by a planar 
region. Then by using the interior point algorithm, as shown in Fig. 10.45 of the next 
section, with the model we can do trade-off analyses, discover sensitivities, under- 
stand the impact of constraints, and in some cases do optimization. For this purpose 
we shall use a data set consisting of the outputs of various economic sectors and other 
expenditures of a particular (and real) country. It consists of the monetary values over 
several years for the agricultural, //s ing, and mining sector outputs, manufacturing 
and construction industries, together with go vernment, miscellaneous spending, and 
resulting GNP; eight variables altogether. We will not take up the full ramifications 
of constructing a model from data. Rather, we want to illustrate how || -coords may 
be used as a modeling tool. Using the least squares technique, we “fit” a function 
to this data set and are not concerned at this stage whether the choice is a “good” 
one. The function obtained bounds a region in R 8 , 8-dimensional Euclidean space, 
and is represented by the upper and lower curves shown in Fig. 10.38. 


471.08 39.01 495.13 1030.87 253.09 319.10 1687.51 4174.03 471.08 



Ag Fi Mi Man Can Gov Oth GNP Ag 


Figure 10.38. Model of a country’s economy. 

Choosing high agricultural and high fis ing output forces low mining output. 
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Ag Fi Mi Man Can Gov Oth GNP Ag 

Figure 10.39. Competition for labor between the fis ing and mining sectors. 


The picture is in effect a simple visual model of the country’s economy, incorpo- 
rating its capabilities, limitations, and interelationships among the sectors. A point 
interior to the region satisfies all the constraints simultaneously, and therefore 
represents a feasible economic policy for that country (i.e., the 8-tuple of values). 
Using the interior point algorithm we can construct such points. It can be done 
interactively by sequentially choosing values of the variables, and we see the result 
of one such choice in Fig. 10.38. Once a value of the first variable is chosen (in this 
case the agricultural output) within it’s range, the dimensionality of the region is 
reduced by one. In fact, the upper and lower curves between the second and third 
axes correspond to the resulting 7-dimensional hypersurface and show the available 
range of the second variable (fis ing) reduced by the constraint. This can be seen 
(but not shown here) for the rest of the variables. That is, due to the relationship 
between the eight variables, a constraint on one of them impacts all the remaining 
ones and restricts their range. The display allows us to experiment and actually 
see the impact of such decisions downstream. By interactively varying the chosen 
value for the first variable, we found that it not possible to have a policy that favors 
agriculture without also favoring ing and vice versa. 

Proceeding, a very high value from the available range of fis ing is chosen, and 
it corresponds to very low values of the mining sector. By contrast, in Fig. 10.38 we 
see that a low value in fis ing yields high values for the mining sector. This inverse 
correlation was examined, and it was found that the country in question has a large 
number of migrating semiskilled workers. When the fishing industry is doing well, 
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most of them are attracted to it, leaving few available to work in the mines and 
vice versa. The comparison between the two figures shows the competition for the 
same resource between mining and fis ing. It is especially instructive to discover 
this interactively. The construction of the interior point proceeds in the same way. 
In the next section, in the discussion on surfaces this construction is shown for 
higher-dimensional hypersurfaces. 


10.5 Parallel Coordinates: The Bare Essentials 


The following short review of || -coords and the discussion on duality provide the 
essential background to make this chapter self-contained. 


10.5.1 Lines 


An N - -dimensional line £ can be described by the N 


1 linear equations 


l 


£\,2 ' x 2 = rn2*l + * 2 , 

f 2 ,3 • x 3 = ^3*2 + *3, 

’ ” , (10.5) 

k- l,i • x i = m t Xi - 1 + hi , 


£n-1,N : X N = mN x N - 1 + b^f, 


each with a pair of adjacently indexed variables. In the plane, the relation 

labeled N = 2, .. . , N, is a line, and by the line point duality (10.3), it 

can be represented by the point 



1 


(1 - m t ) 


+ (i — 2), 


b , 


(1 - mi) 


( 10 . 6 ) 


Here the interaxis distance is 1, so that f — 2 is distance between the y (or X\) and 
Xi - 1 axes. Actually, any N — 1 independent equations such as 


^i,j • x i — ™ij x j T bi j, (10.7) 

can equivalently specify the line i, for (10.7) is the projection of i on the X{Xj 2-D 
plane, and — 1 such independent projections completely describe £. There is a 
beautiful and very important relationship illustrated in Fig. 10.40 (left). For a line 
£ in 3-D, the three points £ 12 , £ 13 , £ 23 are collinear (this line is denoted by L), and 
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X, X 2 X 3 X 4 X 5 X 6 X 7 X, x 9 X U) 


Figure 10.40. Properties of multidimensional lines. 

(Left) The three points £i,k are collinear for i ^ j ^ k. (Right) A line interval in 10-D. 


any two points represent l. It is easy to see that a polygonal line on all — 1 points 
given by (10.6) or their equivalent represents a point on the line £. Conversely, two 
points determine a line £. Starting with the two polygonal lines representing the 
points, the N — 1 intersections of their X/_] , X[ portions are the li-\j points for 
the line l. A line interval in 10-D and several of its points are seen on the (right) of 
Fig. 10.40. By the way, the indexing of the points l is essential. It is usually omitted 
to save display space but it must always be available for it is needed for algorithms 
that involve lines (e.g., intersections and minimum distance; see Chapter 4). 


10.5.2 Planes and Hyperplanes 

While a line can be determined from its projections, a plane even in 3-D cannot. 
A new approach is called for [47]. Rather than discerning a p -dimensional object 
from its points, it is described in terms of its ( p — l)-dimensional subsets constructed 
from the points. Let us see how this works. In Fig. 10.41 (left), polygonal lines 
representing a set of coplanar points in 3-D are seen. From this picture even the 
most persistent pattern- seeker cannot detect any clues hinting at a relation among 
the three variables, much less a linear one. The plane has dimension p = 2, so 
we look at lines (having dimension p — 1 = 1 ) on the plane constructed so that 
from each pair of polygonal lines, the lines L of the 3 -point collinearity shown in 
Fig. 10.40 (left) are obtained. The result, shown on the right, is stunning. All the 
L lines intersect at a point, which turns out to be characteristic of coplanarity but 
not enough to specify the plane. Translating the first axis X\ to the position Xy, 
one unit to the right of the X 3 axis, and repeating the construction, based on the 
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Figure 10.41. Coplanarity. 

(Left) The polygonal lines on the first three axes represent a set of coplanar points in 3-D. (Right) 
Coplanarity! Forming lines on the plane, with the 3 -point collinearity, the resulting lines intersect at 
a point. 


axis triple X 2 , X 3 , Xy, yields a second point shown in Fig. 10.42 (left). For a plane 
described by 


TC \ C\X\ + C 2^2 + C3X3 — CQ, 


( 10 . 8 ) 


the two points, in the order they are constructed, are respectively 


H 123 = 


C2 + 2C3 Cq 

5 ’ 5 


ft ¥23 = 


3 ci + C2 + 2C3 cq 


S 


9 S 


(10.9) 


for S = c\ + C 2 + C 3 . Three subscripts correspond to the three variables appearing in 
the plane’s equation and the axis triple used for their construction, and distinguish 
them from the points with two subscripts, representing lines. The second and third 
axes can also be consecutively translated, as indicated in Fig. 10.41 (left), repeating 
the construction to generate two more points, denoted by n x' 2'3 > ^V 2 ' 3 ' • These points 
can also be found in an easier way (see Chapter 5). The gist of all this is shown in 
Fig. 10.42 (right). The distance between successive points is 3 q. The equation of 
the plane n can actually be read from the picture! 

In general, a hyperplane in N dimensions is represented uniquely by N — 1 
points, each with N indices. There is an algorithm that constructs these points 
recursively , raising the dimensionality by one at each step, as is done here starting 
from points (0-dimensional) and constructing lines (1 -dimensional). By the way, 
all the nice higher-dimensional projective dualities such as point hyperplane 


10.5 Parallel Coordinates: The Bare Essentials 


421 



y 



Figure 10.42. Plane representation. 

(Left) The two points where the lines intersect uniquely determine a plane n in 3 -D. (Right) 
From four points, similarly constructed by consecutive axis translation, the coefficients of 
tc : c\x\ + C2%2 + C3V3 = co, where the coefficients are normalized (c\ + C2 + C3 = 1), can 
be read from the picture ! 


and rotation translation , hold. Further, a multidimensional object represented in 
|| -coords can still be recognized after it has been acted on by projective transforma- 
tion (i.e., translation, rotation, scaling, and perspective). The recursive construction 
and its properties are at the heart of the || -coords method for the visualization of 
multivariate relations. 

Challenge: Visualizing Families of Proximate Planes 

Returning to 3-D, it turns out that for points as in Fig. 10.41 that are “nearly” 
coplanar (i.e., have small errors), the construction produces a pattern very similar 
to that in Fig. 10.42 (left). A little experiment is in order. Let us return to the family 
of proximate (i.e., close) planes generated by 

n = {tt : c\x\ + C2X2 + C 3 X 3 = cq, C[ g [c“ cf\, i — 0, 1, 2, 3}, (10.10) 

L L 

randomly chosing values of the c; within the allowed intervals to determine several 
planes jt e n, keeping at first cq = 1, and plotting the two points 71123 , tti' 23 as 
shown in Fig. 10.43 (left). Not only is closeness apparent, but more significantly, the 
distribution of the points is not chaotic. The outline of two hexagonal patterns can 
be discerned. The family of “close” planes is visualizable, but also the variations in 
several directions. It is possible to see, estimate, and compare errors or proximity. 
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Figure 10.43. A family of close planes. 

(Left) A pair of point clusters representing close planes. (Right) The hexagonal regions (interior) 
are the regions containing the points 71123 (left) and ni'23 for the family of planes with co = 1 and 
ci e [ 1 / 3 , 1 . 5 ], C2 6 [ 1 / 3 , 2 . 5 ], C3 e [ 1 / 3 , 1 ]. For co varying, here co e [ 0 . 85 , 1 . 15 ], the regions 
(exterior) are octagonal with two vertical edges. 


It can be proved that in 3-D, the set of pairs of points representing the family of 
proximate planes forms two convex hexagons when cq = 1 , with an example shown 
in Fig. 10.43 (right), and are contained in octagons, each with two vertical edges 
for varying cq. In general, a family of proximate hyperplanes in N-D is represented 
by N — 1 convex 2A7gons when cq = 1, or 2(N + l)-gons for cq varying (for an 
extensive exposition, see Chapter 8). These polygonal regions can be constructed 
with 0(N ) computational complexity. Choosing a point in one of the polygonal 
regions, an algorithm matches the remaining possible N — 2 points, one each from 
the remaining convex polygons, which represent and identify hyperplanes in the 
family by N — 1 points. 

We pose the thesis that visualization is not about seeing many things but 
rather discovering relations among them. While the display of randomly sam- 
pled points from a family of proximate hyperplanes is utterly chaotic (the mess 
in Fig. 10.41 (right) from points in just one plane), their proximate coplanarity 
relation corresponds to a clear and compact pattern. With || -coords we can focus 
and concentrate the relational information rather than wallowing in the details, 
ergo the remark “without loss of information” when referring to || -coords. This 
is the methodology’s real strength and where the future lies. Here, then, is 
a visualization challenge: how else can proximate coplanarity be detected and 
seen? 
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10.5.3 Nonlinear Multivariate Relations: Hypersurfaces 

A relation among two real variables is represented geometrically by a unique region 
in 2-D. Analogously, a relation between N variables corresponds to a hypersurface 
in N- D, hence the need to say something about the representation of hypersurfaces 
in || -coords. A smooth surface in 3-D (and also N-D) can be described as the 
envelope (discussed in Chapter 6) of all its tangent planes. This is the basis for 
the representation shown in Fig. 10.44 (left). Every point of the surface is mapped 
into the two points representing its tangent plane at the point. This generates two 
planar regions, and for N-D there are N — 1 such regions. These regions are linked , 
just like the polygons above, to provide the proper N — 1 points representing each 
tangent hyperplane and from which the hypersurface can be reconstructed. Classes 
of surfaces can be immediately distinguished from their || -coords display (see the 
chapter on surfaces for extensive treatment). For developable surfaces the regions 
consist of boundary curves only with no interior points; regions for ruled surfaces 
have grids consisting of straight lines; quadric surfaces have regions with conic 
boundaries. These are some examples. 

There is a simpler but inexact surface representation that is quite useful when 
used judiciously. The polygonal lines representing points on the boundary are 
plotted and their envelope “represents” the surface; the “ ” are a reminder that 
this is not a unique representation. In Fig. 10.45 (left) are the upper and lower 
envelopes for a sphere in 5-D consisting of four overlapping hyperbolas, which must 
be distinguished from those in Fig. 10.44 (right), which is exact and interestingly 


y 




Figure 10.44. Surface representation. 

(Feft) A smooth surface a is represented by two planar regions <7123 , 0231' consisting of pairs of points 
representing its tangent planes. (Right) One of the two hyperbolic regions representing a sphere in 
3 -D. 
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Figure 10.45. Interior point construction. 

(Left) A sphere in 5-D showing the construction of an interior point (polygonal line). (Right) The 
general interior point (polygonal line) construction algorithm shown for a convex hypersurface in 


20-D. 
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enough, are also hyperbolas, the curves determined by points representing the 
sphere’s tangent planes . Retaining the exact surface description (i.e., its equation) 
internally, interior points can be constructed and displayed as shown for the 5-D 
sphere in Fig. 10.45 (left). On the right the same construction is shown, but for 
a more complex 20-dimensional convex hypersurface (“model”). The intermedi- 
ate curves (upper and lower) also provide valuable information and previews of 
coming attractions. They indicate a neighborhood of the point (represented by the 
polygonal line) and provide a feel for the local curvature. Note the narrow strips 
around X13, X14, X15 (as compared to the surrounding ones), indicating that at 
this state, these are the critical variables where the point is bumping the boundary. 
A theorem guarantees that a polygonal line that is between all the intermediate 
curves/envelopes represents an interior point of the hypersurface, and all interior 
points can be found in this way. If the polygonal line is tangent at any one of the 
intermediate curves, then it represents a boundary point, while if it crosses any one 
of the intermediate curves, it represents an exterior point. The latter enables us to 
see, in an application, the first variable for which the construction failed and what is 
needed to make corrections. By varying the choice of value over the available range 
of the variable interactively, sensitive regions (where small changes produce large 
changes downstream) and other properties of the model can be easily discovered. 
Once the construction of a point is completed, it is possible to vary the values of 
each variable and see how this affects the remaining variables. So one can do trade- 
off analysis in this way and provide a powerful tool for, decision support, process 
control, and other applications. As new data becomes available the model can be 
updated, with decisions being made based on the most recent information. This 
algorithm is used in the earlier example on a model for a country’s economy shown 
in Figs. 10.38, 10.39. 

10.6 Future 

Searching for patterns in a || -coords display is what skillful exploration is about. 
If there are multivariate relations in the data set, the patterns are there , though they 
may be covered by the overlapping polygonal lines, and that is not all. Our vision 
is not multidimensional. We do not perceive a room that is 3-dimensional from its 
points, which are 0-dimensional, but from the 2-dimensional planes that enclose and 
define it. The recursive construction algorithm does exactly that for the visualization 
of p -dimensional objects from their ( p — 1) -dimensional subsets, one dimension 
less. We advocate including this algorithm within our armory of interactive analysis 
tools. Whatever p -dimensional relations exist are revealed by the pattern from the 
representation of the tangent hyperplanes of the corresponding hypersurface. The 



426 


10 . 


& FT Data Mining and Other Applications 




Figure 10.46. A 3-D helicoid in Cartesian and || -coords. 

The two intersecting lines (left) specify one of the helicoid’s tangent planes represented by a pair of 
points one on each of the curves (right). A helicoid in N - D is represented by N — 1 such curves. 




Figure 10.47. A 3-D Mobius strip in Cartesian and || -coords. 

The two intersecting lines (left) specify one of the strip’s tangent planes represented by a pair of 
points, one on each of the curves (right). A path on a Mobius strip in N - D is represented by N — 1 
such curves. Also see figures in Chapter 9 on Surfaces. 
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polygonal lines are completely discarded, for the relation is concentrated in the 
pattern : linear relations into points, proximate coplanarity into convex polygons, 
quadrics into conics, and so on. Note further, again with reference to Figs. 10.40 and 
10.41, that relational information resides at the crossings. What can be achieved for 
the representation of complex relations by patterns is exemplified by the pictures of 
a helicoid and Mobius strip in Cartesian and || -coords in Figs. 10.46, 10.47. These 
are state-of-the-art results, showing what is achievable and how easily it generalizes 
to N-D. Can one imagine a higher-dimensional helicoid, much less a nonorientable 
surface like the Mobius strip? It is possible to do such a process on a data set, though 
at present it is computationally slow. The challenge is to speed up the algorithm for 
real-time response and thus break the gridlock of multidimensional visualization. 
There will still be work and fun for the multidimensional detectives visually separa- 
ting and classifying the no longer hidden regions, identifying complex multivariate 
relations that have evaded us until now. 
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11.1 Displaying Several Lines Efficiently 
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11.1.1 Abstract 

This chapter suggests ways to improve the visualization of several lines in parallel 
coordinates, specifically how to overcome the inconvenience caused by the fact 
that the indexed points are not necessarily arranged “neatly” along the horizontal 
axis. Several approaches are presented by which the input data (or alternatively, the 
axes) may be transformed so as to reduce or eliminate the problem, with minimal 
information loss. 


11.1.2 Introduction 

Recall that in order to visualize a line l e R^, we first represent it as a set of 
equations of the following form : 55 

55 It is also possible to represent the linear relations between the components in different notation, for 
example, 7 

Xi = niiX i + bi 

for i e [2, . . . , N], where x\ corresponds to some “base” variable. Such representation may convey 
important properties of the data, but the corresponding graphic representation inherently lacks the 
“neatness” we are seeking in this chapter. 


A. Inselberg, Parallel Coordinates, DOI 10.1007/978-0-387-68628-8_ll, 
© Springer Science+Business Media, LLC 2009 


430 


1 1 . Recent Results 


Xi = rriixi - 1 +bi 

for i e [2, . . . , N]. The line is then visualized in parallel coordinates by N — 1 
indexed points as follows (in homogeneous coordinates): 

A\/+ 1 * ((i ~ 2)(1 - m t ) + 1, bt , 1 - 

If i has constant components, they are first plotted independently, using any 
convenient graphic notation; then the above approach is used for the nonconstant 
components. 

Some basic properties of the indexed points: 

• For any pair of points on l, the lines connecting their x/ and x ; + \ components 
intersect at f . 

• The horizontal position of a point is determined by the corresponding 

slope m i . 

• The vertical position of a point is determined by the slope as well as the 
corresponding displacement hi . 

Let us refine the relation between the slope m / and the horizontal position of lij + \ : 

• If m i < 0, the point lies between the x; and x /+ \ axes. 

• If m i = 0, the point lies on the x / + \ axis. 

• If 0 < mi < 1, the point lies to the right of the x /+ \ axis. 

• If mi — 1, the point is ideal. 

• If rrii > 1, the point lies to the left of the x/ axis. 

Several problems are apparent: 

1. A visualization of ideal points is required for some lines. 

2. The indexed point lij+ \ may fall anywhere in the 2D display, regardless of 
i or of any other indexed point. Indeed, different indexed points may fall on 
the same point in 2D. In other words, there is no visual separation between 
dimension components. 

3. If we wish to plot multiple lines in this manner, the display quickly becomes 
very confusing. 

4. There is a discontinuity along the horizontal display axis as the slope approaches 
1: A line with slope 1 + s would appear at the extreme left side, while a line 
with slope 1 — £ would appear at the extreme right side. 

These problems are demonstrated in Figures 11.1 and 11.2. Different ways to 
overcome these problems are suggested in what follows. 
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Figure 11.1. A line in M 9 (9-dimensional Euclidean space). 

Note that the first four indexed points are easy to find and understand, while the last four are “mixed 
up” and confusing. This is because the slopes corresponding to the latter points are positive. 


1 1 .1 .3 General Approach 

Apparently, the easiest way to improve the representation of lines is to invent a new 
and simpler way of plotting the line data. Specifically, one could easily map the pair 
(mi , bj) onto the area bounded by the axes x; and x; + i using any continuous and 
one-to-one function / : R 2 -> (0, 1] x R. This approach would avoid the problems 
mentioned. 

However, an arbitrary choice of the function / would also lose many important 
properties of the indexed point approach, perhaps most importantly the ability to 
detect n -flats from a set of points. We would like to construct a mapping that is 
essentially the same as that described in the previous section, but without having 
indexed points outside the area bounded by their corresponding axes. As mentioned, 
this occurs naturally when the slope m; is negative, indicating that as one variable 
(dimension) increases, the other decreases and vice versa. Let us seek ways to 
“make the slope negative.” 
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Figure 11.2. Five randomly chosen lines in M 9 . The display is very hard to understand. 


11.1.4 Flipping Axes 

As described in an earlier chapter, the up-down directions of the axes are arbitrary, 
and may be flipped for display purposes, as long as we provide some indication of 
which vertical direction is positive and which is negative. Flipping an axis means 
negating the corresponding dimension of the input data, so the slopes from and to 
that dimension are also negated. 

This idea leads to the “axis flipping” algorithm for one line, described in 
Chapter 4. Let us recall the essential steps: 

• For each i e [2, N]\ 

- if m; > 0 flip axis i, negate m ; , /?/, and m ; + \ 

- plot 4; + 1 

This works perfectly for a single line, as shown in Figure 11.3. What if we 
have multiple lines? We could run the algorithm separately for each line, and if 
we were lucky, the axes would be flipped the same way for all of them, in which 
case we would have a solution. However, this is not generally the case. Let us 
investigate the possibilities, first introducing some simple definitions. 
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Figure 11.3. Displaying the line shown in Figure 11.1 after flipping axes and xg. 


Agreement and Disagreement of Lines and Dimensions 

Let us consider a set L of lines in R N . For each pair of dimensions (/, j) e N x N, 

and for each line <gL, we can find the slope of the line’s projection on the 

J 

X [ , xj plane. 

Definition We say that lines £, k e L agree on (, i , j) if mj-m^. > 0 (meaning 

t/ 

mf- and . have the same sign). 

Intuitively, if each line describes a linear relation between the variables, then 
the direction of change of j as i increases/decreases is the same in both relations. 
The agreement relation of lines has the following properties: 
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1. For any given (/, j) e N x N, line agreement is an equivalence relation 
on L. 

2. Flipping any axis does not change line agreement (if i or j is flipped, both m \ . 
and • are negated). 

3. If lines l, k agree on i, j , then the indexed point ijj is between the axes i, j if 
and only if the indexed point k[ j is between the axes i, j. 

Recall that we would like all indexed points to be between the axes, and we can 
achieve this for any one line by flipping axes. It is evident that if all lines in L agree 
on i, j , we can simultaneously get all the indexed points corresponding to i, j where 
we want them. 

Definition We say that dimensions i, j agree on L if all lines in L agree on them. 
The agreement relation of dimensions has the following properties: 

1. If dimensions /, j agree on L then for any line i e L, fj is between the axes 
/, j if and only if all the indexed points corresponding to i, j are between the 
axes /, j . This derives directly from property 3 of line agreement. 

2. If dimensions /, j do not agree on L, there is at least one line t such that i(j 
is not between the axes i, j (Otherwise, all lines agree on i, j by property 3 of 
line agreement, and so the dimensions agree by definition). 

3. Flipping any axis does not change dimensions agreement (since it does not 
change lines agreement). 

This proves the following conclusion: 

• If every pair of adjacent dimensions i, j agree for L, then running the “axis 
flipping” algorithm on any line in L yields a solution for all lines in L. 

• Otherwise, no solution based on flipping exists. 

One may wonder whether the order of the axes is important, since the conclusion 
only mentions adjacent dimensions. Perhaps we could try running the algorithm on 
different permutations of the axes. However, all of the properties presented above 
hold for any pair of dimensions and not just adjacent ones. Furthermore, let us 
redefine agreement of lines as a relation between dimensions: 

Definition We say that dimensions (/, j) e N x N agree on lines l, k e L if 
raf -raf • > 0 (meaning mj- and raf • have the same sign). 

This is an equivalence relation on N x N for any l , k e L. Specifically, it is 
transitive, since the sign of mj- is determined by the signs of mj d and m ^ . for any 
dimension d. 
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It follows that dimension agreement is also transitive and therefore is also an 
equivalence relation on N x N. So, we can restate our conclusion more generally: 

• If all dimensions agree for L, then running the axis flipping algorithm on any 
line in L, for any permutation of the axes, will give a solution for all lines in L. 

• Otherwise, no solution based on flipping or permuting the axes exists. 

This suggests a method for finding a partial solution in the general case (not 
necessarily the best partial solution, but a simple one nonetheless). We can easily 
find the equivalence classes of the dimensions and reorder the axes by the classes. 
Running the “axis flipping” algorithm on these axes (on any line) will give a solution 
such that indexed points corresponding to dimensions from the same class will be 
between their appropriate axes. This solution maximizes the number of dimensions 
without any “bad” indexed points, though not necessarily the total number of “bad” 
indexed points. 

To conclude this section, we have shown that the simple “axis flipping” algo- 
rithm finds a full solution if one exists, or a partial one otherwise. Reordering the 
axes may improve the partial solution, but will never uncover a full solution. The 
basic algorithm is of order 0(N ), and checking that the solution is correct for all 
lines is of order 0(L x N), which is the lower bound for the problem. We have 
also shown a necessary and sufficient criterion for the existence of a solution. 

So far we have allowed flipping axes and reordering them. Next we will 
investigate other operations that can be used. 


11.1.5 Rotating Axes 

We have proved that the flipping/reordering approach is sufficient if all dimensions 
agree on the set of lines, meaning that for each pair of lines /, k and each pair of 
dimensions /, /, the slopes m 1 - ■ and have the same sign. For brevity we will 

V t/ 

simply say that the lines agree (on any pair of dimensions), which means the same 
thing by definition. 

Let us find a geometric interpretation of this criterion. We are interested only 
in slopes, so let us translate all lines so that they pass through the origin. Ignore 
lines parallel to one of the Cartesian axes (see note on constant components in the 
introduction). 

In 2D, agreement of lines means that all lines after translation are contained in 
exactly two quadrants. More specifically, either they all pass through quadrants I 
and III, or through quadrants II and IV; see Figure 11.4. 

This seems somewhat arbitrary. Consider a group of lines in 2D that have some 
positive and some negative slopes, but all have a very small absolute slope (as shown 
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Figure 11.4. Agreeing lines in 2D. 


in Figure 11.5). These lines do not agree , but they can be made to agree by slightly 
rotating the axes. 

More generally, a set of lines in 2D can be made to agree by rotation if and 
only if they can be bounded between two orthogonal lines. An appropriate rotation 
angle can be found by taking the angle between one of the bounding lines and one 
of the axes. 

Checking this new criterion is easy, because if a pair of bounding lines exists, 
then a pair exists such that the slope of one of the lines is just below 56 one of the 
given lines. We can look for solutions as follows: 

• For each given line, position a bounding line just below it. 

• Construct the orthogonal bounding line and count the given lines bounded 
between them. 

• Choose the bounds that contain the most given lines. 

56 “Just below” means “smaller by some infinitesimal value.” 
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Figure 11.5. Disagreeing lines in 2D. 

The green lines have positive slopes, while the red lines have negative slopes. The diamonds show 
one way to bound all lines between two orthogonal lines. 


This method yields a rotation angle such that the greatest number of lines have 
no “bad” indexed points at all. It also allows us to choose some lines that must not 
have “bad” indexed points, or to assign priorities to the lines, etc. 

It is worth noting that orthogonal lines never agree, and they cannot be made 
to agree by any rotation (since they will always remain orthogonal). 

All that was said is true for 2D. In 3D, the agreement criterion means that all 
lines are contained in exactly two octants. We would like to find a 3D rotation, if 
one exists, such that a given set of lines will be contained in exactly two octants 
after the rotation. 

As in 2D, a set of lines in 3D can be made to agree by rotation if and only if 
they can be bounded between three orthogonal lines (this is not an exact definition). 
In this case, an appropriate rotation matrix can be constructed by inverting the 
matrix that maps the Cartesian axes onto unit vectors on the bounding lines. 

Unlike the 2D case, it is not clear how one can find the bounding lines, or check 
whether they exist. This question is left open. 

The subject of rotations in 3D and higher dimensions will be revisited later on. 
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1 1 .1 .6 Transforming Axes 

We have seen evidence that applying a rotation to the data is useful in some cases 
for achieving a better visualization. While this may not be acceptable in some 
applications, rotated data preserves many properties of the original data. Let us now 
take a step further in this direction and allow a broader class of transformations. 
Since we are interested in representing lines, we will require that the transformation 
preserve lines. We do not want to lose any information, so we will also require that 
the transformation be invertible. The class of invertible linear transformations seems 
a natural direction to investigate. 

Let us represent lines as vectors: for each given line, construct a vector from 
the origin in the same direction as the line. For convenience and without loss 
of generality, we will construct the vector so that the first nonzero component 
is positive. A set of m lines in R^ can now be represented by an m x n matrix V , 
where each column holds the vector representation of one line. The transformation 
is represented by an n x n matrix T that is nonsingular (this guarantees an invertible 
transformation). 

For the lines to agree, the matrix TV should have the same sign for all compo- 
nents in the same row. Without loss of generality, we will require the matrix TV to 
have only positive cells. Geometrically, this is equivalent to requiring all lines to 
pass through two specific quadrant s/octants etc., which is more than we need, but 
the notation becomes simpler and no genuine solutions are lost. 

Now we must find a nonsingular T such that TV > 0 (cell by cell). Equivalently, 
V t T t > 0 (cell by cell). To find T t we must find N linearly independent vectors 

v g R n satisfying V T x > 0 (cell by cell). These vectors are the rows of T. We will 
now describe an algorithm for finding such vectors. 

Recall that the first column of V T is nonnegative because we took vectors whose 
first nonzero component is positive. For now, we assume that the first column is 
positive: 

• Assign x\ = e\ 

• Choose any s > 0 

• For j g [2, . . . , N] do: 

r e-vT. l 

- Find tj — max j T - : 1 < i < m \ U {0} 

- Assign xj = tj * e\ + ej 

Proof of correctness: 

The assumption guarantees that V T x\ > 0 (cell by cell). 
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From the construction, 
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= tj v£ + v?j 
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v T , + V T - 

1 1 ^ *7 


= £ > 0 


It is clear that the matrix T t is upper triangular with determinant 1, so T is 
nonsingular. 

If the assumption on the first column does not hold, i.e., there are zeros, it is 
always possible to find a rotation matrix R such that (. RV) T satisfies the assumption 
(this can be shown by constructing an infinitesimal rotation such that the zeros 
become nonzeros, but the other cells remain nonzeros). The rotation can then be 
considered part of the linear transformation. Alternatively, if some other column 
does not contain zeros, it can be made the first column by reordering the dimensions, 
and it can be made positive by reversing some of the unit vectors as necessary. 

We have found a solution for any given set of lines! In conclusion, if invertible 
linear transformations of the data are allowed, we can transform any set of lines 
into agreeing lines, which can then be perfectly visualized by the “axis flipping” 



X, x 2 x : 3 x 4 x 5 x 6 x 7 x 8 x 9 

Figure 11.6. Five randomly chosen lines in M 9 (one ideal point is not displayed). 
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algorithm. Actually, we could modify the matrix so that no flipping is required at 
all, since this is just a special case of invertible linear transformations. 

The method will be exemplified using five random lines in R , shown in 
Figure 11.6. 

The corresponding vector matrix is 


V = 


.51 

.19 

.34 

.49 

.12 

-.38 

-.62 

-.18 

.12 

-.04 

-.19 

.14 

-.22 

.29 

.51 

-.44 

-.34 

.37 

-.52 

-.53 

.16 

-.07 

.65 

-.57 

.43 

.59 

.44 

-.18 

-.25 

-.17 

.05 

.8 

0.0 

.04 

-.44 

-.92 

.26 

.07 

-.17 

.25 

-.09 

.22 

.29 

-.52 

-.06 


Applying the construction algorithm with s = 0.5 yields 


T = 


5.8947 

2.1176 

8.5833 
3.0 

5.5833 
7.8333 
2.7843 
4.6667 


0 0 
0 0 
0 0 
0 0 
0 0 
1 0 
0 1 
0 0 


0 0 
0 0 
0 0 
0 0 
0 0 
0 0 
0 0 
1 0 


0 0 0 1 


And the transformed vectors are 


V = 


.51 

.19 

.34 

.49 

.12 

2.6263 

0.5 

1.8242 

3.0084 

0.6674 

0.89 

0.5424 

0.5 

1.3276 

0.7641 

3.9375 

1.2908 

3.2883 

3.6858 

0.5 

1.69 

0.5 

1.67 

0.9 

0.79 

3.4375 

1.5008 

1.7183 

2.4858 

0.5 

4.045 

2.2883 

2.6633 

3.8783 

0.5 

0.5 

0.789 

1.0167 

1.1943 

0.5841 

2.29 

1.1067 

1.8767 

1 .7667 

0.5 


Indeed, all cells are positive, as expected. Notice that the first row remains 
unchanged, and that every other row contains e at least once. A simple way to 
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Figure 11.7. The same five lines after transformation. The visual display is much clearer than 
before. 

get the transformed lines is to choose a pair of points on each line, apply the 
transformation T to the points, and construct the lines passing through the points 
correspondingly. The result can be seen in Figure 1 1.7. The visual display is much 
clearer than before. 

We can do even better by noticing that the indexes are now redundant: all 
points between axes X/ , X; + i have indexes i,i + 1. The final result is shown in 
Figure 11.8. 

1 1 .1 .7 Back to Rotating Axes 

Now that we have found a general solution, we would still like to find a solution 
based only on rotation and flipping, since this preserves more properties of the data 
(particularly angles). 
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In terms of linear algebra, we still want to find N linearly independent vectors 
v e R^ satisfying V T x > 0 cell by cell, but we also want them to be orthogonal. 57 
This would guarantee that the resulting transformation matrix T is not only inver- 
tible but also orthogonal, which is the same as saying that it is a rotation matrix. 
Geometrically, the criterion V T x > 0 defines an open polyhedron. We know that 
the hyperplanes defining it all pass through the origin, so the origin must be an 
extreme point. We also know that the polyhedron is unbounded; multiplying a 
point inside the polyhedron by any positive number yields another point inside 
the polyhedron. We are seeking a set of N points inside the polyhedron such that 
the lines connecting them with the origin are orthogonal. Such a set exists if and 
only if it is possible to place an A^-cube so that one of the cube’s vertices is at 
the origin and all other vertices are inside the polyhedron. This problem is left 
open. 


57 More precisely, we want them to be orthonormal, but the additional constraint does not affect the 
problem significantly. 
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11.2.1 Overview 

We start by describing a family of problems. Suppose that we have m planes in R N 
and that we have a sample of n random points taken from each of those planes. Our 
purpose is to be able to recover the planes from the sample data (without knowing 
which sample point came from which plane). This family of problems depends on 
two parameters: m, the number of planes, and N, the dimension. We solve the 
problem in a certain setting where m = 3 and N = 3 (extension to other problems 
from the family is immediate). We show a probabilistic algorithm that solves the 
problem with high probabilty; the complexity of that algorithm is 0(n 2 ). 

1 1 .2.2 The Algorithm 

• All possible pairs of the input points are taken, and for each pair (except for the 
special case that the polygonal lines representing the two points are parallel), 
the line joining the two points is found (represented by two points). 

• The input for the next step is the lines found in the previous one. The lines are 
randomly divided into pairs; this is the only random element in the algorithm. 
For each pair, the intersection point is taken. If the four points from which the 
two lines originated came from the same plane, the found point will be the point 
representing the intersection line between the plane and the first superplane. 
We refer to those points as “superlines”. 

• In this step we look for clusters of points. All the “superlines” that were created 
by points coming from a mutual plane will consolidate on the point representing 
the intersection line between the plane and the first superplane. At the beginning, 
our workspace is a portion of the plane containing all the “superlines.” At each 
step of the computation, the workspace is divided into 100 equally sized portions. 
For each portion, the number of “superlines” in it is counted. For each portion 
containing a number of points that is larger than some threshold (which is 
determined in a way described later), we recursively look for consolidating 
points in it (taking the portion as the new workspace). Once the total number 
of points in the workspace does not change for a certain number of recursion 
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Figure 11.9. 


Sample run of the algorithm. “Interesting” rectangles are shown. 
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Figure 11.10. A cluster of 21 points is found. 


steps (depending on the precision of the calculations), we declare that a point 
has been found. In this way, three points are found, one for each plane. 

The process is performed four times, once for each of the coordinate systems: 
(X U X 2 , X 3 ), (X 2 , X 3 , X'), (X 3 , X', X' 2 ), and eventually (X', X’ v X'). 

• After the previous steps we have the four intersection points of the planes with 
the four first superplanes; after sorting the point triplets, the planes’ equations 
can be easily found. 

One question remains open: how do we determine the best threshold? For 
obvious efficiency reasons, we would like to choose a threshold that is as high as 
possible. However, choosing too high a threshold might cause us to miss some of 
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the intersection clusters. The next subsection deals with the question of determining 
a threshold that is not too high and not too low. 


1 1 .2.3 Mean and Variance Estimation 


Let n be the number of random points taken on each of the three planes. The total 
number of points is 3 n. In the first phase of the computation we have taken all 
possible pairs; each pair yielded a line. Denote the number of lines by a: 


3n(3n — 1) 

2 / 2 


Suppose that n is one of the three planes. Since we have taken n points from each 
plane, the number of lines on the plane n (out of the lines created by taking all pairs 
of points) would be 



n(n — 1) 
2 


In the second phase of the computation we have paired all the a lines and created 
2 “superlines.” Let Y\, 72, . . . ,Y a be random variables; 7/ indicates the contri- 
bution of the i th line to the total number of superlines consolidating on the point 
representing the plane n. If the i th line was not on tt, then 7/ = 0 (since this line 
is not on tt, in any possible pairing, a superline that was created by this line would 
not be the point representing tt). We can therefore observe only the subset of those 
random variables corresponding to the f3 lines on the plane jt. Indicate them by 
Xi, X 2 , . . . , Xp. Observing the i th line, this line will contribute ^ to the number 

of consolidating superlines (its pair would contribute the other j , and together they 
contribute their mutual superline) if and only if its pair is one of the /3 lines as well. 
After choosing the first element of the pair, there are a — 1 elements left in all, and 

P — 1 “good” elements left. Therefore P(X; = j) = ^j. Denote that probability 
by p : 



with probability p , 
with probability 1 — p. 


Let X be a random variable indicating the total number of superlines consolidating 

on the point representing the plane n. Then X = 1 Since EX\ = we 

have that 


P 


P 


P 


ex=eYx, = Yex, = V 


i = 1 


i = 1 


i = 1 


P 

2 


pP_ 
2 ‘ 
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In order to calculate the variance of X, we use the fact that 


Var(X) = Var 



P 


£Var(X/) + 2 £ cov(X/,X;) 


i = 1 


1 <i<j<P 


Since 2 A' / is Bernoulli distributed, we have that 


4Var(Xj) = Var(2X/) = p • (1 - p) = ^ \ 

a — 1 


a — P 
a — 1 ’ 


Var(Xi) 


(Of — >8)03 - 1) 
4 (a - l) 2 


For/ 7^ j we have that cov(X;, Xy) = E(XfXj) — E(Xf)E(X j), and therefore we 
need to find the distribution of X; Xy . Since both X/ and Xy have only two possible 

values (0 and ^), X/ Xy has the same property and may have only the following 

two values, 0 and | : 




X/Xy = 




We already know that P(X; = = p. We need to evaluate P(Xy = ^ X/ = j). 

Assuming that the /th line was paired with a “good” line, then the jth line will be 
paired with a “good” line as well if and only if one of the following occurs: the jth 
line was paired with the /th line, or it was paired with a different “good” line. The 
probability for the first event is — U- (we want to choose a specific element out of 

VA/ X 


o ^ 

the a — 1 available elements left). The probability for the second is (we have 
already excluded three elements: the / th line, its pair, and the jth line). Therefore 




XiXj 


i) - p ■ (^T + ^rj) 


P-\ (a — 3) + (yd — 3) (a — 1) 
— — ^ — — — — — — — 

a — 1 (a — 1) (a — 3) 

— 1 of — 3 T afi — — 3a T 3 

— — ^ ^ 

a — 1 (a — 1) (a — 3) 

08 - l)(a/3 - /? -2a) 

(a — l) 2 (o' — 3) 
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and therefore 


Obviously, 


Hence 


E(XiXj) 


(fi - l)(ap-p-2a) 
4 ■ (a — l) 2 (o; — 3) 


E(Xi) • E(Xj) = ^ 


(P ~ l ) 2 

4- (a - l) 2 ' 


cov(Xj, Xj ) 


= 




(fi - l)(a)S -p-2a) (p- l) 2 

4 • (a — l) 2 (o' — 3) 4 • (a — l) 2 

afi 2 — fi 2 — 2afi — afi + fi + 2a — (/3 — l) 2 (a — 3) 

4 • (a — l) 2 (o' — 3) 

afi 2 — fi 2 — 2a fi — afi -\- fi -\- 2a — ( fi 2 — 2/3 + 1) (a — 3) 

4 • (a — l) 2 (a — 3) 

afi 2 — fi 2 — 2 afi — afi + fi + 2a — afi 2 + 3/3 2 + 2a/3 — 6/3 — a + 3 

4 • (a — l) 2 (a — 3) 

2/3 2 — a/3 — 5/3 + a + 3 
4 • (a — l) 2 (o' — 3) ’ 


and eventually, 


P 

Var(X) = ^Var(X/) + 2 

i = 1 


53 co v(X f ,X;) 


P(a-P)(P- 1) |0 )8(/3-l) 2£ 2 - + a + 3 

4(a - l) 2 h2 2 4 • (a — l) 2 (a - 3) 


Corollary 11.2.1. Let X be a random variable indicating the number of superlines 
consolidating on the point representing the intersection between the plane jt and a 
superplane. Then 
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( 11 . 1 ) 


Var(X) = 


m 1 ) 2 >808 - 1 ) 

4(a — l) 2 2 


2/3 2 — a/3 — 5/3 + a + 3 
4 • (a — l) 2 (a — 3) 


( 11 . 2 ) 


1 1 .2.4 Error Probability Approximation 

In the second phase of the computation, the pairing phase, we pair the a lines 
to obtain j “superlines.” Let X be the random variable defined in the previous 
subsection. We are now interested in the following question: what is the probability 
that X is exactly kl 

A different approach can be taken in order to describe the pairing of the a lines. 
Let y be the number of all possible pairs of lines taken from the a lines: 

( a\ a(a — 1) 

2 / = 2 ' 

Let 8 be the number of all possible “good” pairs, where both of the lines come from 
the “good” p elements: 


. = (£) = 

Consider the following process: for j rounds, we pick pairs from the y possible 
pairs. Our choice might be impossible, since two distinct pairs we choose might 
have a line in common (that would not be a legal pairing). However, every possible 
pairing can be described as a choice of its pairs out of all the possible pairs. Let Y 
be a random variable indicating the number of “good” pairs chosen (out of the 8 
“good” pairs). We indicate the sample space by £2 and define the following events: 

A = {co e £2 1 co is a legal pairing}, 

B = {a) e Q | X (co) = k], 

C = {coeQ | Y(co) = k). 

Notice that when X — k, our choice is a legal pairing, and in addition, we have 
chosen exactly k “good” pairs: B — A Pi C . Therefore: B C C. 

Corollary 11.2.2. For X and Y define as above, 


P(X = k) < P(Y = k ). 
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In order to obtain a bound on the probability that X = k, we simply need to estimate 
the probability that Y = k. The process we have described is actually taking j 
samples from a population of y elements, of which S are considered “good.” Then 
Y is exactly k if when choosing the j elements, we choose exactly k “good” ones 
and j — k “bad” ones (hypergeometric distribution): 

m~D 

P(Y — k) = 

If we take our threshold to be EX — 4a , where a — VVar(X), then for two 
sample cases (where n — 25 and n — 100), the bound probabilities are listed in 
Table 11.1 (see also Figures 11.11 and 11.12). 

Considering the fact that those probabilities are just bounds, and that the real 
ones are much lower (by eliminating all the illegal pairings), the method would 



Table 11.1. Error probability bounds. 


Points Per Plane 

EX 

VVar(X) 

EX- 4a 

P(Y < EX- 4a) 

25 

16.16798 

2.55499 

5.94799 

0.0011748 

100 

273.11144 

10.47581 

231.20816 

0.004782 





O 

Vh 

PLh 



k 


Figure 11.11. P(Y = k), 25 points per plane. 
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Figure 11.12. P(Y = k), 100 points per plane. 


almost never miss the points. Even if it does miss, executing the process once more 
will succeed with even higher probability. 


11.2.5 Complexity 

In this subsection we will estimate the complexity of the process described in the 
previous subsections. In the described algorithm, we first take all possible pairs of 
the n points. We have a in) of those, which is of order 0(n 2 ). At the next stage 
we randomly devide the a in ) lines into pairs, find their intersection point, and get 
l in) := yy “superlines.” Obviously, the complexity of that stage is of order 0(n 2 ) 
as well. The final stage, the recursive consolidation points lookup, requires a more 
delicate analysis. Denote by M{n) the following constant: 


M{n) = 


l in) 
tin y 


where tin) is the threshold chosen as described in the previous subsections 
iEX— 4 a). This constant is a bound on the maximal number of distinct portions of 
the workspace that can contain a number of points that is more than the threshold 
at the same time. However, for our purposes, we need a bound that does not depend 
on n. Fortunately, this is the case. A short computation shows that the sequence 
Min) is strictly decreasing; hence there exists a constant M such that for all n , 


Min) < M. 
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Another interesting point (which will not be used here) is that sequence actually 
converges: 

lim M(n) = 3 4 , 

n-^oo 

where the number 3 in the limit is due to the number of planes we started with. 
During the recursion process, we take care of portions of the original workspace 
that get smaller: first we start with 10 2 of them; on the second recursion step we 
already have 10 4 of them, and so on. However, on every recursion level, there cannot 
be more than M(n ) portions that contain more than t(n) points. We now define 
one more constant, C, which is dictated by the precision of the computation. The 
constant C is the maximal depth of the recursion that still improves the computation. 
This is a universal constant, which does not depend on n (it depends only on the 
capabilities of the computer performing the calculations). Since on every level 
we can inspect at most M(n) portions of the workspace, and since the maximal 
recursion level is C, we have that the maximal number of totally inspected portions is 
bounded by 


C • M{n) <C M. 

Note that this is a very loose bound: it is obviously impossible to be simulta- 
neously in M(n ) portions in the Cth level. The meaning of that scenario would be 
finding M(n) points, while we expect to find only 3. While processing a portion we 
count a number of points that is less than 0{n 2 ) (we observe only the points that 
belong to the portion). Therefore the complexity of the consolidation points lookup 
is of order O ( n 2 ), and this is also the complexity of the entire algorithm, as claimed. 

1 1 .3 Surface Representation Decomposition and 
Developable Quadrics 

Chao-Kuei Hung 

Department of Information Management 
Chaoyang University of Technology 

Taichung, Taiwan 

ckhung@cyut. edu. tw 

In the parallel coordinate system, a smooth hypersurface o in R^ is identified 
as the envelope of its tangent hyperplanes. Each of a’s tangent hyperplanes n 
gives an indexed set of points (if 12 . ..at, • • • > ifi i n the projective 

plane P 2 . The hypersurface o is thus represented as an indexed set of regions 
(<Ji2 .. .an b'p2...Af> • • • , composed of these points. 
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In this paper, we show that this representation is the composition of an extended 
version of projective duality and a linear transformation. For a quadric, the com- 
putations can be stated explicitly. On the other hand, as pointed out in Chapter 9, 
each representing region reduces to a curve if the hypersurface is developable. 
For a hypersurface that is both developable and quadric, the decomposition the- 
orem gives rise to an algorithm for computing the equations of the representing 
curves. 

11.3.1 The Hyperplane Representation as a Linear Transformation 

on the Coefficients 

Consider a hyperplane n e R^ as embedded in with the equation c$x o + c\ x\ + 
• • • + c/v-T/V = 0 written in projective coordinates. We will focus on just one of its 
representing points if 12 . ..N ^ P 2 , knowing that all other representing points can be 
analyzed similarly. 

Let c = [cq, c\, . . . , cn] e P N , u = [1, 1, . . . , 1] e P N , and d = 
[d\, ^ 2 , . . . , d tv] £ P N • We recall (9.5) that 7 Ti2...aa = [c • u, c • d, —1]. Here 
the positions of the coordinates are slightly rearranged, so that the variable corre- 
sponding to the inhomogeneous constant in the Euclidean space is placed first. Now 
let us define the linear transformation 

fJ. ! v 1 — y 

where the matrix Mjj is directly constructed from the above equations: 

/ 0 1 1 ... 1 \ 

Mjj = I 0 d\ d2 ... d^f I . 

\ -1 0 0 ... 0 / 

The || -coords representation of a hyperplane can thus be seen as an indexed set of 
such linear transformations applied to the coefficients of the hyperplane. When we 
want to emphasize that a different index gives rise to a different matrix and thus a 
different linear transformation, we will index the map by, for example, 2 ZTi 23 
indicating that the d\, d^.d^, . . . , d^ entries in the matrix n are replaced 

with appropriate alternatives. 

11.3.2 A Brief Review of Duality in Projective Space 

In the proper terms of projective geometry, a point in the projective space is tech- 
nically a 1 -dimensional vector subspace of R^ +1 , while a line is technically a 
1 -dimensional collection of such vector subspaces, and so on. We will be slightly 
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sloppy here and refer to a point as a 0-flat, a line as a 1-flat, and so on, as if they 
were embedded in R N . 

Let us first recall the well-known “point < — > hyperplane” duality in projective 
geometry: 

[cq, c i, . . . , c^] < — > {[^o, x i, . . . , xjy] : cqxq + c\x\ + • • • + c^xn — 0}. 

More generally, an rn-flat dualizes to an (N — m — l)-flat. We will not make direct 
use of this general version of duality, and therefore a precise formula is not of our 
concern. However, we will apply the idea of this generalization to an analogous 
situation. 

Now let us move on to one of the simplest classes of nonflat geometric objects: 
the quadrics, or quadratic hypersurfaces. The equation of a quadric a is of the 
form x T Qx = 0, where x e P^ and Q is an (N + 1) x (N + 1) real symmetric 
matrix. For N = 2, a nondegenerate quadric is a conic section and may be either 
an ellipse, a parabola, or a hyperbola. Ellipsoids, hyperbolas, cones, and cylinders 
are all examples of quadrics with N = 3. 

If Q is nonsingular, then x T Q~ l x = 0 also defines a quadric gq. In fact, points 
on Q dualize to tangent hyperplanes of gq , and vice versa. Thus we can understand 
duality between quadrics g and gq — Gq - i in terms of the duality between points 
and hyperplanes for any g with nonsingular Q. 

These are all familiar results from projective geometry up to this point. 

11.3.3 Extending the Projective Duality to Degenerate Quadrics 

What if Q is singular? What is a reasonable definition of gq , the dual geometric 
object of g in this case? Take the following surface in P 3 as an example: 



-1 

0 

0 

0 

\ 


*0 

g : [^0 x \ x 2 *3] 

0 

4 

0 

0 



X } 

0 

0 

9 

0 



1 

X 2 


0 

0 

0 

0 

/ 


_ x 3 


This is the elliptical cylinder 4x f + 9x | = 1 in an inhomogeneous equation. In the 
same spirit as the nondegenerate case, we will find its tangent hyperplanes, and 
dualize these to become points that collectively form the “dual geometric object” 
we seek. 

Let $ = [£o, £i, £ 2 ? £ 3 ] £ a - The hyperplane passing through £ and tangent 

to g is 


(*0 “ £o)£o + 4(xi - £i)£i + 9(^2 - £ 2)^2 = 0, 
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which reduces to 

— £o *0 + + 9^2*2 = 0 , 

since $ e o . Its dual \ is therefore [— 4£i, 9^2, 0]. It is easily verified that the 
collection of all such points lies on the intersection of the plane V 3 = 0 and the 

quadric —x^ + -j- + = 0. It is also straightforward to verify that conversely, 

every point on the intersection dualizes to a tangent plane of a . The dual of this 
particular elliptical cylinder is therefore an ellipse (a curve) in P 3 . Let us call this 
curve <r . 

Are we justified in calling this curve the “dual” of a? If we “dualize” this 
ellipse, do we get the elliptical cylinder back? For a brief moment it is easier to 
think in R 3 rather than in P 3 . Let 77 — ( 771 , 772 , 0) be a point on < 7 , where we 
write in inhomogeneous coordinates and 770 is taken as 1 . There are many tangent 
planes to a at 77 . In fact, they are precisely the pencil of planes containing the 
tangent straight line to a at 77 . The equation of any plane in this family looks like 
^(x\ — 77i) + ^-(v 2 — 772)-Kv 3 = 0, where t e R. Indeed, these planes collectively 
dualize to one ruling of a . 

The above example can be generalized in two ways. 

First let us extend this to higher dimensions. Suppose that Q is an (N + 1) x 
( N + 1 ) diagonal matrix of rank c + 1 representing a hypersurface a in P^ . Without 
loss of generality, we will assume that the nonzero entries are in the upper left 
(c+l) x (c + 1) block, and we will write this block as <2(c+l)(c+l)- That is, 

^ . The hypersurface a can be seen as composed of “rulings” 

each of which is an ( N — c)-flat of the form {[£ 0 , £ 1 , • • • , £c> x c + L • • • , Lv] : 
jc c _|_i, jc c _|_ 2 , . .. , x/v e R}. All points on one “ruling” share the same tangent 
hyperplane. Moreover, it is a result from projective geometry that the dual of any 
hyperplane of this form lies in the c-flat 0 that is the intersection of the N — c 
hyperplanes x c +\ = 0, x r +2 — 0, . . . , — 0. (Think of the plane V 3 = 0 in the 

third example.) 

We might as well restrict our attention on a to the confine of 0, a c-dimensional 
subspace of P^, since this “cross section” of a gives all nontrivial features of 
cr. The rest is just “linear extension” along the N — c uninteresting coordinate 
axes. Denote [vq x\ ... x c ] T by x^. The equation of a restricted to 0 is thus 

x^Rx^ = 0. Since (2(c+l)(c+l) i s nonsingular, the dual of a (in this restriction 

space) is 2^ 1 ^ C+1 ^X0 = 0. Stepping back into P^, the dual of a is seen as a 

(c — 1) -dimensional object embedded in a c-dimensional subspace of P^. 

The second generalization invokes results from linear algebra. Let Q be a real 
symmetric matrix of rank c + 1. It is unitarily diagonalizable as Q = UAU t for 
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some orthogonal matrix U and some diagonal matrix A . In fact, column vectors of U 
are the unit eigenvectors of Q , and the diagonal elements of A are the corresponding 
eigenvalues. Thus the equation of an arbitrary quadric o : x T Qx = 0 can be written 
as x T U AU t x = 0. Perform a change of basis y = U T x to obtain y T Ay = 0, 
and the previous results can then be applied to a in this new coordinate system, 
since A is diagonal. We note that both tangency and duality of flats are invariant 
under change of basis. The c+ 1 column vectors of U corresponding to the nonzero 
eigenvalues span 0, the intersection c-flat. The remaining N — c column vectors 
correspond to the directions that form the “rulings.” 

The result in this section can be summarized as follows. Let a be a geometric 
object in that 

• lies in the intersection of e hyperplanes, which is a copy of that we shall 
call 0, 

• is composed of “rulings” each of which is a copy of P^, where = e, 

• has an equation of the form x T Qx = 0 in 0, where the rank of Q is c + 2 = 
N+l-e-f. 

Then the duality map V maps a to a geometric object a in P^ that 

• lies in the intersection of e = f hyperplanes, which is a copy of that we 

shall call 0, 

• is composed of “rulings” each of which is a copy of P^, where / = e, 

• has an equation of the form x T Qx = 0 in 0, where the rank of Q is again 
c-\-2 = N-\-\ — e — f. 

This is actually a slightly generalized version of what we have discussed above. 
However, we will make use only of the results from the prior discussions and hence 
will omit the tedious but straightforward proof of this more general result. On the 
other hand, this general result is so interesting that such digressions and some further 
comments are warranted. 

We choose the mnemonics e , /, and c to mean, respectively, 

• emptiness: the difference of dimensions between N and that of the minimal 
subspace that contains a , 

• flatness: the “degree of degeneracy” of a, or more precisely, the dimension of 
each flat “ruling” of a, 

• curvedness: the number of nonvanishing terms in the diagonalized first 
fundamental form, properly generalized to objects in higher dimensions. 

In view of the identity e + f + c = N — 1 and the above observation, one can say 
that emptiness dualizes to flatness and vice versa, while curvedness is unchanged 
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9 9 9 

by the duality V. Consider again the above elliptical cylinder 4xf + 9x | = Xq as 

an example. Here e = 0, f = 1, c = 1, and N = 3. For its dual, a circle in P 3 , 
e = 1, / = 0, and c — 1. 

As a special case, c = 0 means / + e — N — 1. This corresponds to the 
classical duality that a k-fi at in P^ dualizes to an (A — k — l)-flat. As another 
special case, c — N — 1 means / = e — 0. This corresponds to the classical 
duality for nondegenerate quadrics, whose dual is found by inverting its representing 
symmetric matrix. The flat duality and the quadric duality in projective geometry 
are thus unified in this general duality map V. 

We will make use of only the special case e = 0 in later sections, and will 
be particularly interested in the most special case e = 0 and c — 1, the class of 
developable hyper surf aces. 

11.3.4 The Decomposition and Its Application to Developable 

Quadrics 

The decomposition theorem can now be easily stated. 

Theorem 11.3.1. The parallel-coordinate representation of hypersurfaces using 
tangent hyperplanes is equivalent to an indexed set of compositions: {XL f o V : 

I e {123 • • • N, l r 23 • • • N, l'2'3 ■ ■ • N, . . . , 1'2'3' • • • N}. 

This is a direct result of the fact that in parallel-coordinate representations, we 
take tangent hyperplanes to objects and then draw their representations in the 
|| -coords plane to represent the original hypersurface. Again for convenience, in 
the following discussions we will focus on just one of the compositions and omit the 
indices. 

This representation typically gives rise to a patch in the || -coords plane, since 
typically a smooth hypersurface in F N has an (N — 1) -parameter family of tangent 
hyperplanes. In the special case of developable hypersurfaces, it has a 1 -parameter 
family of tangent hyperplanes, which means that V maps the hypersurface to a 
curve in F N . Subsequently, TL maps the space curve onto a plane curve in P 2 . For 
a developable quadric, this plane curve can be explicitly computed. 

Let a be a developable quadric in P N defined by the homogeneous equation 
x T Qx = 0, where Q is an (N + 1) x (N + 1) real symmetric matrix. Its flatness 
is N — 2, and Q has rank 3. 

First, unitarily diagonalize Q as C/ AU T , where C/’s column vectors are the unit 
eigenvectors of Q and the diagonal elements of A are the corresponding eigenvalues. 
For convenience, we will assume that the only three nonvanishing eigenvalues are 
arranged to appear at the upper left corner. As a notational convenience, for any 
matrix A we will 
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• denote by A *3 the submatrix composed of the leftmost three columns of A, 

• denote by A 3 * the submatrix composed of the topmost three rows of A, 

• and denote by A 33 the upper left 3x3 submatrix of A. 


Thus A 33 is the only nonvanishing part of A, and U * 3 is the submatrix composed 
of the corresponding eigenvectors. 

Perform a change of coordinate system y = U T x. In the new coordinate 
system, the equation of a simplifies to y T Ay = 0, which is nothing more than 


y 3 * r A 3 3 Y 3 * = 0. The equation of the dual is y 3 * J A 3 3 X y 3 * = 0, y 4 = y 5 = ■ ■ ■ = 

JTv+i = 0. 


T a -1 


Let x e T>(cr) be a point in the dual (curve), written in the original coordinate 
system. Then z = Mj[X is a point in <r, the || -coords representation of a . That 
is, z = MjxUy, since U is unitary (actually orthogonal). Since all but the first 
three coordinates of y vanish, we can just focus on z = MjjU* 3^3*. Substituting 
Y 3 * = (Mj[U* 3 )~ l z into the equation of the dual, we obtain the equation of the 
|| -coords representation of a in homogeneous coordinates: 



(MnU^r 7 = 0 . 


11.3.5 A Numerical Example: An Elliptical Cone in 5-Space 

It will be very helpful to have a matrix calculator such as octave or rlab at hand for 
verifying the computations in this section. Consider the hypersurface a : x T Qx = 0 
in 5-space, where 



32 

0 

-16 

-80 

-64 

8 \ 


0 

-1 

-1 

2 

1 

-2 


-16 

-1 

-17 

114 

81 

6 


-80 

2 

114 

-20 

14 

-52 


-64 

1 

81 

14 

31 

-38 


8 

-2 

6 

-52 

-38 

-8 ) 


First let us verify that the rank of Q is 3 (using the calculator). In the notation 
of the duality section, here we have N = 5, e = 0, / = 3, c — 1. 

Now diagonalize Q as U AU T , where 



0.479 

-0.282 

0.094 

0.136 

-0.039 

0.813 \ 

-0.007 

0.009 

-0.399 

0.205 

0.891 

0.063 


-0.475 

0.589 

-0.292 

-0.176 

-0.138 

0.541 


-0.501 

-0.629 

0.098 

-0.541 

0.159 

0.163 


-0.496 

-0.322 

-0.099 

0.766 

-0.225 

0.053 


0.219 

-0.272 

-0.853 

-0.172 

-0.330 

- 0.112 / 


U = 
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and 


A = 


201.3 

0 

0 

0 

0 

0 


0 

-178.1 

0 

0 

0 

0 


0 0 0 0 \ 

0 0 0 0 

-6.241 0 0 0 

0 0 0 0 

0 0 0 0 

0 0 0 0 / 


In octave, calling the e i g ( ) function to compute the eigenvectors and eigenvalues 
of Q gives the desired result, except that the order has to be rearranged so that the 
nonvanishing eigenvalues appear at the upper left corner. 

For the 012345 curve, the transformation matrix for TL is 


Mjz 


0 1 1 1 1 1 \ 

0 0 1 2 3 4. 

- 100000 / 


To find a : [z, x, y]R[z, x , y] T = 0, the equation of the ||-coords representation of 
a, we compute Q = A^ 1 and find that 

/ -10.573 3.662 11.776 \ 

Q = 3.662 -1.268 -4.076 . 

\ 11.776 -4.076 -13.112 ) 


We need to find a simple parametric equation for this curve in order to draw its 
picture. To this end, we try to write Q as 





5 


where V is a 2 x 2 rotation matrix and c is the translation vector. This can be done 
by first diagonalizing the lower-right 2x2 block of Q : 

Q = VLV T 

_ / 0.297 -0.955 \ / -14.379 0 \ / 0.297 0.955 \ 

_ \ 0.955 0.297 ) \ 0 -0.00133 ) \ -0.955 0.297 ) ' 

Thenc = L~ 1 V T ( 3.662, 11.776) r = (-0.858, 0.58) r . Finally, / = -10.573 - 
c T Lc = 0.00426. The matrix ( 1 V ) gives the necessary rotation and translation 

C \r 

for simplifying the equation of a in inhomogeneous equations. After a little further 
computation, we obtain the parametric equation as 
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/ 0.297 -0.955 \ / 0.017 cos(f) \ / 0.809 \ 

\ 0.955 0.297 ) \ 1.789 sin(0 / + ( 0.647 )' 


The same technique can be used to find a rigid motion (rotation + translation) 
that centers a at the origin of the new coordinate system and places the axes 
of a aligned with the new axes. Specifically, by decomposing Mjx as A T BA, 
where 
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-0.831 
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0.384 
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0.054 
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0 
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0.307 

-0.119 
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Figure 11.13. The || -coord representations of a cone in 5-space. 

The indicated four points on the curves, with the same y coordinate, represent a plane tangent to the 


cone. 
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and 

/ 0 0 000 0 \ 

0 -161.8 0 0 0 0 

0 0 -6.16 0 0 0 

B ~ 0 0 000 0 ’ 

0 0 0 0 0 0 

\ 0 0 0 0 0 153 / 

we find that a is an elliptical cone of the form 161.8xj + 6 .I 6 X 2 = 153x|. 
Figure 11.13 shows all four of the indexed curves representing a, along with a 
set of indexed points representing tvq : x\ + 4 x 2 + 4 x 3 — 4 x 4 — 2.3258x6 + 2 = 0, 
a randomly chosen tangent plane of a . 
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11.4.1 Introduction 

Large networks impose a challenge in many areas of research, and visualization 
plays a major role in analyzing topological traits and large amounts of (associ- 
ated) information. Methods such as SeeNet [1], Genius [2], SpectralNet [3] and 
approaches suggested by Bolser et al. [4] and McGrath et al. [5] all display a 
variety of network visualization techniques in different research areas, dealing with 
complexity and data of large-scale networks. Although the intersection between 
the disciplines of network topological analysis and multivariate visualization is 
not immediate, with the wide spectrum of applications that we have thus far wit- 
nessed [ 6 ], [7], [ 8 ], it is clear that topological network analysis could benefit from 
multivariate visualization in general, and || -coords in particular. In this chapter 



1 1.4 Network Visualization and Analysis with Parallel Coordinates 


461 


we introduce the Node Extraction Visualization (NEVIS) method, which enables 
network topological visualization using || -coords. 

Since networks are subject to changes that affect their function and performance, 
understanding the effects due to changing conditions is vital to their analysis. Here, 
we use changing conditions of node extractions to obtain topological insight about 
the network. Though the likelihood of such an event varies from one network to 
another, in instances where network functionality is determined largely by path 
distances and connectivity of nodes, node extraction is a crucial event. NEVIS 
transforms a given network into an equivalent representation in || -coords. Under 
this transformation, networks under changing conditions are produced whose func- 
tionality is visualized. Since NEVIS transforms nodes into multidimensional points, 
we will see how it can be utilized to study key traits such as node stability, backup, 
inter-relationship between nodes, and to identify topological patterns in the network 
and other properties of interest in network research. We will also see that NEVIS’s 
implementation is simple and modular. 


1 1 .4.2 The NEVIS Transformation 

We begin by introducing and discussing extracted networks and the x function , 
which are the basic elements of NEVIS. We will then see how to use these elements 
in the construction of the NEVIS algorithm. 


Extracted Networks 

Informally, dynamic networks are networks that are subject to topological change. 
We focus on a unique subset of dynamic networks, called extracted networks , which 
are defined as follows. 

For the network modeled by a directed graph S = (V, E) with nodes 
V = {iq, i> 2 , . . . , v n } and edges E = {(u;, vj) e V x V\v[ is connected to vj }, 
let the i th extracted network , denoted by S; , be the original network S without the 
node V( and without any edges connected to it. That is, 

5/ := (V\{vi} 9 E\{(vj , v k ) eV xV\j = ivk = /}). (11.3) 

For example, in Fig. 11.14, the network S and its third extracted network, S 3 , are 
shown. Transformation of a network with n nodes as above requires producing a set 
of extracted networks {Si, S 2 , . . . , S n }. This set produces an ^-dimensional space 
as explained in detail below. 
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Figure 11.14. Network S and the third extracted network, S 3 . 


Function x - Measuring Node Centrality 

Topological properties are frequently used to measure a network’s functionality, 
which in turn depends on shortest paths and connectivity. To apply an appropriate 
measure that enables classification of nodes by these criteria, the x function below 
is used to determine a node’s topological centrality. For a network S = (V, E), 
with V and E as above, and some node u £ V , x '• V U {u} — > R is defined by 

x ( Vi ) = . d(vi,vj)’ Vi e V ' 

| - 00 , v t <£ V, 

with the following conventions: 

1. d(v(, V() = 0 V/ G {1, 2, . . . , n], 

2. d(vf , vj) — 00 vj cannot be reached from u/, 

3. if d (Vi , Vj) = 00 then = 0. 

Clearly, 0 < x( v i) < n — 1 Vu/ e V. 

To further clarify, for the network shown in Figure 1 1 . 15, the x function values 
for each node are given in Table 1 1.2. 



Figure 11.15. Network S whose x function values are given in Table 1 1.2. 
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Table 11.2. 


Vi d(Vi, VI ) 

d(Vi, v 2 ) 

d(v it v 3 ) 

d(Vi, V4) 

d(v it v 5 ) 

X value 



0 

1 

1 

1 

1 

y 1 

d(yi,Vj ) 

= 4 

V 2 

1 

0 

1 

2 

2 

\-^n 1 

2 d(v 2 ,Vj) 

= 3 

V 3 

1 

1 

0 

2 

2 

X^ n 1 

3 d(v 3 ,Vj) 

= 3 

V4 

1 

2 

2 

0 

2 

X^n 1 

= 4 d(V 4 ,Vj) 

= 2.5 

V 5 

1 

2 

2 

2 

0 

y ^11 1 

= 5 d(v 5 ,vj ) 

= 2.5 


Why x? For a node V[ e V , note that x( v i) depends on the number of nodes 
connected to V[ and their distances from it; x monotonically increases with respect 
to both centrality and connectivity of the node. Thus, in relation to other nodes in 
the network, for a node V[ that is connected to a large number of nodes at short 
distances, x( v i) is high; symmetrically, for a node vj that is connected to a small 
number of nodes at large distances, x( v j) is low. These properties make the x 
function a favorable candidate for measuring a node’s centrality in the network. 

The NEVIS Algorithm 

Having introduced its elements, we now present the NEVIS transformation and the 
algorithm used to implement it. 

For a network S as described above, we produce n extracted networks 
Si, $2, • • • > S n . By extracting the node u; from S, we produce the i th extracted 
network S'/, which consists of n — 1 nodes. For each extracted network, using the 
breadth-first search (BFS) algorithm for graphs to obtain edge distances between 
nodes, we calculate the x function values of all n nodes (by definition, x( v i) — 0 
in Sf V/ G {1, . . . , n}). This process produces a matrix of order n x n\ 

CreateMatrix 

for all vi e V do 

Si < — ExtractNode(u;, S ) 
for all vj e V\{u;} do 
BFS(Si,vj ) 

0 

for all Vfr reachable from vj do 
j) ^ j) + y 
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end for 


Mij < 

end for 
end for 
return M 



The matrix is then transformed to its equivalent multidimensional representation 
by considering each row as an ^-dimensional point. With parallel coordinates, 
each point is represented as a polygonal line. We obtain visualization with the 
networks S\, S 2 , • • • , S n represented by the multidimensional coordinates system 
with first, second, . . . , nth axes respectively. In turn, the nodes v\,V 2 ,... ,v n 
are represented by n polygonal lines. Figure 11.16 describes a flow of this 
implementation. 

NEVIS transforms a network with n nodes into n points in an n -dimensional 
space. The n extracted networks serve as the components of the nth dimensional 
space, and the nodes’ x values are transformed into points in that space. The 
following section discusses the properties of this transformation and their use in 
network analysis. 


General Network Transformations 

Note that we can generalize the idea of network transformation beyond NEVIS. 
We can formally categorize network transformations into parallel coordinates with 
the following functions: 

1. y function, which is defined on the set of all possible directed graphs and 
returns a set of networks. 

2. v function, which is defined on the set of all possible directed graphs and returns 
a real value. 

In NEVIS we use the y function, which produces the set of all possible extracted 
networks. That is, y(S) = {S\, S 2 , • • • , S n } for a network with n nodes. The v 
function used can be seen as a combination of t/r, which is defined by x//(S) = V, 
and x, as shown above. Thus selection of y, v, t/r, x can yield different network 
transformations as desired. 


1 1 .4.3 Properties of NEVIS 

We can now begin exploring some of the properties of NEVIS. The principal pro- 
perties discussed here facilitate the analysis of large-scale networks, as presented 
later. 
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Figure 11.16. The NEVIS transformation network — >► n points in n -dimensional space. 
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Figure 11.17. Visualizing topological significance. 

The drops in the sixth axis as opposed to the consistency in the third axis suggest that v 3 is backed 
up in the network. 


Topological Significanc 

After creating the n extracted networks S \ , S 2 > • • • , S n , the effects of each extraction 
are independently measured by x ( v j)^ v j £ V\{u; }. By studying the i th component 
of the n -tuple produced by NEVIS, one can comprehend the effect of extracting 
vi from the network. If u; has a significant effect on the network’s centrality and 
connectivity, this property is manifested in a drop of polygonal lines representing 
nodes depending on V( in the i th axis in NEVIS. It thus follows that the topological 
significance of V[ correlates with the number of polygonal lines dropping in NEVIS, 
and the sharpness of their drop. 

Contrary to our intuition, a high x does not necessarily guarantee topological 
significance. Figure 11.17 displays an example in which U 3 has a high x value in 
the network (this can be seen in NEVIS by the fact that its corresponding polygonal 
line is the top outlier), though observing the third axis in NEVIS, it is clear that U 3 ’s 
extraction is not significant to the network. On the other hand, there is a dramatic 
drop in the sixth component, despite the fact that x ( v 6) is not among the highest 
in the network. This seemingly counterintuitive example reveals one of the strong 
properties in NEVIS. A closer study of the above example shows that the extraction 
of is more significant to the network than that of U 3 ’s despite x( v 6) < x( v 3)> 
since each node connected to U 3 is also connected to uiq. 

Intuitively, the idea of a backup of a node is the existence of alternative paths 
connecting a pair of its neighbors without passing through the node. In Figure 11.17, 
v^s extraction is not significant to the network’s stability, since uio serves as a full 
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backup. We can think of U 3 as having a backup of order 4 (U 3 ’s degree) in the sense 
that there is another node (uio) connected to all of U 3 ’s four neighbors ({u 6 , vj, vg , 
uiol). Formally, suppose that u/ is connected to {v\, . . . , v r ). We say that u; has a 
backup of order k,k < r, if there is at least one node in the network connected to k 
of Vi's neighbors. Clearly a node’s significance in the network highly depends on 
its backup order. Study of the drops in the i th axis in NEVIS provides a measure of 
Vf's global significance which considers its backup order. 

The ability to measure node significance considering both centrality and its 
backup order enables evaluating a node’s impact on the network’s topology in the 
network. Since a node can be partially backed up by a set of nodes that are reached 
at different distances, the ability to consider a complicated factor such as a node’s 
backup makes NEVIS a useful tool. 

Relationship between Nodes 

An immediate conclusion from the above is that relationship between nodes v ; and 
Vk can be studied by examining the drop of v ^ in the j th axis, and symmetrically 
examining the drop of vj in the klh axis. Although the latter is one of its fundamental 
properties, NEVIS’s representation of nodes as polygonal lines enables greater study 
of the relationship between nodes. 

Since each node’s x value throughout n extractions is represented as a polygonal 
line, studying the relationship between the polygonal lines representing vj and v ^ 
provides insight into the relationship between these nodes. Consider the network 
portrayed in Figure 11.18, composed of three separate connected components. 
To achieve clarity, nodes in the same connected component are given an identical 
color. Assume that the axes are ordered in the manner displayed (we refer to this 



Figure 11.18. Network composed of strongly connected components. 
The figure displays the interrelationship between nodes. 
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point below). In this example it is evident that polygonal lines of the same color have 
a specified range in which they are subject to change and a complementary range 
where they run horizontally. It is easy to see that this property directly derives from 
the fact that nodes in the same connected component react similarly to extractions 
in the network, influenced only by extractions in the connected component to which 
they belong, and insensitive to extractions from other connected components. In this 
example we have chosen a specific axis ordering obtained by sorting according to 
X value. 

Stability of Nodes 

Since the nodes’ x values are represented by polygonal lines in the NEVIS rep- 
resentation, peaks of polygonal lines disclose the corresponding nodes’ centrality 
values in instances in which the node extracted has minimal effect. Note that for 
a network S = (V, E) as above, it is possible to implement NEVIS as n points 
in an ( n + 1) -dimensional space by adding the Oth extracted network to S and 
thus obtaining visualization of the x value in S itself. In Figure 11.19, the top 
outlier is shown by a red polygonal line, which represents v 15 in the network, 
with noticeably higher values than the rest of the nodes in the network. This can 
be easily verified by observing the node-link diagram. NEVIS orders the poly- 
gonal lines, starting from the top, in order of decreasing centrality throughout all 
extractions. 

Since the axes represent the extracted networks, it follows that polygonal lines 
free of dramatic inclines and declines represent nodes that are relatively stable 


v 



Figure 11.19. Analyzing stability from the behavior of polygonal lines. 

The green polygonal line remains relatively steady, whereas the red polygonal line has sharp drops. 
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and immune to node extractions in the network. Note that node stability does not 
necessarily correlate with high centrality value. In Figure 11.19, the sharp inclines 
and declines of the red polygonal line testify that its corresponding node v\$ is 
unstable in the sense that its centrality is highly affected by extractions. In contrast, 
it can be inferred that U 3 is relatively stable by inspecting the yellow polygonal 
line by which it is represented in NEVIS. In this case, it is not clear how this can 
be deduced by studying the node-link diagram alone. The ability to analyze node 
stability in the network can be widely used in network analysis, since it discloses 
weak links in the network. 

Identifying Topological Patterns 

Identifying unique topological patterns can be used in network analysis to deduce 
relevant information in a first encounter with a given network. To identify unique 
topological patterns, we use a slight variation of NEVIS by replacing the x function 
with x 0 defined by 


^7 = 1 d(vi,Vj )’ v j G 

0 , vj i v. 

NEVIS reveals the network’s distinct topological properties by mapping them one- 
to-one into distinct patterns. Figure 11. 20 A displays a clique, a graph in which all 
the nodes are connected between one another, and Figure 11.20B shows a star, a 
set of independent nodes all connected to a single node. 

Following a one-to-one transformation between topological properties and pat- 
terns in || -coords, networks with topological patterns that are almost symmetric are 
represented as their almost symmetrical equivalents in NEVIS. Figures 1 1.21 A and 
11.21B display networks that are almost a clique and almost a star, respectively. 
Comparing the NEVIS representation of the perfect graphs with the almost perfect 
ones illustrates this point. This property is very useful in the study of topological 
properties in networks. Perfect topological patterns are rare; it is their almost coun- 
terparts which are encountered in the real world. We now show how this property 
can be used in network study. 

1 1 .4.4 Large-Scale Networks 

In this section we discuss applications of NEVIS on large-scale networks. Since it 
synthesizes network analysis and multivariate data visualization, NEVIS benefits 
from both worlds; preprocessing algorithms that enable combinatoric reduction of 
the network can be applied as well as any methods that enable dealing with large 


Xo( v i) = \ 
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Figure 11.20. Clique with 15 nodes is in A, and a star with 15 nodes is in B. 


data sets in || -coords. We display examples of both in this section. Our interest here 
is not to offer novel methods for re-scaling networks or reducing large data sets for 
visualization, but rather to show how existing methods of these ideas can be applied 
in NEVIS. 

Matrix Manipulations 

We can now view possible simple solutions to deal with large-scale networks uti- 
lizing || -coords. The need to analyze large networks raises the issue of scalability, 
which can be accomplished with || -coords. Figure 11.22A displays a node-link 
diagram of a network that consists of 100 nodes, and its NEVIS presentation is 
represented in Figure 11.22B. Due to NEVIS’s simple construction, selecting a 
subset of nodes to be visualized is easy. Recall from Section 11.4.2 that imple- 
menting NEVIS requires producing a matrix that represents the nodes’ x values 
throughout extractions. To ignore polygonal lines, we simply replace the values of 
their corresponding rows in the produced matrix with — oo. That is, in order to ignore 
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Figure 11.21. In A, a network that is almost a clique, and in B an almost star topology. 


the vj in the NEVIS visualization, replace the j th row in the matrix returned by 
CreateMatrix: 


/ X 1 1 • • • x ln \ 

• • • 


/ 0 0 0 \ 

• • • 

# • # 


( *11 ... 3C\yi \ 

• • • 

• • • 

X j \ ... X jyi 

• • • 

+ 

• • • 

— OO . . . — OO 

• • • 

— 

• • • 

— OO . . . —(X) 

• • • 

• • • 

• • • 

\ x nl • • • x nn ) 


• • • 

• • • 

^ 0 ... 0 ) 


• • • 

• • • 

\ x n\ • • • x nn / 


The results of this procedure are shown in Figure 11.22C. Similarly, it is easy to 
reduce a subset of axes from NEVIS by reducing the matrix to represent the desired 
axes only. An example of such reduction is shown below. The result of reducing 
both polygonal lines and axes is displayed in Figure 1 1.22D and corresponds to the 
matrix 
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Xln 

%2n 


\ ( o 

o 



— oo ... 0 \ 

— oo ... 0 






— oo 




OO ... *^l/i \ 

OO . . . X2n 



The running time required to implement NEVIS depends on the CreateM- 
atrix procedure, and visualization is thereafter achieved in linear time. This 
implementation allows performance of such manipulations efficiently. Moreover, 




Figure 11.22. Examples of possible solutions for large networks. 

Shown are polygonal line reductions that represent 10 nodes in a 100-dimensional space in C, and D 
shows the 10 nodes in their corresponding 10-dimensional space. 
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Figure 11.23. NEVIS applied to a genetic regulatory network with over 3000 nodes. 
Only one-fifth of the nodes are shown. 


due to this implementation, a wide range of solutions to dealing with large data sets 
in || -coords can be applied in a simple manner. 

Combinatoric Manipulations 

Figure 11.23 displays a node-link diagram of a genetic regulatory network of over 
3000 nodes. The network shown is a protein regulatory network, modeled by a 
directed graph, where proteins are represented by nodes and regulatory interactions 
are represented by edges. Clearly, the size of the network raises serious obstacles 
in attempts for visual analysis. To obtain visualization of the above network, we 
apply NEVIS to the network and show nodes with out-degree greater than zero. 
The reasoning here is that nodes with zero out-degree have little effect on x values 
(why?), and visualization in NEVIS does not provide any relevant information. 
We thus obtain a visualization of 142 nodes of the network in NEVIS, as shown in 
Figure 11.24. 

We can now use the properties of NEVIS from the section above to analyze 
the network. In this instance a few immediate conclusions can be drawn about the 
network. Generally, apart from a few specific instances, the polygonal lines run 
relatively horizontally, which testifies that the network is relatively stable. Note 
also that there is an area that is clear of polygonal lines. We conclude that no 
node receives x values in that area, and that it may testify to segmentation of 
two separate connected components in the network. The horizontal polygonal lines 
in the lower values support this hypothesis, similar to the connected-components 
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Figure 11.24. Visualization of the 142 nodes in the regulatory network of Figure 1 1 .23 with degree 
greater than zero. 



example presented in the previous section. Examining the top blue polygonal line, 
it is evident that despite its high centrality value, its extraction does not affect 
the network’s functionality. Using an interactive tool that enables pointing on 
the polygonal line and obtaining its number, we can inspect its extraction effect 
on other nodes. Examining the 127th axis, we learn that its extraction does not 
affect functionality in the network. Closer study reveals that there are, in fact, two 
polygonal lines of maximal x values that race between one another throughout all 
extraction. We assume that this node serves as its backup. 

There are four nodes whose extraction has significant effect on the network. 
This is manifested in the drops of polygonal lines in the area of the 9th, 15th, 34th, 
82nd, 124th axes. This signifies that these nodes are have relatively poor backup in 
the network, and their extraction affects the network’s functionality. 

This example is applicable to biological networks, the Internet and elsewhere. 
Other works on combinatoric reduction of the problem can also be applied as 
preprocessing algorithms in a similar manner to reduce the combinatoric problem. 


1 . What is the running time of the CreateMatrix algorithm? 

2. Give an example of a connected graph that has horizonal portions in NEVIS. 

3. Suppose that for S = (V, E ) and some node u £ V we implement NEVIS, 
replacing the / function with the function deg : V U {u} -> N defined by 


deg(n) 


|{w : w is connected to i>}|, v e V, 
— oo, v £ V. 
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(a) Apply NEVIS with the deg and x (not Xo) functions on a five-node star 
and five-node clique. Any difference? Why? 

(b) What would be the motivation to replace deg with x for topological pattern 
identification? 

(c) Think of other topological functions under which a star would look the 
same as in NEVIS. 

4. This question discusses backup order, which has been defined above. 

(a) Prove that the relation R \ — {(u,v) \ u is a backup of order k of v} is 

symmetric. That is, prove that u is a backup of order k of v v is a 

backup of order k of u. 

(b) Is it possible that u has a backup of order k , where k = degree(w), and 
there will still be a significant drop in its axis? 

References 

[1] Becker, R.A., Eick, S.G., Wilks, A.R., Visualizing network data. IEEE Trans- 
actions on Visualization and Computer Graphics (1995), Vol. 1-1; 16-21. 

[2] Ciccarese, R, Mazzocchi, S., Ferrazzi, F., Sacchi, L., Genius: A new tool 
for gene networks visualization. Intelligent Data Analysis in Medicine and 
Pharmacology (IDAMAP) Proceedings (2004). 

[3] Forman, J.J., Clemons, P.A., Schreiber, S.L., Haggarty, S.J., SpectralNET-an 
application for spectral graph analysis and visualization. BMC Bioinformatics. 
2005 October 19; 6:260. 

[4] Bolser, D., Dafas, R, Harrington, R., Park, J., Schroeder, M., Visualisation 
and graph-theoretic analysis of a large-scale protein structural interactome. 
BMC Bioinformatics 2003; 4:45. 

[5] McGrath, C., Hardt, D.C., Blythe, J., Visualizing Complexity in networks: 
Seeing both the forest and the trees. Connections 25(1):37-41 2002 INSNA. 

[6] Keim, D.A., Information Visualization and Visual Data Mining. IEEE TVCG , 
7-1, 2002, pp. 100-107. 

[7] Shneiderman, B., The Eyes Have It: A Task by Data Type Taxonomy for 
Information Visualizations. Proceedings of the 1996 IEEE Symposium on 
Visual Languages. 

[8] Wegenkittl, R., Loffelmann, H., Groller, E., Visualizing the Behaviour of 
Higher Dimensional dynamical systems. Proceedings of IEEE VIS 1997 
pp. 119-126. 



476 


1 1 . Recent Results 


11.5 To See C 2 
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1 1 .5.1 The Complex Field C 

The set of complex numbers v + iy, where v and y are real numbers, together with 
the binary operations (+, x), forms the field C. Using (1, i) as a basis, C can be 
identified with the two-dimensional plane R 2 , the horizontal and vertical axes being 
the real and imaginary axes, respectively. Addition corresponds to translation, while 
multiplication involves scaling (of the absolute values) and rotation (Fig. 11.25). 




Figure 11.25. Translation, scaling, and rotation. 
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The goal here is the visualization of C 2 , the space of complex- valued functions, 
which ostensibly is four-dimensional. Yet trying to represent C 2 with four parallel 
axis does not seem possible even for a simple function like / = az + b. No axis 
assignment (i.e., choosing which axis should represent the real and imaginary parts) 
or subsequent axis ordering worked. 


11.5.2 The Space C 2 

Though we are dealing with four-dimensional information, rather than four inde- 
pendent coordinates, what is involved are pairs of pairs. This suggests using two 
copies of C, which we take as parallel planes with a horizontal one-dimensional axis 
w passing through their origins. Of course, this arrangement collapses to || -coords 
when the imaginary parts are zero. 

The two copies of C are denoted by Z/ , i = 1,2, with X/, 7/ as the real and 
imaginary axis, respectively. The origin of Z\ is at w = 0 and the origin of Z 2 
at w = 1; the distance between the parallel planes is one unit (Fig. 11.26). The 



Figure 11.26. The complex parallel planes coordinate system. 
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coordinates (v, y, w) designate the position of a point in the three-dimensional 
space R 3 . For example, (2, 1, 0) stands for the point 2 i + 1 on Z\, and (1, —2, 1) 
for the point i — 2 on Z 2 . To visualize (i.e., represent) the pair (z\, 12 ) £ C 2 we 
propose joining the point z\ e Z\ to Z 2 £ ^2 with a straight line. Taking our cue 
from the || -coords point-line duality, we seek a corresponding relation resulting 
from the visualization of C 2 . 

Let’s see what the representation of a simple linear function, say f(z) = 2z, 
looks like. The collection of lines joining the points z e Z\ to 2z e Z 2 is given 
parametrically by (9f(z + tz ), S(z + tz ), t)t e R. They intersect at (0, 0, — 1) 
(Fig. 1 1.27), which is an auspicious result. Recall that for f(x) = ax + b a, b e R, 
the representing point in || -coords is (t^, jzr~ )• Proceeding in the same way 

V X d X d ' 

for the function f(z) = az + b with a e R and be C, the representing point 
obtained is (9f (pz^), Just as for ||-coords, the representing point is 

undefined in R 2 when a = 1 , prompting the extension of the representation from R 2 
to P 2 . 


/ 



Figure 11.27. The lines joining the points (z, 2 z) intersect a point. 
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For the representation of / (z) = az , where a is a complex number (but not real), 
the lines joining the pairs (z, az) are (9f(z + taz — tz ), S(z + taz — tz ), t). To find 
their intersection, we look for points p, q e Z\ (p ^ q) such that p + tap — tp = 
q + taq — tq , with t being their common w coordinate. That is, 1 + ta — t — 0 or 
t — t^-, but t must be real; therefore, these lines do not intersect for complex a , 

X ti 

as shown in Figure 1 1.28. 


11.5.3 Representing Points on a Line in C 2 

Showing the association between z in Z\ with f(z) in Z 2 with straight lines is 
abandoned, since it does not yield a duality for a linear function with complex 
coefficients. Can a duality be obtained if z and f(z) are joined by a curve! Let 
us return to the function f(z) = az + b, and observe that it consists of a scaling 
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by \a\, rotation of a radians, and translation by b. Rewriting the function in the 
form 

1 -a ( b \ b 

f(z ) = az + b = az + b- = a z - - + , 

l — a \ 1 — a / 1 —a 

reveals that the point (9f(y^-), S(y^)), which we call the pivot , plays an 
important role. We seek curves that reduce to straight lines for a e R, to pre- 
serve the duality which holds in this case. Let us describe the curves by the 
function 

b 

h(z , w) = g(a, w)(z - p) + p, p = , 

1 — a 

which is essentially the same as f(z) = az + b. The coefficient a is replaced by 
g(a , w) to distribute the rotation and scaling along the w axis. In time we will 
remove the dependence of h on z. The additional constraints are: 

1. g (a, 0) = 1, so the curve contains (9f(z), 3(z), 0), and 

2. g(a , 1) = a , so the curve contains (9 + b ), S(az + b ), 1). Then the curve 
joins the points z in Z\ to az + b in Z2. 

We would like the distance from the pivot to points on the curve given by h to 
vary linearly with w. By the way, this also allows us to stay “close” to || -coords. 
Incorporating the two conditions above we obtain: 

| g(a, w ) | = 1 + (\a\ — 1 )w. (11.4) 


In addition, the first two boundary values suggest an exponential function g (a, w) = 
a L(a,w ) , an( j C omputing L(a , w) from (11.4) yields 


L(a , w) = 


log(l + (M - 
log(|a|) 


!)^) , , / + 
, \a\ 7= 1. 


Although the function is undefined when \a\ = 1, it is easy to see that it has a limit 
as \a\ -> 1, and we can set L(l, w) = w. This function satisfies the criteria though 
it does not have a value for every ir. As we know, the log function is defined only 
for positive arguments. We conclude that 



1 

> 1 =>► L(a, w) is defined only for w > 

1 — a 



1 

< 1 => L(a, w) is defined only for w < 

1 — a 
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a | = 1 =>► L(a, w) is defined for all w. 


These conditions divide the w axis in three portions. As will be seen in the 
subsequent examples, the open interval (0, 1) between the parallel planes will be 
excluded from the representation of C 2 . Altogether, then, the curve we obtained is 
given parametrically by: 



log(l + (H-l)w) 
logOI) 


b 


z 


1 — a 


+ 


b 


1 — a 


rv 


log(l+Q|-l)w) 
a iog(i«i) 


b 


z 


1 — a 


+ 


b 


1 — a 


w 


(11.5) 


A visual examination of the curve reveals that it is a spiral advancing over the 
w - axis exponentially. It can also be described as a logarithmic spiral advancing over 
the w axis linearly. It originates at a pivot point on the line (9f ( ^ 
and it is on the surface of a cone whose apex is at the same pivot. To obtain this 
result we need find a w such that 


log(l+Q|-l)w) 
a lo g(H) = 0. 


This occurs only when the exponent is — oo for \a\ > 1 or oo for \a\ < 1. Both of 


these conditions are satisfied as w 
this limit point of the spiral, is 


1 


1— a 


. Hence, the cone’s apex, which is also 



( 11 . 6 ) 


This point is independent of z, so it must be the intersection of the all the curves 
representing points on C 2 for the function f(z) — az +b. To complete the argument 
we need to verify that it is the only point of intersection. Recall that the w variation 
is only along the w axis and so the value of w is the same for both r, q which are on 
Z\. The two curves, one joining the pair (r, ar + b) and the otherjoining (q, aq+b) 
for r 7^ q , are subtracted to obtain 

h(r, w) — h(q, w) — g(a , w)(r — q) = a L ^ a,w \r — q ), 


which is zero only when a L ^ a,w ^ = 0. This is the intersection point we have already 
found. A duality between points and linear complex- valued functions exists when 
the pairs (z, f(z)) are joined by the curves (also called concho spirals) specified by 
(11.5), as shown in Figure 11.29. 

The position of the cone’s apex has properties reminiscent of || -coords for R 2 , 
where the horizontal position of the point representing a line reveals the slope of the 
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Figure 11.29. Representing the function f(z) = (1 + /)z by joining the pairs z, f(z) with concho 
spirals given by (1 1.5). 


line. Here, the w coordinate of the cone’s apex reveals the absolute value of the slope 
rather than the slope itself. The w axis can be divided into three sections, similar to 
|| -coords. A point whose w coordinate is less than 0 corresponds to a slope whose 
absolute value is larger than 1, while a w with coordinate greater than 1 corresponds 
to a slope with absolute value in the interval (0, 1). It is clear from (1 1.5) that points 
in the interval (0, 1) must be excluded; if they are not, then 0 <T±1< 1 leads to 

X ti 

a contradiction: a < 0. 

It was pointed out earlier that duality is obtained as for || -coords when the 
imaginary parts are zero. On the real axis the origin can be approached in only 
two directions. On the complex plane the origin can be reached via an infinite 
number of angles , and hence the conditions above pertain to absolute values. A more 
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visual explanation is that a spiral whose cone has its apex between the parallel 
planes (where 0 < w < 1) only intersects one of the planes and therefore, it can 
not represent a pair in C 2 point. For lines with slope having absolute value 1, 
the corresponding cone becomes a cylinder with a spiral that looks like a spring 
coiling from — oo to oo over w. To clarify further, a line in C 2 is represented by a 
point in R 3 . The four parts (real and imaginary) of (zi, zf) are mapped into three 
coordinates of the representing point in R 3 . Hence we get information about \a\ 
rather a. In short, we cannot have a full point-line duality. But what we have allows 
us to visualize complex- valued functions. 

1 1 .5.4 Holomorphic Functions 

Next we represent holomorphic (also called analytic) functions /(z), that is, those 
whose derivative exists at every point. At each point (z, /(z)), the “complex 
tangent” is computed and then mapped into its representing point, just as for 
|| -coords. The collection of these points gives us the representing surface in R 3 . 
The complex tangent at a point ( q , f(q)) is described by the equation g(z) = 
f\q)z — f\q)q + f(q)- In this equation a = f\q ) and b = —f\q)q + f(q ). 
So by (1 1.6), the representing point is 

(3t(p), 3(p), w), 


where 


-f\q)q + f(q) 

P = ; , w = 

1 - f\q ) 


1 


1-1 f\q)\ 


If /(z) is linear then it is its own complex tangent and therefore is represented 
by the same point. 


Inversion 

Inversion is a common mapping and our first holomorphic function visualization 
example. It is defined by 



In polar coordinates, this is 


f{pe W ) = (, pe w )~ l 



5 
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showing that vector’s absolute value is inverted and the angle is reflected. Actually, 
the following variation of inversion is far more interesting: 

r 2 

f(z) = - 9 re£. (11.7) 

z 

In order to visualize it, p and w are computed: 


f\z) 

p(q) 


-f\q)q + /(<?) _ gp_ _ q 
l - /'(?) 1 + 4 


2 r 

q 


2 r 2 q 


q 2 +r 


q 2 + r 2 


q 



1 

1-1 



Happily, the resulting surface reveals some properties of the inversion mapping. 
The symmetry between z and f(z) in (11.7) is seen in Figure 11.30. It is clear that 

when f(z) = r Y,z = -f^ . 

The second observation is that the points (0, 0, 0) and (0, 0, 1) are not part of 
the surface but are in the closure of it. These points represent the limit of the surface 
tangents as q — > 0 and q — > oo. Third, the vertical section of the curve, which 

'j+piO 1 

ts r \^_ t 2 e iw f° r w — t e K, consists of two nearly circular arcs. Fourth, 

a complex r adds a rotation factor to the inversion, causing the surface to rotate 
around the w>axis. The r~ term doubles the angle. 


Mob ius Transformation 

This also known as linear fractional or holomorphic transformation. It is defined 
by 


az + b 


f(z ) 


cz + d 
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4 


2 


0 


-2 


-4 


-6 



Figure 11.30. Inversion mapping f(z) = 


The computation 



ad — be 
0 cz + d) 2 


p(q) 


_ad^bc_ n I aq+b 

(, cq+d) 2q " l ‘ c<?+a? _ beq — adq + (ag + b)(cq + J) 
1 ad— be ( cq + d)^ — ad + be 

( cq+d ) 2 \ ' 


aeg + 2£>cg + bd 
{cq + r/) 2 — ad + be 
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1 



ad— be 
(cq+d ) 2 


provides the image in Figure 11.31. The ratios of the ovals’ diameters to their 
intersecting curves have analytical significance that would take too long to explain 
here. Observe that inversion is a specific instance of the Mobius mapping, where 
a = 0; b = r 2 ; c = 1; d — 0. 


Power Function 

The power function f(z) = z n , n e N, is yet another holomorphic mapping for 
which we can calculate p and w\ 



Figure 11.31. Mobius mapping f(z) = lz+ !_ + * 
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f'(z) = nz n 1 



-f(q)q + fig ) 
1 - f'(q) 



(1 — n)q n 
1 — nq n ~ 1 



1 

1-1 /'(?)! 


1 

1 — | nq n ~^ 


1 

1 — n\q\ n ~^ 


We consider at first the cases where n > 2. As can be seen in Figure 11.32, the 
surfaces are not symmetric. For w > 1 we get n — 1 cones that all share the same 
apex (0, 0, 1). At this point, the derivative of the function is zero. On the opposite 
side, where w < 0, the number of cones is the same, but instead of a single apex 
they merge into an almost flat disc. This disc gets bigger as w -> 0, corresponding 
to the function values approaching infinity. The number of cones is actually \n — l\, 
for it is determined by the derivative f\z) used to construct the picture. Hence, for 
inversion, where n — — 1 , there are two cones. Furthermore, the image of the inverse 
function / -1 can actually be obtained from the mirror image of the function, but 
this requires some care. Notice that in p(q ) there is a q n term, and for 0 < n < 1, 
there are n choices for this root. To include all these choices we need to include all 
z for 0 < 6 < 2nn. Specifically, in Figure 11.33, n = 1/2 results in a “half-cone,” 
which is exactly half the image of its inverse z 2 . 



Figure 11.32. The function f(z) = z 4 - 
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Figure 11.33. z 2 (left) versus z l < 2 (right). 


Actually, this introductory portion is only indicative of a much richer collec- 
tion of functions that have been studied. Visualization of C 2 reveals properties on 
symmetries, inverses, nature of singularities and function structure in general, and 
this is just the beginning. 
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Solutions to Selected Exercises 


12.1 Solutions to Exercises in Chapter 2 

Exercises on Page 8 

1 . Using compass only 

(a) Construction of collinear points: 

Draw a circle with any center B and any radius r. Choose a point A on 
the circle. Draw a circle with center A of radius r. Both circles intersect 
at C. With C as the center draw an arc on circle B to obtain the point 
D. With D as the center draw an arc to obtain the point E. The points 
A , B , E are collinear. 



Figure 12.1. Construction of collinear points. 


Proof. We shall prove that ZABE = 1 80° : 

A ABC, ABCD, ABDE are equilateral triangles 
=► ZABC = ZCBD = ZDBE = 60° 

=> ZABE — 180°. ■ 


A. Inselberg, Parallel Coordinates, DOI 10.1007/978-0-387-68628-8_12, 
© Springer Science+Business Media, LLC 2009 
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(b) Given a segment AB construct a point E such that AB = 2 • AE. 

It is the same construction as the previous solution. It is obvious that if 
AB = r then AE = 2 r. 

(c) Bisecting a segment: 

Construct point C such that AC — 2 AB (as in Exercise la). Construct 
an arc of radius CA with center C. This will intersect the circle of radius 
AB centered at A at points D and E. Draw two arcs of radius DA and EA 
centered at D and E , respectively. Besides A, the two arcs intersect at 
another point F , which is the midpoint of the segment AB. 


E/ 



Figure 12.2. Bisecting a segment. 


Proof. AAEF ~ A ECA (~ is “similar”); they are both isosceles with 
ZEAC 

=> % = jfc. We also know AC = 2 ■ AB, AE = AB => AC = 2 • AE 
=»• = 2 =>■ AB = AE = 2 ■ AF. U 

(d) Trisecting a segment: 

Construct point D such that AD — 3 • AB. Construct an arc of radius DA 
with center D. It will intersect the circle of radius AB centered at A at 
points M and E. Draw two arcs of radius MA and EA centered at M and 
E , respectively. Besides A, the two arcs will intersect at another point F, 
which is 4^ . 
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Figure 12.3. Trisecting a segment. 


Proof. AAEF ~ A EDA’, they are both isosceles with ZEAD 
a _ 3A5 _ AD _ AE _ AB 
^ ^ ~ AB ~ FE ~ FA ~ FA 

=>► AB = 3 • AF. U 

(e) Constructing the point of intersection between circle C and line / (given 
by two points A and B)\ 

With centers A and B and radius AO and BO , respectively, draw two 
arcs. 

Case 1. If the two arcs intersect only at point O , the center O lies on 
the line AB. The arc centered at A intersects the circle at P and Q , and 
the arc centered at B intersects the circle at M and N . Now we have to 
find the midpoints of those two arcs PQ and MN on the circle. 

Let us find the midpoint of PQ with center O : 

From P and Q as centers draw two arcs of radius PO. From O draw 
arcs OT and OK equal to PQ , then draw two arcs with TP and KQ as 
radii and with T and K as centers intersecting at R. Finally, with OR 
as radius draw an arc from T ; it intersects the arc PQ at the midpoint 
X , which is also the intersection point of the circle and the line AB. The 
same construction has to be done on the arc MN in order to find the other 
intersection point X r . 

Case 2. If those two arcs intersect at O and at another point H , draw 
another circle with center H with the same radius of circle O . Both 
circles intersect at X and X' as required. 
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Figure 12.4. Intersection between a circle and a line. 


Remark. Finding the inverse point of a given point A with respect to 
a given circle C with center O and radius r: 

Case 1. OA > ^ • r. 

Draw an arc with center A of radius AO; the arc intersects the circle at 
two points C and D. Draw two arcs centered at C and D of radius CO; 
they meet again at A\ which is the inverse point of A. 

Case 2. OA < ^ • r. 

Find the point A\ such that OA\ — 2 • OA (as in Exercise la). 

If OA\ > j • r find the inverse A^ of A\ by Case 1. If OA\ < j • r, 
we must go on doubling, finding in succession A 2 , A 3 , . . . , A p in OA , 
where OA 2 = 2-OA\, OA 3 = 2 -OA 2 , . . . , OA p = 2-OA p _\ = 2 P OA 

until OA p > j • r. We then find the inverse A p of A p , and again double 
p times, constructing in succession the points A^_ 1? . . . , A^, Ap A ; , 
where 04' = 2 • OA\ = 2^ • 04' p . 

Then A 7 is the inverse of A. 

Remark. Finding the inverse circle of a given circle C with respect to 
a segment 

Draw two arcs centered at A and B with radii AO and BO , respectively. 
They intersect again at point H. 

From H as the center draw an arc with radius HO that intersects the 
circle C at points M and N . 
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Figure 12.5. Inverse point with respect to the circle. 



■ 


\ 



Figure 12.6. Inverse circle with respect to segment AB. 


From M and N as centers draw two arcs with radius MO; they again 
intersect at point P . The circle with center P and with radius OP is the 
inverse circle of C with respect to AB. (Figure 12.6) 

(f) Let the lines be given by AB and A f B ' . Draw any circle C and by the 
preceding method find the inverse circles (with centers T\, Tj) of C 
with respect to AB and A r B ' . These circles intersect at O and Y. The 
point X inverse to Y is the required point of intersection, and can be 
constructed by the process explained before. That X is the required point 
is evident from the fact that Y is the only point that is inverse to a point 
of both AB and A f B' . Hence the point X inverse to Y must lie on both AB 
and A f B r . 
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Figure 12.7. Intersection between two lines. 


2. Using a single circle and a straightedge 

Given an angle A, provide a construction for finding an angle = j A: 

Put the center of the circle at point A; call the intersection points between them 
B and D. Continue AB until it intersects the circle at C. Then ZB CD = . 



3. Transform a rectangle to a square of equal area: 

We have rectangle ABCD ; AB — b , AD = a =>► AC — DB — V a 2 + b 2 . 

Draw a circle centered at B of radius a. Continue AB until it intersects the circle 
at point E\ then EA — a + b. Bisect the segment EA and call the midpoint F 
(Exercise lc). Draw a circle with center F of radius EE. Draw an arc centered 
at A of radius AC intersecting the circle at M. Then A EAM is right-angled 
=> EM = \j2ab. 

Now we have to construct a square with diagonal EM: 

Draw two circles centered at M and E of radius EM\ they intersect at V and 
U. Using the ruler construct the segment UV; it intersects segment EM on W. 
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Figure 12.9. The rectangle and the square have the same area. 


Draw a circle with center W of radius WE; it intersects segment UV at P and 
Q. We have a square EQMP of area = 2 • ab. 

4. Given a square with area A, construct a square with area 2 • A: 

We know that the diagonal of the square FBCD is V2A . Draw a circle at center 
C of radius DC intersecting points M and N. The square BDMN has area 2 • A. 



5. To prove that a triangle having two equal angle bisectors is isosceles , it suffices 
to prove the following theorem. 

Theorem. In a triangle having two different angles , the smaller angle has 
the longer bisector 

Proof In A ABC, AE and BD are the angle bisectors with angles AB > ZA. 
Draw a circle through the three points A, D, and B that intersects AE at a point 
F. The angles ADAF and ADBF must be equal (i.e., ^ • A), since they subtend 
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the same arc DF. By construction, angles ZDAB < ZFBA => that the arcs 
DB < AF =>- the chords DB < AF < AE. ■ 

The above result is sometimes called the “Steiner-Lehmus theorem.” The 
problem was first posed in 1840 by Lehmus to Sturm, who passed it on to 
the famous geometer Steiner, who apparently gave the first satisfactory proof. 
Papers appeared in various journals in 1842, 1844, 1848, 1854-1864, and many 
others since. Henderson wrote surveys in Scripta Mathematical Vol. 21, 1955, 
223-232, 309-312, and there are others. The proofs given are indirect, i.e., 
based on the contrapositive , which has upset some people, though Euclid him- 
self used this method of proof extensively. There exist several (60+) different 
proofs of this result. The above, after some modifications, is mine. Enjoy! 


C 



Figure 12.11. “Steiner-Lehmus theorem.” 

Exercises on Page 13 

1 . The line / and point C determine a plane 777 in M? that intersects the hemisphere 
in a great circle, q. This semicircle is the image of the line. 

2. Let 9 be the angle between two lines, l\, and I 2 , on the plane. The angle 
between planes tt/ 1 and tt/ 2 is also 9 , and therefore, so is the angle between the 
semicircles ci l and q 2 , which are the images of the two lines on the hemisphere. 

3. Circles are mapped to circles. An intersection of a cone with a hemisphere is a 
circle. 

4. The upper line is called l\ and the other is I 2 . Using the ruler draw any other line 
I 3 . Choose two points, point A on line l\, point K on line I 3 . Draw the segment 
AK. The intersection point with I 2 is C. Choose another point A! on l\. Draw 
KA r . The intersection with I 2 is C l . Draw A! R and continue until it intersects 
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the line at M. Continue RC f until intersection with at Q. QC intersects 
AM at R f . On the line RR f there is also the point T . (Desargues’s theorem) 

5. The same as before, but the lines should be very close so that all the points can 
be drawn with our short ruler. Note to student: Try to give a better construction 
than this ! 

Exercises on Page 16 

1. Ideal points satisfy the axioms of points (Axioms 1+2): 

• Two distinct ideal points are on a unique ideal line. 

• Three distinct noncollinear ideal points are in a unique ideal plane. 



Figure 12.12. Exercise 4. 

2. Augmented lines satisfy the axioms of lines (Axioms 3 + 4): 

• Let (/, Loo), ( p , Poo) be two coplanar augmented lines. If / || p they have 
the same direction =>► the same ideal point =+ Loo = P 0 o- If / |K p they 
intersect at an ordinary unique point. 

• Let (/, Loo), (tt, Poo) augmented line and augmented plane such that 

/ (jL 7t. If / II 7T =>► Loo £ Po O +> (/, Loo) n (n, Poo) = Loo. If l IKtt they 
intersect at a unique point. 

3. Augmented planes satisfy the axioms of planes (Axioms 4 + 5): 

• Let {tc\ , poo) / (tt2> /oo). If tti II ^2 f° r every line on 7t\ there is a 

parallel line on 7t2 7t\ and have the same directions (jti, p Q o) H 

(tt 2 , loo) = Poo • If ^1 IK ^2 they intersect at a unique line, as known. 

• The line-on-plane relation is already proved above. 
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4. Ideal plane itoo satisfies the axioms of a plane: 

For this we have to add two more axioms: 

(a) two distinct spaces are on a unique plane. 

(b) a space and a plane are on a unique line. 

• Let ( R,7Toc ) be a space with ideal plane and (a, Iqq) (jL ( P, 7 Too ). 
( R , n 0 o) H (a, loo) = (p, Aoo) by axiom (b) =4> H = A 0 ©. 

• Let ( 7 Too 7 ^ aoo) be two distinct ideal planes they are associated to 

two distinct spaces (not parallel). By Axiom (a) they intersect at a unique 
plane, and this plane has a unique ideal line Iqq = Hoc H a qq. 

Exercises on Page 21 

A proof for the duals using only the projective 3-space axioms: 

1 . Two planes are on a line; if they are distinct they are on a unique line according 
to Axiom 5 . 

The dual is: Two points are on a line (Axiom 1). 

2. Axiom 4: A plane n and a line l not on it are on a point. Its dual is: A point P 
and a line l are on a plane ; choose two distinct points Pi, P 2 on i; P , Pi, P 2 
are noncollinear; according to Axiom 2, they are in a plane. 

3. The sets of points and lines satisfy the projective plane axioms. 

Proof 

1. Any two distinct points A, B on a unique line satisfy Axiom 1. 

2. If p, q are distinct lines, there is at least one point on both; there is one 
point on both; this satisfies Axiom 3. 

3. There are at least three distinct points on any line =>► there are two distinct 
points on a line; satisfies Axiom 1. 

4. Not all points are on the same line. This means that every three 

noncollinear points are on a plane; satisfies Axiom 2. ■ 

4. Let P be any point. By Axiom 1, every point on n determines a line together 
with P, which obviously passes through P. Hence all the points of tt lie on the 
n lines incident with P. Each of these lines is incident with n — 1 points other 
than P, so there are n(n — 1) of them, and including P, we get n 2 — n + 1 
points in tv . 

5. The algorithm: 

Step ( k = 1): Construct a matrix M nx ( n _iy. the first row Pi contains the 
numbers 2, . . . , n, every other row P/ contains the next (n — 1) numbers. 
The first n lines connect the number 1 with the numbers of P/ (/ = 1 , . . . , n ) . 
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Step (i k = 2): Construct a matrix A( n _y x ( n _iy. A = [M\7?i] r . Define the 
columns of A : C i, . . . , C n -\. The next (n — 1) lines connect the number 2 
with every row of A . 

Step ( k > 3): Define A f \ the numbers on the diagonal of A will be the first 
row of A' . For each of the remaining C/, the columns are permuted by one 
element in cyclic order. The next (n — 1) lines will connect k with the rows 
of A ' . 

Do this step until k = n. The process is clarified with the example below. 



' % 


9 


Figure 12.13. Finite geometry of five points. 
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6. The 5-point Geometry (21 points): 


1 


4 


2 3 4 5 

6 7 8 9 

■> 10 11 12 13 
14 15 16 17 
18 19 20 21 


6 12 14 20 

7 13 15 21 

8 10 16 18 
9 11 17 19 


2 


■> 


» 


■> 


The 6-Point Geometry (31 points): 

2 3 4 5 6 

7 8 9 10 11 

12 13 14 15 16 
17 18 19 20 21 
22 23 24 25 26 
27 28 29 30 31 


1 


■> 


4 


7 14 21 23 30 

8 15 17 24 31 

>9 16 18 25 27 

10 12 19 26 28 

11 13 20 22 29 


2 


6 10 14 18 


6 

11 

16 

21 



7 11 

L 15 19 . 


7 

12 

17 

18 



8 12 16 20 


*8 

13 

14 

19 



9 13 17 21 
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10 

15 

20 
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16 
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7 

13 

19 

25 

31 

13 

18 

23 

28 



8 

14 

20 

26 

27 

14 

19 

24 

29 

3 

> 

9 

15 

21 

22 

28 

15 

20 

25 

30 



10 

16 

17 

23 

29 

16 

21 

26 

31 



11 

12 

18 

24 

30 

15 

18 

26 

29 



7 

16 

20 

24 

28 

16 

19 

22 

30 



8 

12 

21 

25 

29 

12 

20 

23 

31 

6 

> 

9 

13 

17 

26 

30 

13 

21 

24 

27 



10 

14 

18 

22 

31 

14 

17 

25 

28 



11 

15 

19 

23 

27 


Exercises on Page 29 

1. Create 24 distinct permutations of four symbols A, B, C, D. According to the 
cross ratio, 


(A, B- C, D)=(B, A; D, C) = (C, D; A, B) = (D, C; B, A) = 


(A, B- D, C ) =(B, A; C, D) = (D, C; A, B) = (C, £>; B, A) = 


(A, C; B, D) = (C, A; D, 5) = (5, D; A, C) = (D , B; C, A) = 


(C, 5; A, D)=(B, C; D, A) = (A, £>; C, B) = (D, A; B, C) = 


AC 

BD 

~ BC 

AD’ 

AD 

BC 

~ BD 

' AC * 

AB 

CD 

~ CB ' 

AD’ 

CA 

BD 

~ BA 

CD ’ 



12.1 Solutions to Exercises in Chapter 2 


501 



Figure 12.14. Finite geometry of six points. 


(D, B; A, C ) =(B, D; C, A) = (A, C; D, B) = (C, A; B, D) = ^- • 

BA DC 

(B, C; A, D ) =(C, B ; D, A) = (A, D; B, C) = (D, A\ C, = 

CA BD 

=£► There are six sets of permutations having the same cross ratio values. ■ 
2. The cross ratio is invariant under a prespectivity with respect to an ideal point 

Poo- 

Given two lines 


h(A,B,C,D) P fl 2 (A', B',C',D'), 
Poo is an ideal point => AA f || BB r || CC r || DD f . 
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Construct a line / 3 || l \ ; then AB — A' K, BC = KM , CD — MN 

=»• AA'B'K ~ AA'C'M 



A'B' _ AB 
AC ~ AC 



AC -BC 



BC 

= 1 


^ B'C' _ BC 
^ AC' ~ AC' 

on d/ TV 

In the same way, ^ = ^7^7, so the cross ratio is invariant: 


=> (A, B; C, D) = (A f , B \ C',D'). 


3. Theorem 2. A projectivity is determined by the correspondence between two 
triples of distinct points. 

Lemma 1. It is possible, by a sequence of not more than three prespectivities, 
to relate any three distinct collinear points to any other three distinct collinear 
points. 

Proof of Lemma 1. If the two triads ABC and A f B f C f are on distinct lines, let 
R, S, Cq denote the points where the respective lines AA\ BB l , BA' meet CC ! . 
Then ABC and A f B f C f are related by the sequence of two perspectivities 
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ABC = A' BCq = A' B' C' . 

A W A 

(If A and A f coincide, we merely use the perspectivity from S .) 

If the two triads are on one line, we use a quite arbitrary perspectivity 
ABCfA\B\C\ to obtain a triad on another line and then relate A\B\C\ to 
A r B r C r by the above construction. ■ 



Lemma 2. A projectivity having more than two invariant points can only be 
the identity , 58 

Proof of Theorem 2. Suppose we are given three points A , B , C of one range 
and corresponding points A\ B ' , C' of the other. We proceed, as in the proof 
of Lemma 1, to construct a projectivity X~yX' such that ABC~p A' B' C ' . 

To establish the uniqueness of this projectivity, we have to prove that a different 
construction (e.g., by joining AB' instead of BA 1 ) would yield the same X ' for 
a given X. Suppose one construction gives ABCXx A f B f C f X\ while another 
gives ABCXx A' B f C'X ^ . Then by combining the two constructions we obtain 

a!b , c'x' ^a!b'c'x , v 

This combined projectivity has three invariant points A\ B f , C ! . 

Hence by Lemma 2, must coincide with X 1 . ■ 


58 H.S.M. Coxeter. The Real Projective Plane , pp. 40-42. 
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Figure 12.17. Theorem 2. 

O P 

Lemma 3. Let l = m = n, with l f n. Then there are a line m ' and points 

O' P' 

O' € n, P' e l such that l = m' = n gives the projectivity l~n. 

Proof of Lemma 3. Let /, m, n, O , P be given. Let A, A f be two points on /, 
and let 

A A' = BB' = CC' . 

A A 

Let OP intersect n at O’ . Since we assumed O , P, iHn = X are not collinear, 
O' f X , so O’ l. Draw O' A, O' A', and let them intersect PC, PC' 
at D , D ' , respectively. Now corresponding sides of the triangles ABD and 
A' B' D' intersect at O, P, O', respectively, which are collinear; hence the 
lines joining corresponding vertices are concurrent. Thus m\ passes through 
the point Y = l El m. 

Thus mi is determined by D and 7, so as A' varies, D' varies along the line 
m\. Thus our original projectivity is equal to the projectivity 

7 O' P 

l = m i = // . 

A 1 A 
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Performing the same argument again, we can move P to P' — OP D /, and 
find a new line m r such that 


j O' , P' 
l = m = n 

A A 

gives the original projectivity. ■ 

4. Theorem 3. A projectivity can be expressed by at most two perspectivities. 

Proof. A projectivity was defined as a composition of an arbitrary chain of 
perspectivities. Thus it will be sufficient to show, by induction, that a chain of 
length n > 2 can be reduced to a chain of length n — 1, i.e., it will be sufficient 
to prove that a chain of three perspectivities can be reduced to a composition 
of two perspectivities. 

The argument of Lemma 3 actually shows that the line m can be moved so as 
to avoid any given point. Thus one can see easily that it is sufficient to prove 
the following: 

Let 


g P Q R 
t — in — n — o 

AAA 

be a chain of three perspectivities, with l / o. Then the resulting projectivity 
i~yo can be expressed as a product of at most two perspectivities. 

If two of the four lines / , m , n, o coincide, then there are only two perspectives. 
Second, we have either m~o, in which case we are done, or n can be moved 
(Lemma 3) so that the centers of the perspectivities m~yn and n~o are at o, m 
respectively. So we have 


0 P Q R 

t = in = n = o 

AAA 

with i, m, n , o all distinct, Q e o, and Rem. Let X = £nm,Z = nHo , 
and draw h = XZ. We may assume that X f o (indeed, we could have moved 

m, by Lemma 3 to make X f o). Therefore Q f h. Project m = h, and let 
BB f = HH'. 

A 

Now CDH = C'D'H'. Corresponding sides intersect at Q, R\ hence by 

Desargues’s theorem, the remaining corresponding sides intersect at a point 

N 

N on QR. Thus N is determined by DH alone, and h = o. 
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Figure 12.18. Theorem 3. 



AO, 0,0) 0) C,(0,/U) 



Similarly, ABH = A'B'H', so using Desargues’s theorem again, we find that 

AH H A! H f = M e PQ. Hence, l = h. So we have the original projectivity 
represented as a composition of two perspectivities 


0 M 1 N 
l — h — o. 

A A 
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Exercises on Page 43 

1 . Analytic proof for Pappus ’s theorem: 

Assign homogeneous coordinates as follows: 

A\ = (1, 0, 0), A 2 = (0, 1, 0), C 3 = (1, 1, 1), B 3 = (0, 0, 1). 

On line A 2 C 3 choose point B\ = (1 , p, 1); on line AiC 3 choose point 
B 2 = ( m , 1, 1). 

Ci = A 2 B 2 n A\B\ = (0, p, 1), 



[-pm, 1 - m, p], 
[-pm, -m, p - 1 ], 


A 3 = B 2 C\ H B\C 2 

—pm 1 — m —pm p 1 — m p 

—pm —m ’ —pm p — I ’ —m p — 1 

A 3 = (pm, pm, p + m — 1 ). 

1 1 1 

Checking the determinant we find that 0 0 1 =0 

pm pm p+m — 1 

=>► The points A 3 , B 3 , C 3 are collinear. ■ 

2. Ideal plane of , p 0 c ) 

We already know that every ideal point is represented in homogenous coordi- 
nates as (Pi/, P 2 /, P 3 /, 0). A plane tt e (P 3 , p 0 o) is CiXi + C 2 X 2 + C 3 X 3 = 
C 0 . In homogenous coordinates we can write it as Cj Xj + C 2 X 2 + C 3 X 3 + 
C4X4 = 0 . 

Three ideal points are collinear if the determinant = 0: 

Xi X 2 X 3 X 4 

P\\ P 21 P 31 0 _ Q 

Pi 2 P 22 P 32 0 

P\3 P 23 P33 0 

c • x 4 = 0 x 4 = 0. 

Hence, an ideal plane is represented as [Ci, C 2 , C 3 , 0]. 
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Exercise on Page 46 

The set of all linear fractional transformations 


T(x) = 


ax + b 
cx + d 


with the composition operation form a group 


Proof. Closure property: 


T(x)oT (y) = 


a\y+b\ 

c\y+di 

aiy+bi 

c\y+d\ 


) + b 
) + d 


(< aa\ + bc\)y + (ab\ + bd \ ) 
(< ca\ + dc\)y + ( cb\ + dd\) 


My + N 
Vy + U 


G G 


Associativity : 
(T(x)oT(y))oT(z) 


( aa\ + bc\y + (ab\ + bd\) 
(< ca\ + defy + ( cb\ + dd\) 

i \( a 2Z+b2\ i i 


O T(z) 


+ ( ab\ + bd\) 

+ ( cb\ + ddf) 

(aa\a2 + bc\a2 + ab\C2 + bd\C2)z + aa\b2 + bb2C\ + ab\d2 + bd\d2 
(ca2«2 + dc\a2 + cc2b\ + dd\C2)z + ca\b2 + dc\b2 + cb\d2 + dd\d2 ’ 

T(x)o(T(y)oT(z)) 


= T(x) 


f.( a2Z+b2 \ , u. n ( {ci\(i2+b\c2)z+cnb2+bid2 \ ■ 
l \c 2 z+d 2 1 U v (c\a2+d\C2)z+c\b2+d\d2 / ' 

/ q 2 Z+^2 \ ■ j ~ / (^lfl2+^E‘2)c+fll^2+^E/2 \ ■ 
l\C 2 Z+<i 2 >' 1 C V (ci< 32 +<ilC 2 )z+Ci/? 2 +^ 1^2 ^ ‘ 


(aa\a2 + bc\a2 + ab\C2 + bd\C2)z + aa\b2 + bb2C\ + ab\d2 + bd\d2 
(c«2^2 + dc\a2 + cc2^i + dd\C2)z + ca\b2 + dc\b2 + cb\d2 + dd\d2 


(T(x) o T(y)) o T(z) = T(x) o ( T(y ) o T(z)). 


Identity: 


lx T 1 

3 e = eG:VaeGeoa=aoe = a 

lx T 1 
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Inverse: 

aix + bi _i cix+di 

V a = G Cj d a = E G : a o a 

c\x + d\ a\x + b\ 

=>► the projective transformations form a group. 

12.2 Solutions to Exercises in Chapter 3 

Exercises on Page 56 

1 . Given a line 

l : X2 = mx i + b , 

we shall verify the corresponding point of i, 

- ( d b \ 

t : ( , ) , m/1. 

\ 1 — m 1 — in ) 

Choose two arbitrary points on / : A \ = (a\, ma\ + b) and A 2 — (<22 , ma2 + b ) . 
The point A\ is represented in || -coords as the line 

mci\ + b — a\ 

A\ : X2 — x\ + a\. 

d 

The point A2 is represented in || -coords as the line 

mci 2 + b — ci 2 

A 2 : x 2 = 5 x\ + a 2 . 

d 

The intersection point of these lines is 

- / d b \ 

l : ( , ) , m 7^ 1. 

\ 1 — m 1 — in ) 

This point is not dependent on a\ and «2- Therefore, every two points on I are 
represented as two lines in the dual plane that always intersect at I. 

2 . Let us check whether [B~^A] k = /: 

[ 0 -rf -11 

B~ X A= -d -d 0 Vjfc G N : [B~ X A] k + I. 

0 d 2 0 




510 


12. Solutions to Selected Exercises 


Y 


Y 




X 


3. Let us check whether [A 1 B \ ' = /: 


A~ l B = 


o 4 - 1 


rf 2 


0 

-1 


0 

0 


1 


d 2 


1 

d 


Vk € N : [ A~ x B] k ± I 


There are some dualities that do not repeat themselves, and this is one of them. 


Exercises on Page 61 

1 . Let us look at the point P (— 1 , 1) and the line £ : y = 2x + 4. The translation of 
the origin O to the point (2, 5) is represented in || -coords as a rotation. We can 
see that the coordinates are moved and rotated to become the dotted ones. The 
point P(- 1, 1) — ■» P\- 3, -4). 

The line l : y — 2x + 4 — > t f y — 2x + 3. 

In ||-coords £ = (—6, —4) — > £’ — (—6, —3). 

The distance d becomes d f \ 

d’ = yj(yi -xi) 2 + J 2 . 

2. Without moving the coordinates, moving only the objects P and £ , the reflection 
about the x\ and ^2 axes: £ is reflected to £ \ : y = —2x — 4 about the v axis 
and to f 2 • y — —2x + 4 about the y axis. In ||-coords, £\ — (2, — and 

l 2 = (2, |). The point P is reflected to Pi(— 1, —1) about the v axis, and to 
P 2 { 1, 1) about the y axis. For ||-coords this is shown in Figure 12.21. 
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\ 

\ 

\ 

\ 



Y 



Figure 12.20. Translation rotation. 
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Figure 12.21. Reflection about x axis. 



The rotation of the axes about the origin by an angle: 9(m = tan (6)) 
In || -coords, 



d 


1 — tan(90 + 6) 




d 


1 — tan (6) 



Cartesian coordinates 


X-axis — > X' : y = tan0x 

y-axis — ► Y' : y = 

The distance d becomes d r \ 


-coords 


Xi - 

X 

x 2 - 

X 




d 


1— tan 6 




9 # 45, d' 


d( 1 + tan 2 9) 
1 — tan 2 6 


Choose 0 = 30°. Then, X\ — > X' (14.19, 0) and X 2 — » X' 2 (2. 19, 0). If we 
don’t move the coordinates but only the objects P and i, then 


, _ ( cos 6 sin 9 \ / — 1 \ 

= \ — sin 9 cos 9 ) ' \ 1 ) 

_ ( cos 30 sin 30 \ / -1 \ _ / -0.366 \ 

“ \ -sin 30 cos 30 J y 1 )~ \ 1.366 ) ’ 

l’ : y = 0.66x + 2.142 — * t! = (17.67, 6.309). 
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x, 
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4. The composition of the translation of the origin to the point (2, 5) followed by 
the rotation of the axes by angle 30° yields 

P = (-1, 1) — * P' = (-3, -4) — * P" = (-4.59, -1.96), 
l : y = 2x + 4 — > l' : y = 2x + 3 — » i" : y = 0.659x + 1.6, 

£ = (-6, -4) — * £' = (-6, -3) — > l" = (17.59, 4.69). 


12.3 Solutions to Exercises in Chapter 4 


Exercises on Page 73 

1 . Consider a line i c R n whose description, by a set of linear equations, contains 
Xi — Ci,a constant, for some i . Such a line can be represented by N — 1 indexed 
points. Let S be the set of indices for which the variables are not constant, where 
S = (i i, . . . , /m)> and let S be the complementary set of indices, so 



^Qk • ~^k b k ^/k G S 1— 1 , • • • » ) • 


In homogenous coordinates, 


1)/ = (j ~i,b - , 1 -m/) 


i] 


Vi, j e S = (i i, . . . , i'm); i + j , 


% = (& - 1 ,^, 1 ) 


V& e S = O'm+i, • • • , ijv). 


2. Consider the plane 


7*123 : CiXi + C 2 X 2 + C 3 X 3 = CQ. 
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Let us prove that 


^123 — ( c 2 + 2c 3, c 0 , C\ + C2 + C 3 ) 


The plane 71123 intersects at least two of the planes jt\ \ x\ = 0, 712 : X 2 — 0, 
and 7 i 3 : V 3 = 0. 

Let us find the representation of the intersection lines in homogeneous 
coordinates: 

c 2 cp 

L\ = 7T123 n TC\ =$> C 2 X 2 + C 3 V 3 = CQ => ^23 : x 3 = x 2 H , 

% = ( 2 c 3 + c 2 , c 0 , c 3 + c 2 ) and £ 0 1 = (0, 0, 1) (const.), 


L i = 


= [—co, 2 c 3 + c 2 , 0], 

Ci Cq 

L 2 — 7T123 n 7T2 => C \X\ + C3V3 = Cq =4> f 13 : V3 = X\ H 

il3 = (2c 3 , cq, c 3 + Cl) and £ 0 2 = (1, 0, 1) (const.), 



co c 3 + c 2 


c 3 + c 2 2c 3 + c 2 


2 c 3 + c 2 co 



0 1 

5 

1 0 

5 

0 0 




co c 3 + ci 


C 3 +C1 

2 c 3 


2 c 3 co 



0 1 

5 

1 

1 

5 

1 0 



L 2 = 


= [co, ci — c 3 , -col, 

Ci Cq 

L 3 = 7Ti23 H 7T3 CiX] + C 2 V 2 = Cq => £\2 • X2 = Vi H 

^2 C 2 

l\2 = (C2, cq, c 2 + ci) and £ 0 3 = (2, 0, 1) (const.), 


L3 = 


= [cq, 2ci + c 2 , — 2 cq], 



co c 2 + ci 


c 2 + Cl c 2 


c 2 co 



0 1 

5 

1 2 

5 

2 0 



Li n L 2 = tt \23 


2 c 3 + c 2 
ci - c 3 


0 

-co 


0 -c 0 

-cq cq 


-co 2 c 3 + c 2 
cq ci - c 3 
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= (-co( 2 c 3 + c 2 ), ~Cq, —cq(c\ +c 2 + c 3 )) 
= (2c 3 + c 2 , cq, c\ + c 2 + C 3 ), 


Li n L 3 = 7T123 


2C3 + C 2 0 

2ci + c 2 — 2 cq 


0 

2cq 


-CO 

CO 


-cq 2c3 + C2 
cq 2c\ + C 2 


2 


= (-2c 0 (2 c 3 + c 2 ), -2c 0 , -2c 0 (ci + c 2 + c 3 )) 


— (2c 3 + C 2 , CQ, Cl + C 2 + C 3 ), 


^2 n L 3 = 7T i 2 3 


/ Cl - c 3 -c 0 

v 2ci + c 2 — 2c 0 


-co co 
-2co Co 


= (co(2c 3 + c 2 ), Cq, cq(ci + c 2 + c 3 )) 


— ( 2 C 3 + C 2 , CQ, Cl + C 2 + C 3 ) 


CO 

CO 


Cl - C 3 
2ci + c 2 


3. Algorithm for determining the point £/y, for any distinct pair /, j of a line £ 
given cz// the points f ;_p; ,i = 1,2,... , A: 


(a) Choose a point P\ \ on the X\ axis. 

(b) Construct the line through P^ \ and lk,k + 1 for k = 1. Define the 
intersection point with the X^+i axis as Pk+ ij. Repeat this step for 
k = 2, . . . , A. The polygonal line through the set of points 1 defines 
a point on the original line l . 

(c) Choose another point P\ 2 on the X\ axis. Repeat step (b) for all the 
points 2 , k = 1, . . . , A. We get another polygonal line through P/, 2 > 
k — 1, . . . , A. 

(d) Construct the line L 1 through P; 1 , P j 1 and the line L 2 through P; 2 , P/, 2 - 
The intersection between Li and L 2 is the required point // ;. 

Complexity: 0(A). 

4. For lines where some of the m’s are close to 1 we make a transformation of 
variables x- = c/x;, where c/ = 1 V/ e S (for the constants). For the variables 
in S the linear equation is 


l 


ij 


x\ — mj xj + bj . 
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The remaining <?; are developed recursively. Starting at the root index /, set 
e[ — 1 and visit the remaining nodes in order, setting ej — +1 to ensure that 

the slope m'\ \ of the line 

v 

£'■ ■ : Xj = m fJ - Xj + b f - 
l J 1 i J J 

is negative. Here m'j = eiejmj and b' ■ — e(bj. Since the slope is negative, it 
follows that • is between X/_j and X 

IJ J 

Exercises on Page 86 

1 . (a) For the example, choose as a start variable x\ . 

® 

© ® 

© ® 
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(b) The following table represents the lines l[j : 


Coordinates 

Point 1 

Point 2 

* 

1 

* 

J 

x iJ 

ytj 

Kj 

Point 3 

Xi 

-4 

2 

1 

3 

2 

1 

0 

0 

x 2 

2 

2 

1 

4 

7.5 

2 

1 

2 

X3 

-3 

3 

1 

5 

2.4 

- 0.7 

1 

1 

x 4 

-1.6 

2 

3 

9 

6 

-1 

0 

0.8 

X 5 

1.5 

-2.5 

5 

8 

5.5 

0.25 

1 

7 

6 

x 6 

-2 

-2 

0 

2 

1 

2 

1 

-2 

X~j 

-0.5 

-0.5 

0 

6 

5 

-2 

1 

-0.5 

x% 

-1 

3 

0 

7 

6 

-0.5 

1 

2 

3 

x 9 

-4 

2 






0 


X13 and X39 are ideal points. 





(c) Find a point P3 on the same line segment between P\ and P 2 . 
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(d)+(e) Find V and the points and P ^ in the x' system: 



A i 

♦ # 
♦ # 

♦ # 

/ / 

♦ # 

♦ # 

♦ # 

/ 

♦ # 

♦ # 

✓ / 

i 

i i 

“““ « . 

► 

♦ 

\ y 

v A / 

i 

i 

i - 

/ 

♦ 

/ 

♦ 

/ 

♦ 

i i 

\ 




/V 
/ ♦ •* 

y \ N 

♦ 

\ 

^ 






X x x 2 

X 3 

x 4 y 5 


x 7 

y 8 

x 9 

Coordinates 

Point 1 

Point 2 

i 

• 

J 

x iJ 

ytj 

x l 

-4 

2 

1 

3 

1 

-0.5 

x 2 

2 

2 

1 

4 

1.87 

-0.25 

x 3 

3 

-3 

1 

5 

2.4 

-0.7 

x 4 

2 

-1.6 

3 

9 

3 

1.5 

X 5 

1.5 

-2.5 

5 

8 

5.5 

0.25 

X 6 

-2 

-2 

0 

2 

1 

2 

JCy 

-0.5 

-0.5 

0 

6 

5 

-2 

x 8 

-1 

3 

0 

7 

6 

-0.5 

x' 9 

-4 

2 
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2. This is an example of the tree enumeration for N = 4. 

(a) Only four distinct kinds of trees are possible. 

(b) The number of distinct rooted trees is shown below each tree. There are 
64 distinct rooted trees: N n ~ 1 — > 4 4-1 = 64. 

Exercise on Page 100 

1. Let us show the translation of the point P to a new position P' and the line 
unrotated on P'\ 



12.4 Solutions to Exercises in Chapter 5 

Exercises on Page 122 

1. (a) For example, look at the undirected graph of N = 6. 

We have three permutations whose every two vertices are adjacent: 

Pi -> (1,2, 6, 3, 5, 4) 

< P 2 ^ (2, 3, 1,4, 6, 5) 

P 3 ^ (3, 4, 2, 5, 1,6) 

Notice that the relationship between the permutations is that each time, 
we added 1 (mod N) to the previous permutation. Notice that 6+1 
= 1 (mod 6) . 

(b) An algorithm for computing the O (y ) permutations: 

Input: a two-way queue of N vertices (by order). 
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1 



Output: if N is even, (y) x ( N ) matrix (called “Permut [i] [ j ]”), if 

N is odd, (y + l) x (AO matrix; every line in the matrix is 
a permutation. 


k = 1 

Permut [ 1 ] [ k ] =dequeue-head 
Permut [ 1 ] [k++] =dequeue-head 
while the queue is not empty do 

Permut[l][/:++]=dequeue-head 
Permut[l] [&++]=dequeue-tail 
if N is even 
for i-2 to y 

for j- 1 to N 

Permut[/][j]=Permut[/ — 1] [j ] h- 1 (mod N) 

if N is odd 

for i-2 to y + 1 
for j- 1 to N 

Permut[/][j]=Permut[/ — l][j]+l (mod N ) 

(c) Research problem. 

(d) Research problem. 

2. Given three noncollinear points in R 3 , an algorithm for constructing a set of 
planar coordinates for the plane determined by the three points A, B, C is as 
follows: 

i. First check whether one of the lines AB, BC , AC lies on one of the principal 

2-planes; if so, this line determines a planar axis y 1 * . In order to determine 
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the other planar axis, assume that AB lies on X2X3 and determine y 1 , and 
AC intersects plane v \X2 at a point D\ AB intersects x\ at E, so the other 
planar axis y 2 is determined by DE. 

ii. If two lines already lie on the principal 2-planes, they define both planar 
axes. 

iii. If the three points have one common coordinate, for example, they have 
the same *3, it means that the plane is parallel to the x\X2 plane; find the 
point of intersection of the lines AB , AC , BC with the planes x\x 3 and 
V2V3 to obtain four points: G and F on x\x^ determine y 1 , and D and M 
on V2V3 determine y 2 . 

iv. Otherwise, if the points A, C determine the line l and B, C determine 
the line the points are not collinear; therefore l tJ and l' tJ are not 
coincident. Find the intersecting points of i and C ' with the x\X2 plane 
(points E and D) and with the V2V3 plane (points F and G). The lines DE 
and EG determine the y 1 and y 2 axes respectively. In parallel coordinates 
we get the points Yy 2 and T^, which complete the representation of the 
plane determined by A, B, and C. 

3. Given a plane tv parallel to one of the orthogonal axes, for example to the axis 

X3, an algorithm for constructing planar coordinates for the plane tt, assuming 

7 r || X3, is as follows: 

i. If 7 r intersects vi and *2, find the intersecting points with x\ and V2 (points 
A and 5); they determine planar axes y 1 and Y 2 = X 3 . 

ii. If 7 r || vi as well, then find only the intersection point with V2; this point 
will be the origin of the coordinate system, in || -coords the planar axes 
coincident the ideal points X\ and X3. 

4. Given a set of planar coordinates y 1 and y 2 for the plane it , here is an algorithm 

for constructing a plane it' Fit \ rotate y 2 about y 1 by 90°. Next let 


v 3 = m 3 x 2 + b 3 , 

x\ = 0. 

After rotating by 90°, 





h. 

m3 ’ 




Then it f is determined by y 1 
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Here is an algorithm for determining the intersection line of two planes: given 
two planes n and n f with their planar coordinates y 1 , y 2 and y ;1 , y /2 , find the 
intersecting points P\ = / n / 1 and P2 = y 2 Cl y /2 ; the intersection line £ is 
determined by P\ and P2. For a different construction, see Section 5 . 3 . 4 . 

Given a plane n and a line t , here is an algorithm for determining whether 
£ C n : in || -coords n is represented by two axes F 1 and F 2 ; £ is represented by 
two points £ 12 and £23 • If £ C n , then £ can be represented, relative to the planar 
coordinates y 1 y 2 , by a single point 7712. Let Pi = £ Cl x\%2, P2 = £ H X2X3; in 
|| -coords connect the intersections of Pi with F 1 and F 2 with a straight line; 
the same is done with the intersections of P2 with F 1 and F 2 . The intersection 
of these two straight lines is the point 7712- If the three points £ 12, ^ 23 > *712 are 
collinear, then £ c n . 

Given a plane 7 r and a point P, here is an algorithm for determining whether 
P is below or above n : 


i. If 7 r is not parallel to any of the orthogonal axes, let P' be the projection 
of P on the X1X2 plane. Let P" be the projection of P on the plane n. 
In || -coords construct the polygonal line E through yj 3 having the same xi 

coordinate as P and X3 = 0 . Next construct the polygonal line P" having 
the same xi and X2 as P and the same y 2 as E. If the X3 coordinate of P 
is higher than the X3 coordinate of P f \ then P is above n. 
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ii. If 7 r is parallel to one of the orthogonal axes, assume tt \\ xy let P' be 
the projection of P on x\X2 plane and let P" be the point on y 1 with the 
same x\ coordinate as P' . If the v 2 coordinate of P is higher than the v 2 
coordinate of P " , then P is above 7T. 

iii. If 7 r is parallel to one of the principal 2 -planes, assume n || x\xy let 
A be the origin of y^y 2 . If the v 2 coordinate of P is higher than the jc 2 
coordinate of A, then P is above tt. 

8. An algorithm for intersecting a line with a plane: it is convenient to describe 
l by its projecting planes. Refer to the x\X2 and V2V3 projective planes by 7Ti 
and 7T2 respectively, and call their intersections with jt PA and PB respectively. 
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We see that 


p = pa m = PBm = pa nPBni. 


It is easy to see that 


^12 = PA 12 , ^23 = PB 23 


define the planar coordinates of n\ and it2 as z 1 , z 2 and w 1 , w 2 respectively. 
We can see that w 1 is coincident with the x\ axis, z 2 is coincident with the 
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B — y 2 n w 2 ; the polygonal line P intersects A on Y 2 (because AP || y 2 ) and 
intersects B on 7 1 (because PB || y 1 ). 


9. (a) i. A pencil of planes containing 





i\2 : X2 = m 2X\ + b2, 
h 3 : x 2 = m 3 x 2 + bi 


is represented by 


7t : (X3 — ni3X2 — bi) + k{x 2 — ni2X\ — b2 ) = 0. 
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Proof. Every plane containing £ contains the points (0,b 2 ,m 3 b 2 + b 3 ) 
and ( — ~~~ , 0, bf) and another general point ( e , /, g ). We find that n is 

\ tri 2 ' 

represented by 


fm 3 + b 3 - g \ ( m 3 b 2 - g + b 3 + em 2 ra 3 

m 2 I 1 — ) X\ ~ ( ; — I -*2+*3 


b 2 — f + em 2 


b 2 — f + em 2 


m 3 b 2 - g + b 3 + em 2 m 3 \ 

+ I ; — b 2 - m 3 b 2 - b 3 = 0. 

b 2 - j + em 2 ) 


Let 


K = 


8 ~ f m 3 ~ b 3 

b 2 — f + em 2 


Then 


—m 2 Kx\ + (K — m 3 )x 2 + x 3 — b 3 — Kb 2 = 0, 

which is the required relation. 

ii. Every plane represented by n contains £. 


Proof. Clearly, when x 2 — m 2 x\+b 2 , then x 3 = m 3 x 2 -\-b 3 and conversely. 
So £ C it. 
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(b) Given n : (*3 — — A3) + k{x 2 — m^xi — b 2) = 0 , therefore every 

line £ C n is represented by two linear equations: 


l : 


£12 : x 2 = m 2 x 1 + b 2 , 
€ 2 3 : *3 = +h- 


Let y 1 = it n {X3 = 0 ). Thus 


[ V 1 • Xo = km 1 , kb 2 +b 3 

1.1 ”12 • 2 k—m 3 1 ^ k—m 3 ’ 


y ■ 


>’d 3 : x 3 = 0 


-1 I y\i = (fc _ kb 2 + b 3 ,k - m 3 - km 2 ), 

Y : 

j () 3 = ( 2 , 0 , 1 ). 


Let y 2 = 7i fl {vi = 0 }. Thus 


y 2 : 


=>• Y : 


y 23 : X3 = (m 3 - &)x 2 + b 3 + kb 2 , 

>’01 : xi = 0 

-2 f 3^23 = ( 2 + k ~ m 3 ’ ^3 + &&2, 1 + k - m3), 


>01 = (0, 0, 1). 


Let 


N\ — P\ fl 7 1 = y 12 — (k — m3, kb 2 + £>3, k — m3 — km 2), 


— — ' 1 

N2 = P\ fl Y — (m3(2 + k — b^m^ — b?>k, m 3(1 + k — m3)) 


Construct the line through N\ and A^: 

hue! = T (yVl)2 (yVl)3 (Nlh (Nl)l (Nl)l (Nlh " 

L (N 2 ) 2 (N 2 ) 3 ’ (N 2 ) 3 (N 2 )i ’ (N 2 ) 1 (N 2 ) 2 _ 

9 9 9 

= \kb 2 m 2 + m 3 k &2 — ^ 2 m 3 + t ) 3 m 3 ~ m 3 & 3 A; + b^k 

9 

+ km 2 b 2 m 2 — k m 2 ^ 3 , 

2 

m3 (—m3 + k m 2 m 3 + k — 2 k m2 — k m2), 

9 9 9 

m^b^k — b^k — 2 kb 2 m^ — m^k b 2 + &£>2 m 3 — 2&3m3]. 
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Let 


1 


M\ = P2 Cl Y = (k — m 3, b^k — byn^, k — m3 — km 2), 


M2 = P2 H Y 2 = 3 = (2 + k — ^3 + kb2, 1 + k — m3) 

Construct the line through Mi and M2 : 


line2 = 



(Mi) 2 (MO3 


(MO 3 (MOi 


(MO! (M\)2 



(Ml)2 ( M 2)3 

5 

(M 2 ) 3 (M 2 )i 

5 

(M 2 ) l (M 2 ) 2 



= [A:Z?2 ~ M?2 m 3 — /?2 m 3 + ^2 m 3 — ^3 k + £>3/713 


.2 


+ k m2^2 + km2b^, 


— m^ + km 2m 2 + k — 2k m2 — k “ m 2 , 

- (m 3 - k)(b 2 m2 +b2~ 2b 2 )\, 

fj = lineinline2 (in homogeneous coordinates), 


7] = f — 2/7? 3 + m3 — k 2 , — /^3/;? 3 — k~l?2, (m2 — 1 ) A' “ + m3 — m3] 


L 
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Notation and List of Symbols 


Alphabetic 


^ 0 , ^ 1 ,^ 2 ,... 
I, r, s, . . . 

A, B,C, ... 


It , p , CT, . . . 




cardinality of infinite sets 

lines are usually denoted by lowercase italics Latin letters 

points are usually denoted by uppercase Latin letters 

planes and surfaces are usually denoted by lowercase Greek letters 

positive integers; natural numbers 

real numbers 

complex numbers 

real part of a complex number 

imaginary part of a complex number 

Euclidean 2-dimensional plane (or space) 

projective 2-dimensional plane (or space) 

Euclidean N-dimensional space 
projective N-dimensional space 


Symbols 

General 

e 

3 

3 

V 

c 

u 

n 


belongs to 
such that 
there exists 
for all 
subset of 
set union 
set intersection 


A. Inselberg, Parallel Coordinates, DOI 10.1007/978-0-387-68628-8, 
© Springer Science+Business Media, LLC 2009 



532 
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0 

2 a 

ip 

n 

A 

n 

t 

b 

r 

x 



<, > 

\a\ 

| b | 

A 

A 

E 

Jp 

_L 
( , 

[ , 

p(A, B, C, D, . . .) % 
p\A\B\C\D\...) 


, ) 

, ] 


empty st (null set) 

power set of A, the set of all subsets of A 
inflection point of a curve 
principal normal vector to a space curve 
unit normal vector to a surface 
vector tangent to a space curve 
binormal vector 

torsion (measures “non-planarity” of a space curve) 
cross product 
mapping symbol 

correspondence (also used for duality) 

implies 

if and only if 

less than, greater than 

absolute value of a 

length of vector b 

norm, length 

L\ norm 

L2 norm, Euclidean distance 
summation 

set of integers modulo p with the operations + and x 
approximately equal 
not equal 
parallel 

perpendicular, orthogonal 

homogeneous coordinates — ordered triple representing a 
point in p 2 ; point coordinates 

homogeneous coordinates — ordered triple representing a 
line P 2 ; line coordinates 

perspectivity between the lines p and p f with respect to a 
point P 
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projectivity between the lines p and p f 
derivative of / with respect to x, also written as f\x ) 
boundary of a region £2 

partial derivative of F with respect to x; , also denoted F Xj 
and when context is clear, F { 

gradient of F 

Specific to Parallel Coordinates (In the order occuring in the text) 

|| -coords abbreviation for parallel coordinate system, parallel 

coordinates 

A image of A in || -coords, representation of A 

X\ , . . . , Xn axes for parallel coordinate system for N- -dimensional space (either 

Euclidean or Projective) 

£l j point representing the linear relation between x; and xj \ (N — 1) 

points with two indices appear in the representation of a line in R^ 
(or P^) 

7 r p p- flat in R^, a plane of dimension l < p < (N — l)in R^ 

Tt 1 a one-flat is a line, also denoted by £ 

sp abbreviation for superplane , a 2-flat whose points are represented 

by straight lines in || -coords 

7 x s denotes a superplane 

n Ns denotes a superplane in R^ 

£ family of superplanes , named after J. Eickemeyer, who first 

discovered them 

£ also denotes the class of surfaces who are the envelope of their 

tangent (hyper) planes 

£G class of surfaces contained in £ whose representing contours can 

be obtained by Lemma 9.3.1 

di directed distance of X/ from the y-axis 

(see next), standard axis spacing, when the X\ is coincident with 
the y-axis and inter-axis distance is one unit for all axes 

d^ axes spacing where the X\ axis is placed one unit after the X ^ and 

all axes up to and including X; are placed successively one unit 
apart and the rest of axes remain in the standard axes spacing. 


p A p r 

df_ 

dx 

dF 

dxi 

VF 
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Notation and List of Symbols 


TC y 


^ 123 5 TTl'123 


^123 iV = ^0' 


g conics 

be , wfec, gA 

u 

n 


first superplane , with the standard axes spacing 

second superplane , the Xi placed one unit to the right of 
the remaining axes are in standard axes spacing. 

is the ith superplane with axes spacing 

two triple indexed points representing the plane (2-flat) jt cR 3 , 
also denoted by 71123 — Up 23 — or 123, 1/23 when jt is 

clear from the context; ifp 23 is based on the axes spacing 

point with (N + 1) indices representing a hyperplane (of dimen- 
sion N — 1)), and similarly if// for the representing points based 
on axes spacing d^ 

generalized conics, sections of a double cone in R 3 whose 2 
bases are the same bounded convex set in R 2 

like conics there are 3 kinds of gconics: bounded convex set (be), 
unbounded convex set (ubc) and generalized hyperbola (gh) 

outer union 

inner intersection 
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